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Abstract
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1 Introduction

Throughout this paper, we denote by N and R the sets of positive integers and real num-
bers, respectively. Let D be a nonempty closed subset of a real Banach space X. A mapping
T : D — D is said to be nonexpansive if || Tx — Ty|| < |lx — y|| for all x,y € D. Let N(D) and
CB(D) denote the family of nonempty subsets and nonempty bounded closed subsets of D,
respectively. The Hausdorff metric on CB(D) is defined by

H(A1,Ay) = max{ sup d(x,A,), sup d(y,Al)]
x€AL yeAy

for A;,A; € CB(D), where d(x,A5) = inf{||x — y||,y € A2}. The multi-valued mapping 7T :
D — CB(D) is called nonexpansive if H(Tx, Ty) < ||x — y|| for all x,y € D. An element p €
D is called a fixed point of T : D — CB(D) if p € T(p). The set of fixed points of T is
represented by F(T).

In the sequel, denote S(X) = {x € X : ||x| = 1}. A Banach space X is said to be strictly con-

xty
2

if lim,, . ||%, — ¥4 || = O for any two sequences {x,},{y,} C S(X) and lim,,, o ||x”T+y"|| =0.

The norm of the Banach space X is said to be Gateaux differentiable if for each x, y € S(X),

vex if || 52 || <1forall x,y € S(X) and x # y. A Banach space is said to be uniformly convex
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the limit

x+ty|| — ||x
i 1+ 21 = Il

lim ; (1.1)

exists. In this case, X is said to be smooth. The norm of the Banach space X is said to be
Fréchet differentiable if for each x € S(X), the limit (1.1) is attained uniformly for y € S(x),
and the norm is uniformly Fréchet differentiable if the limit (1.1) is attained uniformly for
%,y € S(X). In this case, X is said to be uniformly smooth.

Let X be a real Banach space with dual X". We denote by J the normalized duality map-
ping from X to 2% which is defined by

J(x) = {x eX (x,x) =% = Hx ||2}, xeX,
where (-, -) denotes the generalized duality pairing.

Remark1.1 The following basic properties for the Banach space X and for the normalized
duality mapping J can be found in Cioranescu [1].
(1) X (X', resp.) is uniformly convex if and only if X" (X, resp.) is uniformly smooth.
(2) If X is smooth, then J is single-valued and norm-to-weak” continuous.
(3) If X is reflexive, then J is onto.
(4) If X is strictly convex, then Jx N Jy # ® for all x,y € X.
(5)
(6) If X is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of X.

(7) Each uniformly convex Banach space X has the Kadec-Klee property, i.e., for any

If X has a Fréchet differentiable norm, then J is norm-to-norm continuous.

sequence {x,} C X, ifx, —~ x € X and ||x,| — ||x|, then x, - x € X.

Next we assume that X is a smooth, strictly convex, and reflexive Banach space and D
is a nonempty closed convex subset of X. In the sequel, we always use ¢ : X x X — R* to
denote the Lyapunov bifunction defined by

B@x,) = x> = 20, y) + Y12, xyeX. 1.2)

It is obvious from the definition of the function ¢ that

(lell - IIJ’II)2 < y) < (||x|| + ||J’||)2> (1.3)

o, %) =y, 2) + Pz, %) + 2{z—y,Jx - Jz), x,y,z€ X, (1.4)
and

o (x ] (afy + A - a)2)) < ad(x,y) + (1 - @) (x,2) (1.5)

forall « € [0,1] and x,7,z € X.
Following Alber [2], the generalized projection I1p : X — D is defined by

[p(x) = arginf p(y,x), VxeX.
yeD
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Many problems in nonlinear analysis can be reformulated as a problem of finding a fixed

point of a nonexpansive mapping.

Remark 1.2 (see [3]) Let Ip be the generalized projection from a smooth, reflexive and
strictly convex Banach space X onto a nonempty closed convex subset D of X, then Ilp is
a closed and quasi-¢-nonexpansive from X onto D.

