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1 Introduction

Fixed point theory is one of the outstanding subfields of nonlinear functional analysis. It
has been used in the research areas of mathematics and nonlinear sciences (see, e.g., [1-8]).
In 1922 Banach [10] proved that in a complete metric space every contraction has a unique
fixed point. In the proof of this theorem, he not only showed the existence and uniqueness
of a fixed point, but also provided a method (generally, iterative) for constructing the fixed
point. This property of the Banach theorem differentiates it from other fixed point theo-
rems. Therefore, the Banach fixed point theorem has attracted great attention of authors
since then (see, e.g,, [11-48]). On the other hand, the fixed point technique suggested by
Banach attracted many researchers to solve various concrete problems.

2 Main results
In an attempt to generalize the Banach contraction principle, many researchers extended
the following result in certain directions.

Theorem 1 (See, e.g, [9, 37, 38]) Let (X, d) be a complete metric space and f : X — X be a
mapping. Assume that there exists a function f : [0,00) — [0,1] such that, for any bounded
sequence {t,} of positive reals, B(t,) — 1 implies t, — 0 and

d(fx,fy) < B(d(x,y))d(x,y)
forallx,y € X. Then f has a unique fixed point.

Definition 2 (See, e.g,, [40]) Let f : X — X and o : X x X — R,. We say that f is an -
admissible mapping if

alx,y)>1 implies oa(fx,fy)>1, xyeX.
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Example 3 (cf [40]) Let X = R. Define f : X - X and « : X x X — [0, 00) by

_ In|x| ifx#0, 3 ifx>y,

fx and al(x,y) =

3 otherwise 0 otherwise.

Then f is w-admissible.
Our first result is the following.

Theorem 4 Let (X, d) be a complete metric space and f : X — X be an o-admissible map-
ping. Assume that there exists a function B : [0,00) — [0,1] such that, for any bounded
sequence {t,} of positive reals, B(t,) — 1 implies t, — 0 and

(d(fe,fy) + £)“ 0D < B(d(x,5))d(x,y) + € @2.1)

forall x,y € X where £ > 1. Suppose that either

(a) f is continuous, or

(b) if {x,} is a sequence in X such that x, — x, & (X, %n41) > 1 for all n, then a(x, fx) > 1.
If there exists xo € X such that a(xo,fx0) > 1, then f has a fixed point.

Proof Let x¢ € X such that a(xo,fxo) > 1. Define a sequence {x,} in X by x,, = f"x¢ = fx,,1
for all n € N. If x,,,1 = x,, for some n € N, then x = x,, is a fixed point for f and the result is
proved. Hence, we suppose that x,.; # x, for all n € N. Since f is an «-admissible mapping
and a(xo,fxo) > 1, we deduce that a(xy,x2) = a(fxo,f2x0) > 1. By continuing this process,
we get «(x,,fx,) > 1 for all » € NU {0}. By the inequality (2.1), we have

Aftn 1, fon) + € = (dlfin1, fen) + )

< ;B(d(xn—li xn))d(xn—h xn) + Er
then
d(xnr xn+1) = ﬂ(d(xn—lr xn))d(xn—lr xn)’ (22)

which implies d(x,,, x,,41) < d(x,,_1,%,). It follows that the sequence {d(x,,x,.1)} is decreas-
ing. Thus, there exists d € R, such that lim,,_, oo d(x,,, %,:1) = d. We will prove that d = 0.
From (2.2) we have

d(xn’xml)
d(%_1, %) < B(d@n-1,%0)) <1,

which implies lim,,_, o 8(d(%,-1,%,)) = 1. Using the property of the function 8, we conclude
that

lim d(x,;,%,.1) = 0. (2.3)

Next, we will prove that {x,} is a Cauchy sequence. Suppose, to the contrary, that {x,}
is not a Cauchy sequence. Then there is ¢ > 0 and sequences {m(k)} and {n(k)} such that,
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for all positive integers k, we have
n(k) > m(k) > k, AXny, Xmiy) = € and  dXug), Xmp)-1) < €.
By the triangle inequality, we derive that

