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Abstract

The Radon transform plays an important role in applied mathematics. It is a
fundamental problem to reconstruct images from noisy observations of Radon data.
Compared with traditional methods, Colona, Easley and etc. apply shearlets to deal
with the inverse problem of the Radon transform and receive more effective
reconstruction. This paper extends their work to a class of linear operators, which
contains Radon, Bessel and Riesz fractional integration transforms as special examples.
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1 Introduction and preliminary
The Radon transform is an important tool in medical imaging. Although f € L'(R?) can
be recovered analytically from the Radon data Rf (6, £), the solution is unstable and those
data are corrupted by some noise in practice [1]. In order to recover the object f stably
and control the amplification of noise in the reconstruction, many methods of regulariza-
tion were introduced including the Fourier method, singular value decomposition, etc. [2].
However, those methods produced a blurred version of the original one.

Curvelets and shearlets were then proposed, which proved to be efficient in dealing with

edges [3-7]. In 2002, Candés and Donoho applied curvelets [5] to the inverse problem

Y=Rf+eW, (1.1)

where the recovered function f is compactly supported and twice continuously differen-
tiable away from a smooth edge; W denotes a Wiener sheet; ¢ is a noisy level. Because
curvelets have complicated structure, Colonna, Easley, etc. used shearlets to deal with the
problem (1.1) in 2010 and received an effective reconstructive algorithm [8].

Note that the Bessel transform and the Riesz fractional integration transform arise in
many scientific areas ranging from physical chemistry to extragalactic astronomy. Then

this paper considers a more general problem,

Y=Kf+eW, (1.2)
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where K stands for a linear operator mapping the Hilbert space L2(R?) to another Hilbert
space Y and satisfies

(K'KF)"(§) = (b+ 1617) (&) (1.3)

with b >0, @ >0 (K is the conjugate operator of K). Here and in what follows, f denotes
the Fourier transform of f. The next section shows that Radon, Bessel and Riesz fractional
integration transforms satisfy the condition (1.3).

The current paper is organized as follows. Section 2 presents three examples for (1.3)
and several lemmas. An approximation result is proved in the last section, which contains
Theorem 4.2 of [8] as a special case.

At the end of this section, we introduce some basic knowledge of shearlets, which will be
used in our discussions. The Fourier transform of a function f € L}(R?) N L2(R?) is defined
by

jer= [ foemes

The classical method extends that definition to L*(R?) functions.
There exist many different constructions for discrete shearlets. We introduce the con-
struction [8] by taking two functions v, ¥, of one variable such that Y, ¥, € C(R) with

their supports supp v, C [—%, —%] U [%, %], supp ¥, C [-1,1] and

Sl =1 (lo1=g).  Yla@e-)f 1 (ei<).

Here, C*°(R") stands for infinitely many times differentiable functions on the Euclidean
space R”. Then two shearlet functions (¥, ¢(!) are defined by

09 ineia( ) and 106 ()

respectively.
To introduce discrete shearlets, we need two shear matrices

11 1 0
By = . B -

and two dilation matrices

4 0 2 0
Ap = ’ A1= .
0 2 0 4

Define discrete shearlets lpj(ﬁ(x) = 2%/10(‘1) (BZA/;ix —k)forj>0,-2<l<2-1keZ?
and d = 0,1. Then there exists ¢ € C3°(R?) such that

{00k @, W0 0),j 2 jo = 0,2 <1<V ~1,ke7%,d=0,1}
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forms a Parseval frame of L?(R?), where ¢j, «(x) := 20¢(2°x — k). More precisely, for f €
L2(R?),

1 2-1
ORI NN RS B BB BN A ALHIC)
keZ? d=0 j=jo [=-2 keZ?

holds in L%(R?). It should be pointed out that wlfﬁ(x) are modified for [ = =2 and 2/ - 1, as
seen in [8].

2 Examples and lemmas
In this section, we provide three important examples of a linear operator K satisfying

(K'K)NE) = (b + |E|2)’°‘f($) and present some lemmas which will be used in the next
section. To introduce the first one, define a subspace of L2(R?),

D(R?) :={f € L'(R?),f is bounded} < {f € L2(R2),/Rz &M F )] dt < +oo}

and a Hilbert space

12(10,7) x R) := {f(@,t),/oﬂ Ay(e,mz(ztd@ < +oo}

with the inner product (f,g) := [ [of(0,1)g(0,t) dt db.