In 1953, Mann [4] introduced the following iterative sequence {x,}:
X1 = Xy + (1= 0ty) T,

where the initial guess x; € D is arbitrary and {«,} is a real sequence in [0, 1]. It is known
that under appropriate settings the sequence {x,} converges weakly to a fixed point of
T. However, even in a Hilbert space, the Mann iteration may fail to converge strongly
[5]. Some attempts to construct an iteration method guaranteeing the strong convergence
have been made. For example, Halpern [6] proposed the following so-called Halpern iter-

ation:
Xnsl = Oplh + (1 - an)Txn:

where u,x; € D are arbitrarily given and {«,,} is a real sequence in [0, 1]. Another approach
was proposed by Nakajo and Takahashi [7]. They generated a sequence as follows:

x1 € X isarbitrary;
Vn = opu + (1= a,) Ty,
Co={zeD:|yn—zl < llxn—zll}, (L.6)

Q.={zeD:{x,—zx —x,) >0},

Xne1 =Peyngux1 (m=1,2,..),

where {«,} is a real sequence in [0, 1] and Px denotes the metric projection from a Hilbert
space H onto a closed convex subset K of H. It should be noted here that the itera-
tion above works only in the Hilbert space setting. To extend this iteration to a Banach
space, the concept of relatively nonexpansive mappings and quasi-¢-nonexpansive map-
pings have been introduced by Aoyama et al. [8], Chang et al. [9, 10], Chidume et al. [11],
Matsushita et al. [12-14], Qin et al. [15], Song et al. [16], Wang et al. [17] and others.

Inspired by the work of Matsushita and Takahashi, in this paper, we introduce modifying
Halpern-Mann iterations sequence for finding a fixed point of a multi-valued mapping
T : D — CB(D) and prove some strong convergence theorems. The results presented in
the paper improve and extend the corresponding results in [9].

2 Preliminaries
In the sequel, we denote the strong convergence and weak convergence of the sequence

{x,} by x, — x and x,, — x, respectively.

Lemma 2.1 (see [2]) Let X be a smooth, strictly convex and reflexive Banach space, and
let D be a nonempty closed convex subset of X. Then the following conclusions hold:
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(@) ¢(x,9)=0ifand only ifx =y.
(b) d)(xr HDJ/) + ¢(HD)’J’) =< ¢(x;)’)J Vx:y €D.
(c) Ifx € X and z € D, then z = llpx if and only if (z—y,Jx — Jz) > 0,Vy € D.

Lemma 2.2 (see [9]) Let X be a real uniformly smooth and strictly convex Banach space
with the Kadec-Klee property, and let D be a nonempty closed convex subset of X. Let {x,,}
and {y,} be two sequences in D such that x,, — p and ¢(x,, y,) — 0, where ¢ is the function
defined by (1.2), then y,, — p.

Definition 2.1 A point p € D is said to be an asymptotic fixed point of a multi-valued
mapping T : D — CB(D) if there exists a sequence {x,} C D such that x, — x € X and
d(x,, T(x,)) — 0. Denote the set of all asymptotic fixed points of T by E(T).

Definition 2.2
(1) A multi-valued mapping T : D — CB(D) is said to be relatively nonexpansive if
F(T)#®, F(T) = F(T) and ¢p,z) <Pp(p,x),VxeD,pe F(T), z< T(x).
(2) A multi-valued mapping T : D — CB(D) is said to be closed if for any sequence
{x,} € D with x, - x € X and d(y, T(x,,)) = 0, then d(y, T(x)) = 0.

Remark 2.1 If H is a real Hilbert space, then ¢(x,y) = ||x — y||> and I, is the metric pro-
jection Pp of H onto D.

Next, we present an example of a relatively nonexpansive multi-valued mapping.