& < dXn(t)r X)) < AEn)> Xm(i)-1) + AXm(i)-1 Xm())

< &+ dEm@-1,%mk))>
k € N. Taking the limit as kK — +00 in the above inequality and using (2.3), we get

lim d(xu@), Xm) = €. (2.4)

k—+00

Again, by the triangle inequality, we find that

d(xn(k)» xm(k)) =< d(xm(k)rxm(k)ﬂ) + d(xm(k)+11xn(k)+l) + d(xn(k)+17 xn(k))

and

A1 Xmip)+1) < Aoy Xmk)+1) + AKXty Xn(t)) + A X1 Xnii))-
Taking the limit as k — +00, together with (2.3) and (2.4), we deduce that

im  d®ng 1, Xm(i)+1) = €. (2.5)

k—+00
From (2.1), (2.4) and (2.5) we have

& (X (de) (1) ) Ko se) S m(c))
d(xn(k +1o Xm(k +1) +4 = ) () k)

(A1 Xmipy 1) + €
(d(fxn 0 Xmk) + g) () P50 Epak) Fmik)

B i) %m(10)) A E s i) + £

IA

Hence,

AKX 11> Xy 1)

< B(d®n) Xmx))) < 1.
d(xn(k),xm(k)) ﬂ( (k) (k) )

Letting k — oo in the above inequality, we get

lim B(d (), Xm@)) =1

n—00

That is, limg_, o d(Xp(k), Xmxy) = 0 < &, which is a contradiction. Hence {x,} is a Cauchy
sequence. Since X is complete, then there is z € X such that x,, — z. First, we suppose that
f is continuous. Since f is continuous, then we have

fz=lim fx, = lim x,,; =z.
n— 00 n—0o0
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So, z is a fixed point of f. Next, we suppose that (b) holds. Then «a(z,fz) > 1. Now, by (2.1)

we have

d(fz,xp41) +£ < (d(fz,fxn) + E)a(zfz)a(x"fx")
< B(d(z,x))d(z, %) + €.

That is, d(fz, x,.1) < B(d(z,x,))d(z,x,), and so we get

d(le Z) 5 d(fZ! xn+l) + d(Z, xn+1) =< /3 (d(Z, xn))d(zr xn) + d(Z, xn+1)~
Letting n — 00 in the above inequality, we get d(fz,z) = 0, that is, z = fz. g

Example5 Let X = [0, 00) be endowed with the usual metric d(x,y) = [x—y| forallx,y € X
and f : X — X be defined by

=X ifx€]0,1],
fx — x+1

2x  ifx e (1,00).
Define also & : X x X — [0, +00) and 8: [0,00) — [0,1] by

1 ifx,ye[0,1], 1
alx,y) = and B(t)=—.
0 otherwise 1+t

We prove that Theorem 4 can be applied to f, but Theorem 1 cannot be applied to f.

Clearly, (X,d) is a complete metric space. We show that f is an «-admissible mapping.
Let x,y € X, if a(x,y) > 1, then x,y € [0,1]. On the other hand, for all x € [0,1], we have
fx < 1. It follows that «(fx,fy) > 1. Thus the assertion holds. In reason of the above argu-
ments, «(0,£0) > 1.

Now, if {x,} is a sequence in X such that a(x;,x,,1) > 1forall» € NU{0} and x,, — x as
n— +00, then {x,} C [0,1] and hence x € [0,1]. This implies that «(x, fx) > 1.

Letx,y € [0,1] and y > x. We get

a(xfx)e(y,fy) Y X
d 3 K = —_ E:—_— E
(@) +0) frfert=2o- 2o
y—x
S Al A
(1+x)(1+y)Jr
—x
< liy—x +€:/3(d(x,y))d(x,y)+€.

