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1 Introduction
The Neuman-Sandor mean M(a, b) [1] and the first and second Seiffert means P(a, b) [2]
and T'(a, b) [3] of two positive numbers a and b are defined by

a—b
Mia,b) - | 2oy 477 (L)
a, a= b;
—_ab 4 #b,
P(ﬂ, b) — 4arctan(v/a/b)-m (12)
a, a=b
and
a-b
Tl - | 2w’ 7 (13)
a, a= by
respectively.

Recently, these means, M, P and T, have been the subject of intensive research. In partic-
ular, many remarkable inequalities for M, P and T can be found in the literature [1, 4-8].

The power mean M, (a, b) of order r of two positive numbers 4 and b is defined by

al +b? llp’ 0,
M- | CEN v
v ab, p=0.
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The main properties for M, (a, b) are given in [9]. In particular, the function p — M, (a, b)
(a #b) is continuous and strictly increasing on R.
The arithmetic-geometric mean AG(a, b) of two positive numbers a and b is defined as

the common limit of sequences {a,} and {b,}, which are given by

a, +b,

ap = a, bo =b, Apsl = 5 by =+ auby,.

Let H(a,b) = 2ab/(a + b), G(a,b) = Vab, L(a,b) = (b — a)/(logh — loga), I(a,b) =
1/e(b?1a®) =9, A(a, b) = (a + b)/2, and S(a, b) = \/(a? + b*)/2 be the harmonic, geometric,
logarithmic, identric, arithmetic and root-square means of two positive numbers a and b
with a # b, respectively. Then it is well known that the inequalities

H(a,b) = M_1(a,b) < G(a,b) = My(a,b) < L(a,b) < AG(a,b) < I(a,b)
< A(a, b) = My(a,b) < M(a,b) < T(a,b) < S(a,b) = M,(a,b)
hold for all ¢, b > 0 with a # b.

For r > 0 the rth generalized logarithmic mean L,(a, b) of two positive numbers a and b
is defined by

b'—a” 1/r
[r(logb—logu)] ’ a#b’

Ly(a,b)=L""(a",b") = (1.4)

a, a=b.
It is not difficult to verify that L,(a, b) is continuous and strictly increasing with respect
to r € (0, +00) for fixed a, b > 0 with a # b.
In [2, 3] Seiffert proved that the double inequalities
L(a,b) < P(a,b) <I(a,b)
and

A(a,b) < T(a,b) < S(a,b)

hold for all ¢, b > 0 with a # b.
The following bounds for the first Seiffert mean P(a, b) in terms of power mean were
presented by Jagers in [10]:

My < P(a,b) < My3(a,b)
for all a,b > 0 with a # b.
Hasto [11, 12] proved that the function x — T'(1,x)/M,(1, %) is increasing on (0, +00) if
p < 1and found the sharp lower power mean bound for the Seiffert mean P(a, b) as follows:

P(a,b) > Miog2/10g 7 (a,b)

forall a,b > 0 with a # b.
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In [13] the authors presented the following best possible Lehmer mean bounds for the
Seiffert means P(a, b) and T'(a, b):

L_i/6(a,b) < P(a,b) <Lo(a,b) and Lo(a,b) < T(a,b) < Ly3(a,b)

for all a,b > 0 with a # b. Here, Zp(a, b) = (a?*! + b"*V)/(a” + b?) is the Lehmer mean of 4
and b.
In [14, 15] the authors proved that the inequalities

a18(a, b) + 1 —oq)A(a, b) < T(a,b) < B1S(a,b) + (1 — B1)A(a,b),
S (a, b)A ™ (a, b) < T(a, b) < SP(a,b)A" P (a, b)

and
a3T(a,b) + 1 - a3)G(a,b) < A(a,b) < B3T(a,b) + (1 - B3)G(a, b)
hold for all 4,5 > 0 with a # b if and only if &y < (4 — 7)/[(V2 -Dr], B >2/3,ay <2/3,
By >4 —-2logm/log2, a3 <3/5and B3 > /4.
For all a,b > 0 with a # b, the following inequalities can be found in [16, 17]:
L(ﬂ; b) = Ll (61, b) < AG(“: b) < Lg/z(ﬂ, b) < MI/Z(ar b)
Neuman and Sandor [1] established that
P(a,b) < A(a,b) < M(a,b) < T(a,b)
and
T i b4
EP(a, b) > A(a, b) > arcsinh(1)M(a, b) > 1 T(a,b)

for all a4, b > 0 with a # b. In particular, the Ky Fan inequalities

G(a,b) L(a,b) P(a,b) A(a,b) Ml(a,b) T(a,b)
Ga,b) “L@,b) " Pla,b) A,b) - M@,b) - T(a@,b)

hold forall0 <a,b <1/2 witha #b,a’' =1-aand b’ =1-b.
It is the aim of this paper to find the best possible generalized logarithmic mean bounds
for the Neuman-Séndor and Seiffert means.