Example 2.1 Let Ly, := {(x,),xcos@ +ysinf = t} € R? and ds(x, y) be the Euclidean mea-
sure on the line Ly ;. Then the classical Radon transform R: D(R) — L2([0, ) x R) defined
by

Rf(0,6) = | flxy)ds(x,y)

Lo

satisfies (R'Rf)"(§) = &7 (€).

Proof By the definition of D(R?), [p, 117 (£)g(&) dE < +00 for f,g € D(R?). It is easy to
see that f02” do fowof(wcos 0, wsin0)g(wcosd, wsind)dw = [ do fRf(w cosf,wsinb) x
g(wcosh,wsinf)dw. This with the Fourier slice theorem ([1, 9]) and the Plancherel for-
mula leads to

2 +00
/ &7 (6)g(&) dE :/ de/ Flwcosh,wsind)g(wcosb, wsinb) dw
R2 0 0
_ f do f Ref ) (@) Rog) (@) dov
0 R

- / " a6 / Rf(6,t)Rg(6,0) dt = (Rf,Rg),
0 R

where Rof (¢) := Rf (6, t). Moreover, (R'Rf)",8) = (R'Rf,&) = (Rf,Rg) = (&£ (£),4()) for
each g € D(R?).
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Because D(R?) is dense in L2(R?), one receives the desired conclusion (R'Rf)"(£) =
|£]72f(£). Here, R'Rf € L*(R?) for f € D(R2). In fact, R'Rf = 47 If by [10], where I is the
Riesz fractional integration transform defined by

e =c. [ 120

with some normalizing constant C, [11]. We rewrite L(f)(x) = flyl<r IyI

f‘ybrﬂ’ry‘y dy =:J1+J,.Leth(y) = Mlgm(y ), e (y) = rlzh ,where B(0,1) standsfortheumt

ball of R? and 14 represents an indicator function on the set A. Then J; = flyl<r Iy\
rflylsr h(y)f (x — y)dy < rMf(x) by Theorem 9 of reference [12, p.59], where Mf is the
Hardy-Littlewood maximal function of f.

On the other hand, the Holder inequality implies

1
< ||p(/ —d) <Pl
2 lpr lyl>r |}’|p 4 |fp71

with p > 3. Take r = Mf(x)]fl'%l, one gets I (f)(x) < [Mf(x)]llj;-z(l +|If1l 2 )and [|L(f)ll2 <
(1+ |[f|| )||Mf| <@+ 2 )|[f||z(p 2 < +00, since f eLLl(]Rz)ﬂL =% (]R2) due to

the assumption f € D Rz) and 2(‘” D, L1
p-1 p-1
In order to introduce the next example, we use f * g to denote the convolution of f
and g. O

Example 2.2 The Bessel operator B, : L*(R?) — L?(R?) defined by B,f = b, * f with
be(8) = (1 +|€]%)~% and « > O satisfies

(B, Bof )" (€) = (1 + 161 F(&).
Proof 1t is known that by (x) € L (R?) for & > 0 [11]. Hence, (Bof)" () = bo(£)f(§) = (1 +

E12)° 3£ (€). For f,g € L*(R?), ((B,Bof)",8) = (B,Buf8) = (Baf, Bag) = ((Buf)", (Bug)") =
((1+1€2)7%F (€), &(£)). Thus,

(B.Bof)" (&) = (1+[61°) *F (&) 0
To introduce the Riesz fractional integration transform, we define
D ={f € L*(R?),f has compact support} € L' (R*) N L*(R?).

Then D C L5(R?) (1 < s <2). For f € D and 0 < & < 1, the Riesz fractional integration
transform is defined by

L(f)(x):=C, /R SO dy € I*(R?), (2.1)

2 |x —y2

where C, is the normalizing constant [11]. In order to show (I, I,f)" (&) = |§ |‘2"‘f (&) for
feDand0<a<1/2, we need a lemma ([11], Lemma 2.15).
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Lemma 2.1 Let S(R?) be the Schwartz space and W = {3 € S(R?), ic—‘;l/f(O) =0, eZ" x

Z*} with 7.* being the non-negative integer set. Define ® := {¢ = 1@, Y € VY. Then with
o >0,

(Uf)"(8) = 1§17 (€)
holds for each f € ®.

