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Abstract

We first introduce (A, )-fuzzy ideals and (A, i)-fuzzy interior ideals of an ordered
I"-semigroup. Then we prove that in regular and in intra-regular ordered semigroups
the (A, w)-fuzzy ideals and the (A, w)-fuzzy interior ideals coincide. Lastly, we
introduce (A, u)-fuzzy simple ordered I"-semigroup and characterize the simple
ordered I"-semigroups in terms of (A, i)-fuzzy interior ideals.
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1 Introduction and preliminaries

The formal study of semigroups began in the early twentieth century. Semigroups are im-
portant in many areas of mathematics, for example, coding and language theory, automata
theory, combinatorics and mathematical analysis.

I'-semigroups were first defined by Sen and Saha [1] as a generalization of semigroups
and studied by many researchers [2-13].

The concept of fuzzy sets was first introduced by Zadeh [14] in 1965, and then the fuzzy
sets have been used in the reconsideration of classical mathematics. Recently, Yuan [15]
introduced the concept of a fuzzy subfield with thresholds. A fuzzy subfield with thresh-
olds A and p is also called a (%, )-fuzzy subfield. Yao continued to research (A, u)-fuzzy
normal subfields, (A, u)-fuzzy quotient subfields, (A, u)-fuzzy subrings and (A, u)-fuzzy
ideals in [16—19].

In this paper, we study (A, 1)-fuzzy ideals in ordered I"-semigroups. This can be seen as
an application of [19] and as a generalization of [20, 21].

LetS={x,9,z,...}and I" = {o, B, y,...} be two non-empty sets. An ordered I"-semigroup
Sr=(S,I',<)isaposet (S, <), and there isa mapping S x I x S — S (images to be denoted
by aab) such that, for all x,y,z € S, o, 8,y € I', we have

1) «xBy)yz=xB0yy2);

2) x < y= {xaz <yaz,

If (S, I", <) isan ordered I"-semigroup and A is a subset of S, we denote by (A] the subset
of S defined as follows:

zax < zay.

(Al ={te S|t <aforsomeac A}.
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Given an ordered I"-semigroup S, a fuzzy subset of S (or a fuzzy set in S) is an arbitrary
mapping f : S — [0,1], where [0,1] is the usual closed interval of real numbers. For any
t €[0,1], f; is defined by f; = {x € S|f (x) > ¢}.

For each subset A of S, the characteristic function f4 is a fuzzy subset of S defined by

1 ifxeA,
Jalx) =
0 ifxé¢A.

In the following, we will use S, Sy or (S, I', <) to denote an ordered I"-semigroup. In the

rest of this paper, we will always assume that 0 <A < p <1.

2 Intuitionistic (A, u)-fuzzy I'-ideals
In what follows, we will use S to denote a I"-semigroup unless otherwise specified.

Definition 1 For an IFS A = (f4,g4) in S, consider the following axioms:

(I"'S1) falxyy) VA =falx) Afa(y) A,
(I'Sy) galxyy) A <fax) Vfaly) v A

forall x,y € S and y € I". Then A = (f4,g4) is called a first (resp. second) intuitionistic
(A, n)-fuzzy I' -subsemigroup (briefly (A, n)-IFI"S; (resp. (A, n)-IFI"S;)) of S if it satisfies
(I'Sy) (resp. I'Sy).

A = (f4,g4) is called an intuitionistic (A, u)-fuzzy I" -subsemigroup (briefly (A, u)-IFI"S)
of S if it is both a first and a second intuitionistic fuzzy I"-subsemigroup.

Theorem 1 IfU is a I"-subsemigroup of S, then U = (xu, x0) is a O, w)-IETS of S.

Proof Letx,yeSandy eI
(1) Ifx,y € U, then xyy € U from the hypothesis. Thus

xulryy) VA =1V Ai=1= xu@) A xuly) A p
and
xuxyy) Ap= 1= xulxyy)) Ap=0-1)Ap=0< )y Vv xu® VA
(2) Ifx¢ U oryé¢ U, then xy(x) =0 or xy(y) =0. Thus
xu@yy) vV A =0=xu@®) A xu) A p
and
xu@yy) Au<1=xul) Vv xu®) VA
And we complete the proof. O

Theorem 2 Let U be a non-empty subset of S. Iff[ = (xu, xu) is a (A, w)-IFT'S; or (A, w)-
IFT'S; of S, then U is a I"-subsemigroup of S.
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Proof (1) Suppose that - (xu> xu) isa (A, u)-IFL'S; of S. Forany u,v€ U and y € I", we
need to show that uyv € U. From (I"S;), we know that

xu(wyv) VA= xu) A xu(W Apw=1A1TA @ =p.

Notice that A < u, thus xy(uyv) > u > 0.

And also because U is a crisp set of S, then we conclude that x;(uyv) = 1; that is,
uyv e U. Thus U is a I'-subsemigroup of S.