Example 2.1 (see [18]) Let X be a smooth, strictly convex and reflexive Banach space, let

D be a nonempty closed and convex subset of X, and let f : D x D — R be a bifunction sat-

isfying the conditions: (Al) f(x,x) = 0, Vx € D; (A2) f(x,) + f(y,x) <0, Vx,y € D; (A3) for

each x,y,z € D, limy—,o f(tz + (1 — £)x,9) < f(x,9); (A4) for each given x € D, the function

¥+ f(x,) is convex and lower semicontinuous. The so-called equilibrium problem for f

istofindanx” € Dsuchthatf(x’,y) > 0,Vy € D. The set of its solutions is denoted by EP(f).
Let r> 0, x € D and define a multi-valued mapping 7, : D — N(D) as follows:

T, (x) = {zeD,f(z,y) + %(y—z,]z—]x) > O,VyeD}, Vx €D, (2.1)

then (1) 7, is single-valued, and so {z} = T,(x); (2) T, is a relatively nonexpansive mapping,

therefore, it is a closed quasi-¢-nonexpansive mapping; (3) F(T;) = EP(f).

Definition 2.3
(1) A multi-valued mapping T': D — CB(D) is said to be quasi-¢-nonexpansive if
F(T)#® and ¢(p,z) < p(p,x),Vx € D,p e F(T), z € Tx.
(2) A multi-valued mapping T : D — CB(D) is said to be quasi-¢-asymptotically
nonexpansive if F(T) # ® and there exists a real sequence &, C [1,+00), k, = 1,
such that

o(p,z,) < k,p(p,x), VxeD,peF(T),z,€ T"x. (2.2)
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(3) A multi-valued mapping T : D — CB(D) is said to be totally quasi-¢-asymptotically
nonexpansive if F(T) # ® and there exist nonnegative real sequences {v,.}, {it,,} with
Vi, by — 0 (as n — 00) and a strictly increasing continuous function ¢ : R* — R*
with ¢(0) = 0 such that

D (p,21) < S, %) + vl [$(0: )] + s
VxeD,Vn>1,pe F(T),z, € T"x. (2.3)
Remark 2.2 From the definitions, it is obvious that a relatively nonexpansive multi-valued
mapping is a quasi-¢-nonexpansive multi-valued mapping, and a quasi-¢-nonexpansive
multi-valued mapping is a quasi-¢-asymptotically nonexpansive multi-valued mapping,

and a quasi-¢-asymptotically nonexpansive multi-valued mapping is a total quasi-¢-
asymptotically nonexpansive multi-valued mapping, but the converse is not true.

Lemma 2.3 Let X and D be as in Lemma 2.2. Let T : D — CB(D) be a closed and totally
quasi-p-asymptotically nonexpansive multi-valued mapping with nonnegative real se-
quences {v,}, {1} and a strictly increasing continuous function { : R* — R* with ¢(0) = 0.
If vy, poy — 0 (as n — 00) and 1 = 0, then F(T) is a closed and convex subset of D.

Proof Let {x,} be a sequence in F(T) such that x, — x". Since T is a totally quasi-¢-
asymptotically nonexpansive multi-valued mapping, we have

G 2) < P(xnx ) + Vi [ (xx)]

for all z € Tx" and for all n € N. Therefore,
¢(x',2) = lim §(x,,2) < lim {§(x27) + vig[¢(xn )]} = p(x',a) = 0.

By Lemma 2.1(a), we obtain z = x". Hence, Tx = {x'}. So, we have x € F(T). This implies
F(T) is closed.
Let p,q € F(T) and ¢ € (0,1), and put w = tp + (1 — £)q. Next we prove that w € F(T).
Indeed, in view of the definition of ¢, letting z,, € T"w, we have
d(w,z,) = |IWlI* = 2(w, Jzu) + 12|
= |wl* = 2(tp + (1 - g, Jzu) + l12al*

= [lwll* + tp(p, z4) + (L - (g, 20) — tllplI* = 1 = 1) llql1>. (2.4)

Since

td(p,z) + (1 - 1)p(q, 24)
< t[p(p,w) + vl [$(p,W)] + 1] + A= D[ B(q, W) + vl [$(q W)] + 1]
=t{lIpI? - 2(p.Jw) + Iwl* + vul [$(p, W)] + 110}
+ @ =0){llgl? = 2(g.Jw) + [WII* + v [¢(q, w)] + )
= tIpl? + L= )ligl? = 1wl + v [p(p, w)] + A = )l [plg, W)] + - (2.5)
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Substituting (2.4) into (2.5) and simplifying it, we have
d(w,z,) < tVnC[({b(p: W)] +(L=tvug [¢(Q: W)] +uy—>0 (asn— 00).