Example 2.3 The transform I, defined by (2.1) satisfies (I I,f)"(§) = |&|2%f (¢) for f € D

1

and 0 <o < 3.

Proof As proved in Examples 2.1, 2.2, it is sufficient to show that for f € D,
(Uf)" () = 1§ ). (2.2)
One proves (2.2) firstly for f € C3°(R?). Take u(r) € C*([0,00)) with 0 < u(r) <1and

1, r>2

0, 0<r<L

wu(r) =

Define ¢y (£) = n(NIE])f(€). Then yn(€) € ¥ and fy(x) := ¥n(x) = Yn(-x) € ®. By
Lemma 2.1,

(Lufn) " (€) = E]7f (). (2.3)

Let k(x) be the inverse Fourier transform of the function 1 — u(|x|) and ky(x) := %k(%).
Then fR2 k(x)dx =1 and fy(x) = f(x) — kn * f(x). Moreover, the classical approximation
theorem [11] tells

dim [lfy 1], =0

for p > 1. Onthe other hand, | fy— LI = Illa(fu~f)ll2 < Cllfy~f 2. dueto Theorem16

(12, p.69]. Hence, limy— o [|(Zafn)" (§) = (Ief)" ()12 = limn— oo [afar = Lf |12 = 0. That is,
m (A0 (€) = (Laf)(€) (24)

in L2(R?) sense. Note that [[[£]fv(€) = E]“FE)1} = [p2 [E171f€) P - w(NIED]* dé;
1E172 |F(£)] € LM(R?) with 0 <« < 1 and limy_, (1 — w(N|£[)] = 0. Then

dim |17 (€) - 1§17 )], = 0 (2.5)

thanks to the Lebesgue dominated convergence theorem, which means limy_, o |7 X
(€)= |E179F (£) in L2(R?) sense. This with (2.3), (2.4) shows (2.2) for f € C3°(R2).

In order to show (2.2) for f € D, one can find g € C3°(R?) such that f]RZ g(x)dx=1and
limy— o |If * gv —fll, =0 (p = 1) by Theorem 4.2.1 in [13], where gy (:) = N%g(N-). Since
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f *gn € CP(R?), the above proved fact says

(Lo(f % gn)) " () = [E17(f % gn)" (). (2.6)

The same arguments as (2.4) and (2.5) show that limy— oo (I (f * gn))" (§) = (If)"(§) and
limy o [€7(f # gn)" (€) = |]™f (€). Hence,

Uf)"(§) = [E1F ).
This completes the proof of (2.2) for f € D. O

Next, we prove a lemma which will be used in the next section. For convenience, here
and in what follows, we define M = N UM with N = Z%, M := {u = (j, L, k,d) :j > jo, -2 <
<2 —1,keZ?d=0,1}. Then the shearlet system (introduced in Section 1) can be rep-
resented as {s, : u € M}, wheres, =y, = 1//1,(,;?( ifueM,ands, =@, =@j,rif ueN.

Lemma 2.2 Let K satisfy (K'Kf)(£) = (b + |€2)f(£) and {s,, n € M} be shearlets in-
troduced in the first section. Define 6,,(€) = (b + |§|*)*8,(§) and U, := 27> Ko,,. Then
U, < C and for p € M,

(f,s,) = 22 (Kf, U,,).

Proof By the Plancherel formula and the assumption 6,,(£) = (b + |£]?)*5,(£), one knows
that (f,s,) = (f,8,) = (f(§), (b + |&*)™96,(§)). Moreover,

(f,5.) = (f(6), (K'Ka,.)" (§)) = (f,K'Ko,.) = (Kf, Ko,) = 22 (Kf, U,,)
due to (K'Kf)"(€) = (b + |£]*)~*f(€) and U, :=2"%*Ko,.
Next, one shows |U,| < C. Note that |Ko,|* = (Ko,,Ko,) = (K Ko,,0,) =

(K'K0u)",6,), (K'Koy)" = (b+ €76, (8) and 6,,(8) = (b + §[)*3,(€). Then [ Ko |)* =
<§u(‘§)r (b + |$|2)a§u(5)> and

I P =2 K 2 =2 [ (b 16R) (60 .