Otherwise, a(x, fx)a(y,fy) = 0 and so
(dlffy) + €)" O 21 < pdw, )l ) + €

then the condition of Theorem 4 holds. Hence, f has a fixed point. Let x =2 and y = 3.
Then

1 1
d(f2,f3)=2> o mu -3|=B(d(2,3))d(2,3),

that is, the contractive condition of Theorem 1 does not hold for this example.
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Theorem 6 Let (X,d) be a complete metric space and f : X — X be an o-admissible map-
ping. Assume that there exists a function B : [0,00) — [0,1] such that, for any bounded
sequence {t,} of positive reals, B(t,) — 1 implies t, — 0 and

(Oé (x,fx)a(y,fy) + l)d(fx:fy) < 2ﬂ(d(x,y>)d(x,}’) (2'6)

forall x,y € X. Suppose that either

(a) f is continuous, or

(b) if {x,} is a sequence in X such that x, — x, & (xy, X441) > 1 for all n, then o(x, fx) > 1.
If there exists xog € X such that a(xo,fxo) > 1, then f has a fixed point.

Proof Let xy € X such that a(xo, fxg) > 1. Define a sequence {x,} in X by x,, = f"xo = fx,_1
for all n € N. If x,,,; = x,, for some #n € N, then x = %, is a fixed point for f and the result is
proved. Hence, we suppose that x,,,; # x,, for all » € N. As in Theorem 4, we conclude that
a(xy, fx,) > 1 for all m € NU {0}. Due to (2.6) we have

201 < (0 (-1, -1 ) (s fi) + 1) 15

< 2ﬁ(d(xn—1:xn))d("n—1:xn),
which yields that

d(xm xn+1) < IB(d(xn—ly xn))d(xn—lr xn) (27)

So, we conclude that d(x,,x,,1) < d(x,_1,%,). It follows that the sequence d,, := d(x,, x,:1)
is decreasing. Thus, there exists d € R, such that d,, — d as n — co. We claim that d = 0.
Suppose, to the contrary, that d > 0. Considering (2.7), we obtain

d(xn,xml)
Aoy, %) < ,B(d(xn_l,xn)) <1,

which implies lim,,_, o, B(d(x,,_1,%,)) = 1. Hence, d = lim,_, o d,, = lim,,_ o d(x,_1,%,) = 0,
which is a contradiction. Hence, we derive that

lim d(x,,%,41) = 0.
n—0Q

We prove that {x,} is a Cauchy sequence. Suppose, to the contrary, that {x, } is not a Cauchy
sequence. Then there is ¢ > 0 and sequences {m(k)} and {n(k)} such that, for all positive
integers k,

n(k) > m(k) > k, AXny Xmi) = € and  d(Xy(k), Xm(i)-1) < €.

Following the related lines in the proof of Theorem 4, we get

im  d®u), Xm) = € (2.8)
k—+00
and
lim d(xn(/<)+17 xm(k)+1) =é&. (29)

k—+00
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Now, from (2.6), (2.8) and (2.9), we have

A +1%m(k)+1)
24Cn(k)+1%m(k)+1) < (a(xn(k)’fxn(k))a(xm(k);fxm(k)) " 1) X (k)+1%m(k)+1

d n Urm!
= (@ @nor )& Fom) o fomy) +1) (et o)

< 2B (i) X)) A (k) Zm(k))

Hence,

d(xn(k)ﬂr xm(k)+1)

< B(AXn(k) X)) < 1.
T B(d gy Xmit))

By taking limit as kK — oo, we get

nlirgoﬁ(d(xn(k),xm(k))) =1

That is, limg_, o d(Xp(k), Xmx)) = 0 < &, which is a contradiction. Hence {x,} is a Cauchy
sequence. Since X is complete, then there is z € X such that x,, — z. First of all, we suppose
that f is continuous. We obtain that

fz=lim fx, = lim x,,; =z
Hn— 00 n— 00

due to the continuity of f. Thus, we derived that z is a fixed point of f.
Next, we suppose that (b) holds. Then, «(z,fz) > 1. Now, by (2.6) we have

zd(fz,xml) < (a(Z,fZ)Ol(xn,fxn) + l)d(fzfxn)

< 9Bdzxn)d(zxn)

That is, d(fz, x,.41) < B(d(z,x,))d(z,x,), and so we get
d(fz,2) < d(fz, Xp1) + A(2,%1) < B(d(2,%))d(2,%4) + d(2, %ns1).