2 Lemmas
In order to establish our main results, we need three lemmas, which we present in this

section.

Lemma 2.1 The inequality

( a1 )“2 K -1 21

<
4logx 4arctanx — 7w

holds for all x > 1.
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Proof Let

2
fw =51 ( * -1 ) (2.2)

" 4logx ~ \4darctanx — 7

Then f(x) can be rewritten as

(x* - 1)fi(x)

= , 2.3
/@ 4(4 arctanx — )% logx @3)
where
4(x* - 1)1
fi(x) = (4arctanx — )% — m.
x*+1
Simple computations lead to
fi(1) =0, (2.4)
, 4
[@) = W), (2.5)
where
4x 1 1
fa(x) = 8arctanx — x2 ogx —-x+ - —2m,
x°+1 X
f(1) =0, (2.6)
/ Ss(%)
- , 2.7
fx) (2 +1)2 @7
where
falx) = 4(x2 - 1) logx —a* + % +1—x72,
£1)=0, (2.8)
fi(x) = 8xlogx — 4a® + 6x — dx™" + 2%,
LD =0, (2.9)
(%) = 8logx — 12x% + 14 + 4x™2 — 6x7*,
5(1)=0 (2.10)
and
1" 8 4 2
3 (x):—;(x+1)(x—1)(3x + 2% +3) <0 (2.11)
for x > 1.

Inequality (2.11) implies that f;' (x) is strictly decreasing in [1, +00), then equation (2.10)
leads to the conclusion that f;(x) is strictly decreasing in [1, +00).
From equations (2.4)-(2.9) and the monotonicity of f;(x), we clearly see that

filx) <0 (2.12)

forx>1.


http://www.journalofinequalitiesandapplications.com/content/2013/1/10

Chu et al. Journal of Inequalities and Applications 2013, 2013:10
http://www.journalofinequalitiesandapplications.com/content/2013/1/10

Therefore, inequality (2.1) follows from equations (2.2) and (2.3) together with inequal-
ity (2.12). 0

Lemma 2.2 The inequality

-1\ x-1
Sy (2.13)
5logx 2arctan
holds for all x > 1.
Proof Let
) 1l (x5—1) ) ( x—1 ) (2.14)
x)=—1lo —log| —— ). .
g 5 g 5logx g 2arctan’;—j

Then simple computations lead to

g1)=0, (2.15)
£ = [5x(x® + 2% + x +1) logx_-vl- x° —1]g (%) 2.16)
5x(x® — 1) arctan(%7) logx
where
5x(x° —1)logx x—1
&) = (1 +x2)[5a(x3 + &2 + x + 1) logx + x° — 1] ~arctan x+1
al)=0, (2.17)
3
4 = (1 +x2)2[5x(x3 + ;2 iza(cxi 1)logx + x5 —1]2° (2.18)
where
2(x) =50(x® +a° —x* + 2% — % + 1+ 1) log’x
- 5(x9 + 208 a7+ 4x® + 4x® —dx— 4 —x7 - 2472 —x_s) logx
+ 4(x9 +x’ =2t o a7l 4 x’3),
&1)=0, (2.19)
& (%) =50(6x° + 5x* — 4’ + 6x° — 2x + 1) log® x
+5(=9x% — 16x7 — 7x° — 4x® — 204° + 40x” — 20x + 24 + 205"
— a7 — 4w - 3x7%) logx + 31x% — 1047 + 23x° — 204
—20x* —32%° —16x + 20 + 207" + 272 + 104> — 7x7%,
&) =0, (2.20)

g5 (x) =100(15x* + 104> — 6x” + 6x — 1) log® x + 10(~36%" — 56x°
- 215" + 50x* + 50x° — 70x> + 100x — 30 + 10x ™" —10x> + £~
+6x7* + 6x7°) logx +203x” —150x° +103x° — 120x* — 80x°

—196x% + 200x — 116 + 120x7" + 80x~2 — 7x72 — 50x~% + 13177,
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&)=

0, (2.21)

g (%) = 600(10x” + 5x* — 2x + 1) log® x + 10(-252x° — 336x° — 105x*

+500x% + 35042 — 260x + 220 — 20x 1 —10x72 + 2053
—3x~* - 240> - 30x°) logx + 1,061x° — 1,460x> + 305x"
+20x° +260x% —1,092x + 1,200 — 300x ™" — 20572 — 260x73