By Lemma 2.2, we have z, — w. This implies that z,,; (¢ TT"w) — w. Since T is closed,
we have Tw = {w}, i.e., w € F(T). This completes the proof of Lemma 2.3. O

Definition 2.4 A mapping T : D — CB(D) is said to be uniformly L-Lipschitz continuous
if there exists a constant L > 0 such that ||x, — y,|| < L||x — y||, where x,y € D, x, € T"x,
yn € T"y.

3 Main results

Theorem 3.1 Let X be a real uniformly smooth and strictly convex Banach space with the
Kadec-Klee property, let D be a nonempty closed convex subset of X, and let T : D — CB(D)
be a closed and uniformly L-Lipschitz continuous totally quasi-¢-asymptotically non-
expansive multi-valued mapping with nonnegative real sequences {v,}, {itu}, Vi, tn — 0
(as n — 00) and a strictly increasing continuous function ¢ : R — R* with ¢{(0) = 0 satis-
fying condition (2.3). Let {,,} be a sequence in [0,1] such that o, — 0. If {x,} is the sequence
generated by

x1 € X isarbitrary; D, =D,
Yn =]71 [an]xl + (1 - an)jzn], Zy € T"x,,,
Dyy={zeD, 3¢(Z:yn) < a,p(z,x1) + (1 — )P (2, %) + €},

X1 = [p,, %1 n=1,2,...),

(3.1)

where &, = vy SUp,cp(r) S [P %n)] + pn, F(T) is the fixed point set of T, and p,,,, is the
generalized projection of X onto Dy,1. If F(T) is nonempty and ju; = 0, then lim,,_, oo X, =

peryxr.

Proof (1) First, we prove that D, is a closed and convex subset in D.
By the assumption, D; = D is closed and convex. Suppose that D, is closed and convex
for some # > 1. In view of the definition of ¢, we have

Dyy = {Z €Dy (z,yn) < 0u@(z,%1) + (1 - ) P(z, %) + En}
= {Z €D:d(z,y,) < anp(z,21) + (1 — )@z, x,) + ‘i:n} nD,
= {z € D:2a,(z,Jx1) + 2(1 — x) (2, Jn) — 2(2,]7)
<l + (1= ) [1%all* = 1174 ]1*} N Dy
This shows that D,,,; is closed and convex. The conclusions are proved.
(I) Next, we prove that F(T) C D, for all n > 1.
In fact, it is obvious that F(T') C D;. Suppose that F(T) C D,,. Hence, for any u € F(T) C
D,, by (1.5), we have
(W, y,) = (] (s + (1 - n)fzn))

< an‘b(”) xl) + (1 - an)¢(”7 Zn)
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< (1) + (1= ) {1, %) + Vil [, %) | + 110}

< @@, 1) + (1 = n){ D, x) + vy sup &[0, %)] + un}
peF(T)
= @ (u,x1) + (1 - 0o,)pu, %) + €. (3.2)

This shows that u € F(T) C D1, and so F(T) C D,,.
(III) Now we prove that {x,} converges strongly to some point p".

In fact, since x,, = [1p, %1, from Lemma 2.1(c), we have
(xn _yr]xl _]xn> = 0, V)’ € Dn'
Again since F(T) C D,, we have

(X0 —u, Jx1 = Jx,) =20, VYueF(T).

It follows from Lemma 2.1(b) that for each u € F(T) and for each n > 1,

G (xn 1) = P(Ip,x1,x1) < P(u,x1) — P, %) < P, %1). (3.3)
Therefore, {¢(x,,x1)} is bounded and so is {x,}. Since x,, = T1p,x; and x,,1 = Tp,, x1 €
D, C Dy, we have ¢(x,,,x1) < ¢(x,41,%1). This implies that {¢(x,,x1)} is nondecreasing.
Hence lim,,_, »c ¢(x,,, x1) exists. Since X is reflexive, there exists a subsequence {x,,} C {x,}
such that x,;, — p (some point in D = D). Since D,, is closed and convex and D,,;; C D,,.