Because supp$, C C;:= [-2%71,2%71]2 \ [-2%7%,2%74]2, one receives || U, ||* = 27 fc,(b +
|€12)%15,.(€)|*> dé < C. This completes the proof of Lemma 2.2. O

At the end of this section, we introduce two theorems which are important for our dis-
cussions. As in [8], we use STAR?*(A) to denote all sets B C [0,1]? with C? boundary 9B
given by

_[p(B)coso
pO)= (,o(@)sin@)

in a polar coordinate system. Here, p(f) < po <1 and |p”(9)| < A. Define £%(A) := {f =
fo +fiXg, B € STAR*(A)}, where fy,f; € C2([0,1]?) are compactly supported on [0,1]. Let
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e = {frsu) M= {(j, Lk, d), |k| <2%*,-Y <1 <2 -1,d=0,1} and
R(j,e) = {p € Mj:lc,| > e}
Then with #R(j, ) standing for the cardinality of R(j, €), the following conclusion holds [8].

Theorem 2.3 For f € £2(A), tR(j,¢) < Ce™3 and

> leu> €27,

HEM;
Theorem 2.4 [14] Let X ~ N(u,1) and t = \/21log(n™!) with 0 <n < % Then
E|TS(X, ) - u|2 = [210g(n‘1) + 1] (n+ min{uz,l}),

where N (u,1) denotes the normal distribution with mean u and variance 1, while T(y, t) :=
sgn(y)(|y| — t)+ is the soft thresholding function.

3 Main theorem

In this section, we give an approximation result, which extends the result [8, Theorem 4.2]
from the Radon transform to a family of linear operators. To do that, we introduce a set
N (¢) of significant shearlet coefficients as follows. Let

and jo = [s1], /1 = [s2]. Define NV (¢) := M(e) UN(¢g) € M, where

N(e)={u=keZ*: k| < 2%}
M(e)={u= G Lkd):jo<j<j,-2 <1<2-1,lk| <2%*',d=0,1}.
Consider the model Y = Kf + e W with (K'Kf)"(€) = (b + |£|2)*f(&). Lemma 2.2 tells

that y, := 2*(Y,U,) = {f,s,) + £2°n,, where n, is Gaussian noise with zero mean and
bounded variance alf = |U,|> < C[15]. Let ¢, = {f,s,) andf = ZueN(s) CuSy With

Ts(y;u &4/ 210g(ﬁN(8))22aqu), me N(S);

Cy =
0, otherwise,

where Ts(y, ) is the soft thresholding function. Then the following result holds.

Theorem 3.1 Let f € ¢2(A) be the solution to Y = Kf + eW with (K'Kf)"&) = (b +
|& |2)‘“f(5) andf be defined as above. Then

2
sup E|f —fI? < Clog(e’l)s 542 (s = 0).
fee2(A)

Here and in what follows, E stands for the expectation operator.
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Proof Since {s,,,u € M}isa Pa1:seva1 frame, f =} v Cusu andf = DN Cus,nf—f =
> pea(@u = cu)su. Moreover, |If —f11> = 3, v 164 — cul” and

EIf-fIP= ) Elg-clP+ Y lel™ (3.1)

neN(e) neN(e)€

In order to estimate ) |Cu| , one observes ZueM lc,.|* < C27% due to Theorem 2.3.

1

Then Z:1'>}'1 ZueMj |C/4|2 < CZ].>/.1 2% < C27 1, By ot <e %’

HEN(e

> |cu|258ﬁ. (3.2)

j>j1 weM;

(Here and in what follows, A < B denotes A < CB for some constant C > 0).

Next, one considers ¢, forjo <j<jiand |k| > 2%*1 Note that | (x)| < C, (1 + |x])™"
(d=0,1,m=1,2,...). Then |7} (x)| < C w23/ (1+ |BLA x— k|)™. Since f € £2(A), suppf C
Qo :=[0,1]% and

12 w53l < Con 22’Ilf||oo/Q(1+|Bf,,Adx k|)™" dx.