+31x7% +260x7° —5x7°,

&' (1)=0, (2.22)
&) = 2g3(x), (2.23)
where

g3(%) = 600 (154> + 5x — 1) log® x + 10(-756x° — 840x™

g() =
&%)

Let

galx) =

- 21043 + 1,3004% + 650x — 250 + 6x71 + 10x7% + 10x72

~30x~" + 6x7° + 60x7° + 90x7) logx +1,923x° — 5,330x"

+85x% +2,530x% + 2,010x — 1,846 + 1,100x7% + 50572 — 30573

+490x* —77x7° —770x7% — 135577,

0, (2.24)
3,000(6x +1)log”x +10(-3,780x* - 3,360x° — 630x” + 4,400x

+1,250 - 120x7" — 6572 — 20472 — 30x7* + 120x7° — 30x7°

-360x7" - 630x~%) logx +2,055x" - 29,720x> — 1,845x” + 18,060z + 8,510
—2,500x71 = 1,040x72 +190x7% — 2,260x + 445x7° +5,220x~ + 1,845x7%
3,000(6x +1)(x — 1) log x + 10(-3,780x* - 3,360x° — 630x°

+4,400x + 1,250 — 120x~" — 6372 — 2047 — 30x~* + 120x7° — 30x7°
-360x" — 630x%) loga +2,055x* — 29,720 — 1,845x + 18,060« + 8,510
—-2,500x71 —1,040x72 +190x7* — 2,260x~° + 445x7° +5,220x~ + 1,845x 7%
10(-3,780x* - 3,360x” + 1,170x> + 2,900x + 950 — 120x~" — 65>

—20x7° = 307" +120x7° - 3047° — 360%™ — 630x"°) logx

+2,055x% —29,720x° — 1,845x” + 18,060x + 8,510 — 2,500x~" —1,040x72

+190x7* —2,260x7° + 445x7° + 5,220x77 +1,845x78. (2.25)

10(-3,780x* - 3,3604° + 1,170x> + 2,900 + 950 — 120%™ — 6172
—20x7 =304 + 12057 - 30x7° — 360" — 630x°) logx
+2,055x* —29,720x% — 1,845x” + 18,060x + 8,510 — 2,500x "

—1,040x72 +190x~* — 2,260x~° + 445x7% + 522047 +1,845x 5.
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Then
&(1) =-1,040 <0, (2.26)
2(x) =105 g5 (), (2.27)
where

g5(x) = (-15,120x"* - 10,080x" +2,340x" +2,900x” + 120x7 +12°
+60x” +120x* — 6004° + 180x” + 2,520% + 5,040) log x — 2,958x">
—12,276x" + 801x° + 4,706x° + 9504 + 13047 + 202x° — 20x°
—106x* +1,250x — 297x% — 4,014x — 2,106
< (-15,1204" - 10,080x" + 2,340x™ +2,900x™ + 120%™ + 124"
+60x' +120x" — 600x” + 180x™ +2,520x™ +5,040x™) logx
-2,958x" — 12,2764 + 801x™M + 4,706x™ + 950x™ + 1304
+202xM" - 204° — 106x* +1,2504™ — 297x% — 4,014x — 2,106
= —(11,908x" + 600x°) log x — 7,195x™ — 20x” — 106x* — 297x* — 4,014x — 2,106
<0 (2.28)
for x > 1.

Equation (2.27) and inequality (2.28) lead to the conclusion that g4 (x) is strictly decreas-
ing in [1, +00). Then equation (2.26) implies that

gx) <0 (2.29)

for x> 1.
Inequalities (2.25) and (2.29) imply that g5 (x) < 0. Then equation (2.24) shows that

&x) <0 (2.30)

for x> 1.
From equations (2.17)-(2.23) and inequality (2.30), we clearly see that

ax) <0 (2.31)

for x > 1.
Therefore, inequality (2.13) follows easily from equations (2.14)-(2.16) and inequal-
ity (2.31). O

Lemma 2.3 The inequality

-1 -1)*1
arcsinh®( 2 _ - D7logx <0 (2.32)
x+1 4(x* -1)

holds for all x > 1.
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Proof Let

B g fx-1 (x—1)*logx
hix) = 10g|:arcsmh (m)] - log[m].