(2) Now assume that I = (xu» xu)isa (A, u)-IFI'Sy of S.Forany u,ve Uand y € I', we
also need to show that uyv € U. It follows from (I"S,) that

xuyy) A < xu@) Vv xu@)VA=0vVO0VAi=2.

Notice that A < &, thus x77(xyy) < A.
And also because U is a crisp set of S, then we conclude that xz(xyy) = 0, ie.,

xu(uyv) =1. Thatis, uyv € U. Thus U is a I"-subsemigroup of S. O

Definition 2 For an IFS A = (f4,g4) in S, consider the following axioms:

(LTh) falxyy) VA =fay) A,
(LT'L) galxyy) A <ga(y) Vv A

for all x,y € S and y € I'. Then A = (f4,g4) is called a first (resp. second) intuitionis-
tic (A, u)-fuzzy left I'-ideal (briefly (A, u)-IFLI'I; (resp. (A, u)-IFLI'L,)) of S if it satisfies
(LTL) (resp. (LT'LL)).

A = (f4,g4) is called an intuitionistic (A, u)-fuzzy left I"-ideal (briefly (A, u)-IFLI'I) of S
if it is both a first and a second intuitionistic (A, ;)-fuzzy left I"-ideal.

Definition 3 For an IFS A = (fy,g4) in S, consider the following axioms:

RTL) falxyy) v A= falx) A u,
(RI'L) galxyy) A < galx) VA

for all x,y € S and y € I". Then A = (f4,g4) is called a first (resp. second) intuitionistic
(A, )-fuzzy right I'-ideal (briefly (A, u)-IFRI'L; (resp. (A, u)-IFRI'L)) of S if it satisfies
(RI'L) (resp. (RI'L)).

A = (f4,g4) is called an intuitionistic (A, u)-fuzzy right I"-ideal (briefly (A, u)-IFRI"I) of
S if it is both a first and a second intuitionistic (A, u)-fuzzy right I"-ideal.

Definition 4 For an IFS A = (f4,g4) in S, it is called an intuitionistic (A, u)-fuzzy I"-ideal
(briefly (A, w)-IFI'I) of S if it is both an intuitionistic fuzzy left and an intuitionistic fuzzy
right I"-ideal.

Theorem 3 IfA = (fi,g4) isa (A, n)-IFLT'L) of S. U is a left-zero I"-subsemigroup of S. For
any x,y € U, one of the following must hold:

1) fal) =fa();

(2) fa@) #fa) = (a®) vV Ja() = 4, or fa(x) Afaly) = ).
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Proof Letx,y € U. Since U is left-zero, we have that xyy =x and yyx =y forall y € I'.
From the hypothesis, we have that

Ja@) VA =falxyy) VA=) A

and

Ja) v A =falyyx) Vv A = fa®) A

Obviously, if f4(x) = f4(y), then the previous two inequalities hold.

Suppose fa(x) <fa(y). If fa(x) V fa() > A and fa(x) A fa(y) < p, four cases are possible:

(1) If f4(x) > 2 and f4(x) < w, then fa(x) V & = f4(x) < f1(y). Note that f4(x) < u, we
obtain that f4 (x) < fa(¥) A w; that is, f4(x) V A < fa(¥) A w. This is a contradiction to
the previous proposition.

(2) Iffa(x) > 2 and f4(y) < w, then f4(x) vV A = fa(x) <fa(y) =fa(y) A . This is a
contradiction to the previous proposition.
(3) Iffa(y) > A and f4(x) < w, then from f4(x) < p and f4 (x) < fa(y), we obtain that
fa(x) <fa(y) A p. From A < f4(y) and A < u, we conclude that A < f4(y) A . So,
fa(x) V & < fa(y) A p. This is a contradiction to the previous proposition.
(4) If fa(y) > X and fa(y) < u, then from F4(X) < fa(y) and A < f4(y), we obtain
FA(X) VA <fs(y) =fa(y) A n. This is a contradiction to the previous proposition.
If £4(y) < fa(x), we can prove the results dually.
Thus if f4 (y) # fa(x), then fa(x) V fa(y) < A or fa(x) A fa(y) > u. O

Similarly, we can prove the following three theorems.

Theorem 4 If A = (f4,g4) is a (A, w)-IFRI"Ly of S. U is a right-zero I"-subsemigroup of S.
For any x,y € U, one of the following must hold.:

(1) falx) =fa(y);
(2) fa(x) #fa(y) = (fax) vV fa() < A, or fa(x) A faly) = ).

Theorem 5 IfA = (f4,g4) isa (A, w)-IFLT"I, of S. U is a left-zero I -subsemigroup of S. For
any x,y € U, one of the following must hold:

1) ga(x) =ga(y);

(2) ga(x) #ga(y) = (@a(¥) vV ga(y) <4, 0r ga(x) Agay) = ).