This implies that D,, is weakly closed and p* € D, for each n > 1. In view of x,, = 1 Dy ¥l

we have
¢(xnl~1xl) = ¢(P*»x1); VVll‘ = 1.
Since the norm || - || is weakly lower semi-continuous, we have

lim infp(x,,%1) = lim inf(||x,,l,||2 — 2%, Jx1) + ||x1||2)
n;j— 00 nj— 00

2 _2(p g + Il

= ¢(pm),

> |

p*

and so

qb(p*,xl) < lim infe(x,,x)
nj—> 00

< lim sup@(x,,x1) = p(p,x1).
nj— 00
This shows that lim,, oo ¢ (%, %1) = ¢(p ,%1), and we have ||x,, || — ||p|. Since x,, = p’,
by virtue of the Kadec-Klee property of X, we obtain that x,, — p". Since {¢(x,, x1)} is
convergent, this together with lim,, , oo ¢ (x,,,%1) = ¢(p", x1) shows that limy,—, o0 (X, %1) =


http://www.journalofinequalitiesandapplications.com/content/2013/1/126

Liu and Li Journal of Inequalities and Applications 2013, 2013:126 Page8of 11
http://www.journalofinequalitiesandapplications.com/content/2013/1/126

¢(p",x). If there exists some subsequence {%n} C {xn} such that Xpy = G then from
Lemma 2.1 we have

¢(p’q) = lim P, %) = limoogb(xni,l'lpnl_xl)

nj,nj— 00 ni,nj—

< lim [¢(xnl,x1)—¢(nDnjxl;xl)]:

ni,n/'%OO

=¢(p %) -¢(p %) =0,

lim [d)(xni;xl) - ¢(x”j’x1)]
Mj—> 00

i

i.e., p =g, and hence
Xy —p . (3.4)
By the way, from (3.4), it is easy to see that

‘i:n =Vn SUp §[¢(p:xn)] + Uy — 0. (35)
PeF(T)

(IV) Now we prove that p € F(T).
In fact, since x,,,1 € D,,,1, from (3.1), (3.4) and (3.5), we have

¢(xn+1:yn) < an¢(xn+1;x1) + (1 - an)(p(xm—l’xn) + En — 0. (36)
Since x,, — p’, it follows from (3.6) and Lemma 2.2 that
Y= P (3.7)

Since {x,} is bounded and T is a totally quasi-¢-asymptotically nonexpansive multi-valued
mapping, T"x, is bounded. In view of &, — 0, from (3.1), we have

Him |y, —Jzu |l = nliglo ay|Jx1 = Jzu| = 0. (3.8)
Since Jy, — Jp , this implies Jz, — Jp'. From Remark 1.1, it yields that

Zy—p. (3.9)
Again, since

lzall = |2]| = Wzl - |Jp°

<|Jzu-Jp’| = 0, (3.10)
this together with (3.9) and the Kadec-Klee-property of X shows that

Zu—>p. (3.11)
On the other hand, by the assumption that 7T is L-Lipschitz continuous, we have

ATz, 2,) < d(Tzp 2p41) + 1Zne1 = Xt | + %1 — Xl + 120 — 24l

= (L + 1)||x}’l+l _xn” + ||Zn+1 _xn+1|| + ”xn _Zn”' (312)
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From (3.11) and %, — p’, we have that d(7z,,z,) — 0. In view of the closedness of T, it
yields that T(p") = {p'}, which implies that p" € F(T).

(V) Finally, we prove that p* =TT rcry¥1 and so x, — Tpryxg.

Let w = [Tp(ryx;. Since w € F(T) C Dy, we have ¢(p’,x1) < ¢(w, ;). This implies that

(»b(p*:xl) = nllgolo ¢(xn)x1) < ¢(W)x1)) (313)

which yields that p=w=II r(ry¥1. Therefore, x, — Ir(rx;. The proof of Theorem 3.1 is
completed. d

By Remark 2.2, the following corollaries are obtained.