Then simple computations lead to

h(1) =0,
() = [4x(x? + x + 1) logx + x* — 1]/ (%)
- x(x* - 1) arcsinh(;%) logx
where
) 4/2x(x* —1)logx
x) =
! (¢ + 1) [4x(x2 +x + 1) logx + x% — 1]/1 + &2
— arcsinh(x;l),
x+1
hl (1) = O;
ﬁxzhz(x)

1y (x)

T )1+ 42)32[4x( + x + 1) logx + x* — 12

where

hy(x) = 16(966 +x°+ 20 +x + 1) logzx—élw(x4 —l)( 44 a3 4342
+2x+3+x1+ x_z) logx + 3(x4 - 1)2(1 + x’z),
hy(1) =0,

Wy (x) = 2h3(x),
where

h3(x) = 8(6x° + 5x* + 64 + 1) log” x — 2(8x” + 7x° + 10x° + 2x* + 84
—16x% —4x —10 - 87" + 7% + 2x7°) log x + 1047 — 2x°
+3x° —dat —16x% — 2%+ 4 + 6571 + 2672 — 473,

h3(1) =0,

Iy (x) = xha (%),

ha(x) = 16(15x% + 104 + 6) log? x — 4(28x° + 21x* + &° — 1647 + 12
- 40 -2x7" —4x7? + a7 —x7* - 3x7°) logx + 544° — 26x*
—5x% —20x% — 64x + 32 + 6x71 + 20472 + 107> —6xF — &7,

ha(1) =0,

(%) = xhs (%),

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)
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where

hs(x) = 80(9x + 4) log® x — 4(140x> + 84a® — 117x — 112 + 124" — 48x>

+2x73 4+ 87t — 12470 4 4x 6 4 15x’7) logx + 158x% — 188x% — 19x

+24 —112x7" +160x7% + 2x7% — 24x ™ — 4657 + 28x7% +17x77,
h5(1) =0, (2.44)
Hy(x) = 720 log® x + 4(~420x” — 168x + 477 + 160x~" +12x7% — 961>

+6x7" +32x7° — 6047° + 24577 +105x %) logx — 8647 — 712x

+449 + 448x7' + 64072 —128x7 — 14x* + 64x™> +278x7°

—184x77 —179x78,

H (%) = 4o’ he (%), (2.46)
where

he(x) = =8(105x" + 21x° — 45x° + 2047 + 32° — 36x° + 3x* +204°
- 45x% + 21x +105) logx — (x* — 1) (4634® + 34647 — 14x°
+298x” + 6x” +298x° — 144> + 346x + 463)
<0 (2.47)
for all x > 1.

Equations (2.45) and (2.46) together with inequality (2.47) imply that /5(x) is strictly
decreasing in [1, +00). Then equation (2.44) leads to

hs(x) <0 (2.48)

forall x > 1.
From equations (2.36)-(2.43) and inequality (2.48), we clearly see that

hi(x) <0 (2.49)

forall x > 1.
Therefore, inequality (2.32) follows from equations (2.33)-(2.35) and inequality (2.49).
O

3 Main results
Theorem 3.1 The inequality

P(a,b) > Ly(a,b)

holds forall a,b > 0 with a # b, and Ly(a, b) is the best possible lower generalized logarithmic
mean bound for the first Seiffert mean P(a, b).
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Proof From (1.2) and (1.4), we clearly see that both P(a, b) and L,(a, b) are symmetric and
homogenous of degree one. Without loss of generality, we assume that b = 1and a = x> > 1.
Then (1.2) and (1.4) lead to

x-1\"? |
4arctanx — 7w

Ly(x%,1) - P(x%,1) =
20 P ) = (G

Therefore, P(x?,1) > Ly (x2,1) follows from Lemma 2.1 and equation (3.1).

Next, we prove that Ly(a,b) is the best possible lower generalized logarithmic mean
bound for the first Seiffert mean P(a, b).

For any € > 0 and x > 0, from (1.2) and (1.4), one has

(1 + x)2+5 -1 ]1/(2+€) x
Ly, e(1l+x,1)-PA+x,1)=| ———————— - . 3.2
el i ) [(2+6)10g(1+x) darctan/1+x -1 (32)
Letting x — 0 and making use of Taylor expansion, we get
1 +x)*e—1 V9 x
|:(2+e)log(1+x):| _4arctan\/1+x—7r
2+ 2+e€)(1+2 V(zse)
- |:1+ Cx+ @+e) 6)x2+o(xz)} -— :
12 x— 262+ a3+ o(x?)
1 1-¢ 1 1
= |:1 + Ex - sz + o(xz)] - [1 + Ex - ﬂxz + o(xz)]
€
= 2—4x2 + o(xz). (3.3)

Equations (3.2) and (3.3) imply that for any € > 0, there exists §; = §1(¢) > 0 such that
Ly (1+x,1)>P(1 +x,1) for x € (0,8,). (I

Remark 3.1 It follows from (1.2) and (1.4) that

P(x,1) i A1 -1/x) log"™ x ~

1m =
x—+00 L3 (x,1) a—>+00 (1 —x*)A

(3.4)

forall A > 0.
Equation (3.4) implies that A > 0 such that L, (a, b) > P(a, b) for all a4, b > 0 does not exist.