By taking the limit as n — oo, we get d(fz,z) = 0, i.e., z = fz. O

Example7 Let X = [0, 00) be endowed with the usual metric d(x,y) = |x—y| forallx,y € X
and f : X — X be defined by

L2 ifxe]0,1],
fo=13

Inx ifx e (1,00).

Define also o : X x X — [0, +00) and §: [0,00) — [0,1] by

1 ifx,ye[0,1], 1
alx,y) = and B(t) = -.
0 otherwise 4

We prove that Theorem 6 can be applied to f, but Theorem 1 cannot be applied to f.
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By a similar method to that in the proof of Example 5, we can show that f is an «-
admissible mapping and o (x,, fx,,) > 1, x, — xas n — +oo implies that a(x, fx) > 1. Clearly,
«(0,f0) > 1.

Let x,y € [0,1]. Then

(@) (y,fy) + l)d(fx’fy ) = gl 2 gyl

< 9l _ 9Bdy)dxy)
Otherwise, a(x, fx)a(y,fy) = 0, and so

d(fx, d(f,
(a(x,fx)a(y, fy) + 1) (ef) < (a(x, F)a(y,fy) + 1) (fx.f3)
= 19U&f) _ 90 < zﬁ(d(x,y))d(x,y)’

then the contractive condition of Theorem 6 holds and f has a fixed point. Let x = 2 and
y =4; then

1 1
d(f2,f4)=1n2 > 5" Z|2 —4] = B(d(2,4))d(2,4).
That is, the contractive condition of Theorem 1 does not hold for this example.

Theorem 8 Let (X,d) be a complete metric space and f : X — X be an «-admissible map-
ping. Assume that there exists a function B : [0,00) — [0,1] such that, for any bounded
sequence {t,} of positive reals, B(t,) — 1 implies t, — 0 and

a(x, ey, md(fx, fy) < B(dxy))d(x,y) (2.10)

forall x,y € X. Suppose that either

(a) f is continuous, or

(b) if {x,} is a sequence in X such that x,, — x, a(xy, x,41) > 1 for all n, then o(x, fx) > 1.
If there exists xog € X such that a(xo,fxo) > 1, then f has a fixed point.

Proof Let x¢ € X such that a(xo,fxo) > 1. Define a sequence {x,} in X by x,, = f"x¢ = fx,,1
for all » € N. If x,,,1 = x,, for some n € N, then x = x,, is a fixed point for f and the result is
proved. Hence, we suppose that x,,,; # x,, for all » € N. As in Theorem 4, we conclude that
a(xy, fx,) > 1 for all n € NU{0}. Now, by (2.10) we have

& (911, f%n-1 )0 (F f0) A (X1, fotn) < B(AHn-1, %)) A (-1, %),
then
d(xnrxnﬂ) < ﬁ(d(xn—lyxn))d(xn—lrxn) (211)

It yields that d(x,, %41) < d(x,-1,%,). It follows that the sequence {d(x,,x,,1)} is decreas-
ing. Consequently, there exists d € R, such that d(x,,x,,1) — d as n — oo. Regarding
(2.11), we observe that

d(xm xn+1)

A(Xn_1,%n) = 'B(d(x”—lixn)) <L
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Thus, we find that lim,,_, » B(d(x,-1,%,)) = 1 by the property of the function . Hence,
lim d(x,,%,41) = 0.
n—0oQ
Next, we will show that the sequence {x,} is Cauchy. Suppose, to the contrary, that {x,}
is not a Cauchy sequence. Then there is ¢ > 0 and sequences {m(k)} and {n(k)} such that,
for all positive integers &,

n(k) > m(k) > k, A, Xmi) = € and  dXu), Xmp)-1) < €.