Theorem 6 IfA = (fi,g4) isa (A, w)-IFRI'L, of S. U is a right-zero I"-subsemigroup of S.
For any x,y € U, one of the following must hold:

1) galx)=galy);

(2) ga(x) 7ga(¥) = (@) vV ga(y) =4, 0r ga(x) Agay) = ).

Lemmal IfU is a left I'-ideal of S, then a-= (xu» xu) is a (A, w)-IFLTI of S.

Proof Letx,ye Sandy € I'.
(1) Ify e U, then xyy € U since U is a left I'-ideal of S. It follows that

xuxyy) VA=1vai=1=xu(y) Au
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and
Xubxyy) Au=0A =0 <)y VA
(2) Ify ¢ U, then xy(y) = 0. It follows that
xubxyy) VA=0=xuly) Aup
and
xulxyy) Apn <1=xuly) VA
Consequently, U = (xu, x0) is a (,, w)-IFLTT of S. O

Theorem 7 Let S be regular. If Es is a left-zero I -subsemigroup of S, then, for all e, e’ € Eg,
we have

xeie (€) = xuie(e)
or
xie (€) V xeiei(e) < A,

or

xeiel (€) A xeier(e) > pe

Proof Since S is regular, Es is non-empty. Let e = eye, e = €'y'e’ € Es, where y,y’ € I'.
Because S is regular, L[e] = ST"e. From the fact that L[e] is a left I"-ideal of S, we obtain

—_—~

that L[e] = (xzje)» Xzje)) is @ (A, w)-IFLTL of S by the previous lemma.
Applying Theorem 3, we obtain the results. O

The following theorem can be proved in a similar way.

Theorem 8 Let S be regular. If Es is a left-zero I" -subsemigroup of S, then, for all e, € € E,

we have

el (€) = Azia(e)
or

Xt (€) v xza(e) < 4,
or

X1 (€) A Xz (e) = p.
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Theorem 9 Let S be regular. If for all e, e € Es we have

xeiel (€) = xeiei(e)

or

xeiel(€) V xeier(e) < A,

or

xeie (€) A xeei(e) > w,
then Eg is a left-zero I"-subsemigroup of S.
Proof Since S is regular, Eg is non-empty. Let e = eye, e = €'y’e € Eg, where y,y’ € I'.
Because S is regular, L[e] = ST"e. From the fact that L[e] is a left I"-ideal of S, we obtain

that LTej = (XLie) XLe)) is @ (A, w)-IFLT L of S by the previous lemma.
(1) If x1e(€) = xrie(e) =1, then €' € L[e] = STe. Thus

e =xBe=xB(eye) = (xBe)ye=¢ye

forsomexeSand B e I.
(2) xrie1(€) V xre(e) < A will never happen since xye(e) V xri(e) = 1.
(3) If xze)(€) A Xiie)(€) > u, thatis, xze(€) > 1, then xz(¢(€') = 1. And so
¢ € L[e] = STe. The following proof will be the same as in case (1).
Consequently, Es is a left-zero I"-subsemigroup of S. 0

The following theorem can be proved similarly.

Theorem 10 Let S be regular. If for all e, €’ € Es we have
Xite (€) = Aiei(e)

or
X (€) V K (e) < A,

or
e (€) A xztale) = w,

then Eg is a left-zero I"-subsemigroup of S.

3 Intuitionistic (A, u)-fuzzy interior I -ideals
Definition 5 For an IFS A = (f4,g4) in S, consider the following axioms:

(Th) fa(xBsyy)V A =fa(s) A,
(ITL) ga(xBsyy) A < ga(s) vV A
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foralls,x,y € Sand 8,y € I'. Then A = (fy,g4) is called a first (resp. second) intuitionistic
(A, n)-fuzzy interior I'-ideal (briefly (A, u)-IFIT'I; (resp. (A, u)-IFIT'L5)) of S if it satisfies
(ITL) (resp. IT'L)).

A = (fs,g4) is called an intuitionistic (A, u)-fuzzy interior I"-ideal (briefly (A, u)-IFIT"I)
of S if it is both a first and a second intuitionistic (A, u)-fuzzy interior I"-ideal.

Theorem 11 Every (A, u)-IFT'I of S is a (A, n)-IFIT'I of S.

Proof Let A = (fa,ga) bea (A, u)-IFI'I of S. For all s,x,y € S and B,y € I', we have

SaxBsyy) V A =falxBsyy) VAV A= (fa(xBs) Ap) VA

= (fa@xBs) VA) AV A) = f(s) A

Similarly, we have ga(xBsyy) At < ga(s) v A.
So, A = (fa,g4) isa (A, w)-IFITI of S. O

Theorem 12 If S is regular, then every (A, u)-IFIT'I of S is a (A, u)-IFI'I of S.