Theorem 3.2 The inequality
T(a,b) > Ls(a, b)

holds forall a,b > 0 with a # b, and Ls(a, b) is the best possible lower generalized logarithmic
mean bound for the second Seiffert mean T(a, b).

Proof Without loss of generality, we assume that » =1 and g = x > 1. Then (1.3) and (1.4)
lead to

X -1\"° x—1
Ls(x,1) — T(x,1) = ( ) -— (3.5)
5logx 2arctan 33
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Therefore, T'(x,1) > Ls(x, 1) follows from Lemma 2.2 and equation (3.5).

Next, we prove that Ls(a,b) is the best possible lower generalized logarithmic mean
bound for the second Seiffert mean T'(a, b).

For any € > 0 and x > 0, from (1.3) and (1.4), one has

L+x)Pre—1 V6 x
Ls,e(1+x,1)-T1+x,1) = Qo1 - (3.6)
(5 +€)log(1 +x) 2arctan 5~
Letting x — 0 and making use of Taylor expansion, we have
1 +x)€—1 V69 x
|:(5 +¢€)log(1 + x)] " 2arctan Eyee
5+¢ 5+€)(7 +2¢ 1/(5+e) x
= |:1 + X+ G+ )x2 + o(x2)1| -— -
2 12 x—2x% + 1% + o(x?)
1 2 1 1
= |:1 Hox 2J;Ex2 + o(x2)i| - |:1 Fox Exz + o(x2)1|
€
=—x+ o(xz). (3.7)

24

Equations (3.6) and (3.7) imply that for any € > 0, there exists 8, = 8,(¢) > 0 such that
Ls.c(1+x,1)>T0 +x,1) for x € (0,8,). O

Remark 3.2 It follows from (1.3) and (1.4) that

T(x1) i 21 (1 = 1/x) log"* x

m =
X—>+00 Lﬂ(x, 1) x—+o00 a(l- x—ﬂ)l/lf-

= +00 (3.8)

for all i« > 0.
Equation (3.8) implies that u > 0 such that L,,(a, b) > T'(a, b) for all a, b > 0 does not exist.

Theorem 3.3 The inequality
M(a, b) > Ly(a,b)

holds for all a,b > 0 with a # b, and La(a, b) is the best possible lower generalized logarith-
mic mean bound for the Neuman-Sdndor mean M(a, b).

Proof Without loss of generality, we assume that b =1 and a = x > 1. Then (1.1) and (1.4)
lead to

Li(x, 1) — M*(x,1)

Cxt-1 (x—1)*
" 4logx 16 arcsinh“(’;%})
xt -1 -1 x—1)*logx
= — 1 |:arcsinh4( > - ( )" log ] (3.9)
4-arcsinh®(777) logx x+1 4(x*-1)

Therefore, M(x,1) > Ly(x,1) follows from Lemma 2.3 and equation (3.9).
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Next, we prove that Ls(a,b) is the best possible lower generalized logarithmic mean
bound for the Neuman-Siandor mean M(a, b).
For any € > 0 and x > 0, from (1.1) and (1.4), one has

1+ x4 _1 1/(4+e€) x
Live(L+2,1) = T +x1) = ey -1 -—— (3.10)
(4 +€)log(1 +x) 2 arcsinh(57)
Letting x — 0 and making use of Taylor expansion, we have
1 +x)te—1 T x
|:(4 +¢€)log(1 + x)] 2 arcsinh(5
4+  (4+€)5+2€) , ) Vld+e) x
=1+ X+ x° + o(x ) - T =
2 12 x— 322 + 2% + o(x®)
1
= |:1 FoE —x’+ o(xz)] - |:1 FoE —x*+ o(xz)]
€ 2 2
= ﬂx + o(x ) (3.11)

Equations (3.10) and (3.11) imply that for any € > 0, there exists 3 = §3(¢) > 0 such that
Ly, e(1+x,1)>M(®1+x,1) for x € (0,83). O

Remark 3.3 It follows from (1.1) and (1.4) that

. M1 v -1/x)log"V x
1 - = 3.12
£ 280 ,(x%,1)  x—>+o0 2arcsinh(1)(1 — )Y oo (3.12)
forall v > 0.
Equation (3.12) implies that v > 0 such that L,(a,b) > M(a,b) for all a,b > 0 does not
exist.
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