Corollary 3.1 Let X and D be as in Theorem 3.1, and let T : D — CB(D) be a closed and
uniformly L-Lipschitz continuous relatively nonexpansive multi-valued mapping. Let {a,,}

in (0,1) with lim,_, o o, = 0. Let {x,,} be the sequence generated by

x1 € X isarbitrary; D, =D,
Vn :]71 [an]xl + (1 - a}’l)]Zn]l Zy € Txn:
D,y={zeD, 3¢(Z;yn) < a,9(z,x1) + (1 — )Pz, %)},

Xp+l = HDnﬂxl (l’l =12,.. ')1

(3.14)

where F(T) is the set of fixed points of T, and Ilp, | is the generalized projection of X onto

Dy,11, then {x,} converges strongly to I1rir)x;.

Corollary 3.2 Let X and D be as in Theorem 3.1, and T : D — CB(D) be a closed and
uniformly L-Lipschitz continuous quasi-$-nonexpansive multi-valued mapping. Let {a,}
be a sequence of real numbers such that o, € (0,1) for all n € N and satisfy lim,,_, o &, = 0.

Let {x,} be the sequence generated by (3.14). Then {x,} converges strongly to I1rr)x;.

Corollary 3.3 Let X be a real uniformly smooth and strictly convex Banach space with the
Kadec-Klee property, let D be a nonempty closed convex subset of X, and let T : D — CB(D)
be a closed and uniformly L-Lipschitz continuous quasi-$-asymptotically nonexpansive
multi-valued mapping with nonnegative real sequences {k,} C [1,+00) and k, — 1 satisfy-
ing condition (2.2). Let {«,} be a sequence in (0,1) and satisfy lim,_, oc o, = 0. If {x,,} is the

sequence generated by

x1 € X s arbitrary; D, =D,
Vn =] Haxr + (L= o)z, 20 € T,
Dn+1 = {Z € Dn i¢(Z,yn) S an¢(z:xl) + (1 - an)d’(Z’ xn) + En}x

Xn+l = 1_ID,,,,IQ'CI n=1,2,...),

(3.15)

where &, = (k, —1) SUP,cr(T) o, x,), F(T) is the fixed point set of T, and Ip,,,, is the gener-
alized projection of X onto Dy.1, if F(T) is nonempty, then {x,} converges strongly to I1rr)x;.
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4 Application
We utilize Corollary 3.2 to study a modified Halpern iterative algorithm for a system of

equilibrium problems.

Theorem 4.1 Let D, X and {«,} be the same as in Theorem 3.1. Let f : D x D — R be a
bifunction satisfying conditions (Al)-(A4) as given in Example 2.1. Let T, : X — D be a
mapping defined by (2.1), i.e.,

1
T,(x) = {x e D,f(z,y) + ;(y—z,]z—]x) >0,Vy GD}, Vx € X.
Let {x,} be the sequence generated by

x1 € X isarbitrary; D; =D,

S s y) + 2y = th Jtby = Jtn) = 0, Vy € Dyr > 0,1 € Tyixy,

Y =] Haxr + (1= o)), (4.1)
Dys1={z € Dy : P(2,yn) < an(z,%1) + (1 - ) (2, x0)},

%n = [Ip, 01 (m=12,..).

If F(T,) # ®, then {x,} converges strongly to [ [ %1, which is a common solution of the
system of equilibrium problems for f .

Proof InExample 2.1, we have pointed out that u,, = T,(x,), F(T,) = EP(f) and T, is a closed

quasi-¢-nonexpansive mapping. Hence (4.1) can be rewritten as follows:

x1 € X isarbitrary; D, =D,

Vn :]71 [an]xl + (1 - arz)]”n]: U, € Trxnr

(4.2)
Dya={zeD, :¢(z:yn) <a,p(z,%1) + (1 - Oln)¢(Z, x,,)},
%1 =[Ip,, 21 (n=12,..).
Therefore the conclusion of Theorem 4.1 can be obtained from Corollary 3.2. O
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