Again, by following the lines of the proof of Theorem 4, we derive that

im d(xu@), X)) = € (2.12)
k—+00
and
im  d@g 1, Xm(i)+1) = €. (2.13)
k— +00

Combining (2.10), (2.12) and (2.13), we have

At +15 Fmi)+1) < X Xn()ofXn()) Krm(h) fEmii)) A Xn(k)+15 Xmi)+1)
= & (%) 00 )X Fora() o SXm10)) B () i)

< By Xmik)) Ay Fmii))-
Hence,

d(xn(k)ﬂr xm(k)+1)

< B(AXn(h) X)) < 1.
ot o) By mn)))

By taking limit as k — oo, we get

Jlim g (A gy X)) = 1.
That is, limg_, o0 d(X,(k), Xm@) = 0. Hence {x,} is a Cauchy sequence. Since X is complete,

then there is z € X such that x,, — z.

First, suppose that f is continuous. Since f is continuous, then we have
fz=lim fx, = lim x,,; =z.
n— 00 n—00

So, z is a fixed point of f.
We suppose that (b) holds. Then «(z,fz) > 1. Now, by (2.10) we have

A(fz, %u1) < a(z,f2)o (%, f3n)d(fZ, fX1)
< B(d(z,%4))d(z, %,).
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That is, d(fz,x,.1) < B(d(z,%,))d(z,%,), and so we get
d(le Z) = d(fZ, xn+1) + d(Z, xn+1) =< ﬂ(d(Z, xrz))d(zr xn) + d(z, xn+1)'
Letting n — oo in the above inequality, we get d(fz,z) = 0, i.e., z = fz. O

Example 9 Let X = [0, 00) be endowed with the usual metric d(x,y) = |[x—y| forallx,y € X
and f : X — X be defined by

11-#?) ifxel0,1],

3x ifx € (1,00).

fi=

Define also & : X x X — [0, +00) and 8: [0,00) — [0,1] by

1 ifx,ye[0,1], 1
alx,y) = y€l0.1) and B(t) = -.
0 otherwise 2

We prove that Theorem 8 can be applied to f (here, a fixed point is u = /5 — 2), but The-
orem 1 cannot be applied to f.

By a similar method to that in the proof of Example 5, we can show that f is an «-
admissible mapping and o (%, fx,,) > 1, x, — xas n — +oo implies that a(x, fx) > 1. Clearly,
a(0,£0) > 1.

Let x,y € [0,1]. Then

alx, f)a(y, md(fx,fy) = [fx -l = ilx -yllx+yl < %Ix —y| = B(d(x,9))d(x,).

Otherwise, a(x, fx)a(y,fy) = 0, and so

a(x, )y, fy)d(fx,fy) = 0 < B(d(x,))d(x, ),

then the conditions of Theorem 8 hold and f has a fixed point. Let x = 3 and y = 4; then

d(f3,f4)=3> % = %|3 —4|=B(d(3,4))d(3,4).

That is, the contractive condition of Theorem 1 does not hold for this example.

Theorem 10 Assume that all the hypotheses of Theorems 4, 6 and 8 hold. Adding the
following condition:

(c) ifx=fx then a(x,fx) > 1,
we obtain the uniqueness of the fixed point of f.

Proof Suppose that zand z" are two fixed points of f such that z #z". Then a(z,fz) > 1 and
alZ,fZ) > 1.
For Theorem 4 we have

A(fofe) + = (@dlfa ) + ) < pldle (o) 5 0

Page9of 11
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For Theorem 6 we have
A(fef) © o d(fzfz) Bd(z2)d(z2)
(2) <(a@fRa(z,fz) +1) <(2) .

For Theorem 8 we have

d(fz.fz) <alzfe(z,f2)d(fzfe) < B(d(z.2))d(z.2).

Hence, all the three inequalities separately imply that 8(d(z,z’)) = 1. Thus d(z,z) = 0, i.e.,
z =7 as required. O

Remark 11 By utilizing the technique of Samet et al. [40], we can obtain corresponding
coupled fixed point results from our Theorems 4, 6 and 8.
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