On the other hand, |B,A’ x| < [ BLA|||x| < 2% |x| < ~/22% for x € Qo. Hence, (1 + |BL A/ x—
k)™ < (1+ k| = | BLALx)™ < (|k| - +/22%)7" for |k| = 2%+, Moreover, Y -y [cu|* <
23j Z|k|222j+1(|k| - \/5221')_2”’ = 23} Zzil 222j+n§|k|§22j+n+l 2—4m1(2n - \/E)_zm 5 23}2—47”[ X
300 22 (1 /2)72m < 939-%Cm=2) since m can be chosen big enough. There-

fore,

h 2
Y3 lewlr=Ca 228/2-4"” <2780 <9700 < z”“ (3.3)
j=io 1=-2 |k|>2%+1 Jj=jo

due to the choice of jy. The similar (even simpler) arguments show Z‘ k|=2%0+1 | s jo.x) 12 <
2

5424 with Pjo k(%) = 209(20x — k). This with (3.2) and (3.3) leads to

&

2
S el Sede (3.4)

neN ()¢

Finally, one estimates ), _\- El¢. — cu|>. By the definition of y,, e'272c 1y, ~
N(e7'272%0, ¢, 1). Applying Theorem 2.4 with 5~ = 1A/ (¢), one obtains that

E|TS[8’12’2°‘/0};1)’W,/210g (aN(9)] 12’2"jal;1cﬂ|2

= [2log(4N(¢)) +1] |:

o294 ;2 2
+m1n 2 o, cﬂ,l}].

2N (e)
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. Y 2
Hence, E|Ti[y,,£2*0,1/210g(N (e))] = cul* < [2log(HN (e)) + 1][e* M; + min{c?,
£224952)]. By &, = Ti[y,, £2%90,1/210g(2N (e))] for ju € N(e), one knows that

E Z G —cul? S [21og (8N (e)) +1]
neN ()

2 2%o; (2 20daj 2
X |:s Z ﬁj\f() Z mm{cu,e 2 oﬂ}:|. (3.5)

neN(e) neN(e)

Note that N'(e) N M; C {(j, L.k, d) : |k| < 2%*%,]l] < 2/}. Then gN(e) < CY_,

1<71
5
251 <& 3% and log(4N(e)) < L log(e‘l) < log(¢™). Since {0}, : 1 € M} is uniformly
bounded, [2log(#N (g)) + 1]&2 Zue/\f(a) nN/ < log(e™1)e22%1, This with the choice of 2!

shows that

240(} _3 2
° fjlog( )5 5120 <10g( )8 §ra, (3.6)

[21og(EN (e)) +1]&?

\g
S8

It remains to estimate [21og(2A (e)) + 1] 3, c ooy min{c;;, £22*“a 2}, Clearly,

Z min{ci,8224"j} = Z 242 4 Z |Cu|2' (3.7)

neN(e) (LEN (e):lcy | =22 &) {(HeN (e):]cyu |<22Y e)

By Theorem 2.3, > s20g) 247 S (22%)-3 249762 < 25963 . Hence,

{MEMij/L\Z

il
3 29225 S Mg <ol (3.8)

{ueN(S):lc,leZZ“js} Jj=jo {ueMj:\cM|222°‘js}

0 2
On the other hand Z {ueN(e): |cu|<22°‘ls |CV-| / =jo Zn:O Z{Zzo‘j‘”‘ladcﬂ\522"/‘”5} |clt| - Ac-
2
cording to Theorem 2.3, 4R(j, 22%-"1g) < 2-3(%-n1g=F and

ol

Z |Cll-|2 <9-3 20t] n— 1)8 59 (20¢/’—n)82 g 2%01/'2—%712%8 .

{22”7”71846# | S22aj—n£}

Therefore,

4 4 8 4
E |cﬂ| <§ E 23“1 3" 352311 3,

{LeN (e):lcy |<22¥ e} j=jo n=0

Combining this with (3.7) and (3.8), one knows that > N min{ci,5224a1‘} < 983

Furthermore,

JE

2
Z min{ci,8224"‘j} < g2+3 (3.9)
weN(e)

Page 9 of 10
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o1
thanks to 2! <¢ 2+3  Now, it follows from (3.5), (3.6) and (3.9) that

2

> EGi-cl S log(e™)e 23
neN(e)

This with (3.1) and (3.4) leads to the desired conclusion SUPfe,2(4) Ellf —fl?> < Clog(e™) x

2
3% The proof is completed. O
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