Proof Let A = (fa,g4) be a (A, w)-IFIT'I of S and &,y € S. Since S is regular, there exist
s, €Sand B,B,y,y" € I' such that x = xBsyx and y = y8's'y’y. Thus

Saway) V& =fa(xa(yB's'y'y)) V & =fa(xayB'(s'y'y)) VA = fa) A
and
galxay) A =ga(xa(yB's'y'y)) A =ga(xayB (s'y'y)) A <gay) VA

forall @ € I'. It follows that A = (f4,g4) is a (A, u)-IFLI'I of S. Similarly, we can prove that
Aisa (A, u)-IFRI'I of S. This completes the proof. O

Theorem 13 If U is an interior I'-ideal of S, then U = (xu, x0) is a On, pw)-IFIT'T of S.

Proof Lets,x,yeSand 8,y €.
(1) Ifse U, then xBsyy € U since U is an interior I"-ideal of S. So,

XuEBsyy) VA=1VA=1> xy(s) A
and
XuBsyy) A =0Apu=0< xuls) VA
(2) Ifs¢ U, then xy(s) =0. Thus
xu@Bsyy) VA =0=xuls) A p
and
Xu@Bsyy) A =<1=juls) v A

Consequently, we obtain that Uisa (A, w)-IFITI of S. O
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Theorem 14 Let S be regular and U be a non-empty subset of S. Iff[ = (xw xu) isa (A, u)-
IFIT' L or (A, w)-IFIT' L, of S, then U is an interior I -ideal of S.

Proof It is obvious that U is a I"-subsemigroup of S by Theorem 2.
Case 1. Suppose that = (xu> xu) is a (A, u)-IFITL of S and x € STUTS. Thus x =
sBuyt forsomes,t €S, u € U and B,y € I'. It follows from (I/I"];) that

xu@) VA= xu(sBuyt) VA= xuw) Ap=1Apn=p.

Notice that A < i, we obtain that x;;(x) > u, that is, x;(x) = 1. So, x € U. Thus U is an
interior I"-ideal of S.

Case 2. Suppose that u-= (xw> xu) is a (A, w)-IFIT'L of S and x € STUT'S. Then x =
sBuyt for somes,t €S,u € U and B,y € I". Using (II"[;), we conclude that

xu@) A= xulsBuyt) A< xu(u) VaA=0Vva=Aa.

Notice that A < u, we obtain that x7;(x) < A, that is, x(x) = 0. So, x € U. Thus U is an
interior I"-ideal of S. O

4 Intuitionistic (A, i)-fuzzy simple I'-semigroups
Definition 6 S is called first (resp. second) intuitionistic (A, u)-fuzzy left simple if for any
(A, )-IFLT' L, (resp. (A, w)-IFLT"Iy) A = (f4,g4) of S, we have f4(a) vV L > fa(b) A u (resp.
gal@)Vr=gsb)Ap)foralla,besS.

S is said to be intuitionistic (A, u)-fuzzy left simple if it is both first and second intuition-
istic (A, p)-fuzzy left simple.

Theorem 15 If'S is left simple, then S is intuitionistic (A, (1)-fuzzy left simple.

Proof Let A = (f4,g4) be a (A, u)-IFLI'I of S and x,x” € S. Because S is left simple, there
exists,s’ € Sand y,y’ € I' such that x = syx’ and &’ = s'y’x. Thus, since A isa (A, u)-IFLT"1
of S, we have that

Sa@) Vv h=fa(syx') VA= fa(x) A,
fa (x’) VA=fu (s/y'x) VA>fax) Au
and
g A =ga(syx) A <ga(x) VA,
X)) Apr=ga(sy'x) A <galx) VA
Consequently, S is intuitionistic (1, )-fuzzy left simple. 0
Theorem 16 IfS is first or second intuitionistic (1, u)-fuzzy left simple, then S is left simple.

Proof Let U be a left I'-ideal of S. Suppose that S is first (or second) intuitionistic (A, u)-
fuzzy left simple. Because U = (xu, Xu) is @ (A, w)-IELTI of S, U = (xu, X0) is a (A, p)-
IFLT'L, (and (A, u)-IFLT'L) of S. 0
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5 Conclusion and further research
In this paper, we generalized the results of [20, 21]. We introduced (A, u)-fuzzy ideals and
(A, n)-fuzzy interior ideals of an ordered I"-semigroup and we got some interesting results.
When A =0 and p =1, we meet ordinary fuzzy ideals and fuzzy interior ideals. From this
point of view, (&, )-fuzzy ideals and (A, )-fuzzy interior ideals are more general concepts
than fuzzy ones.

In [19], Yao gave the definition of (A, u)-fuzzy bi-ideals in semigroups. One can study
(A, n)-fuzzy bi-ideals in ordered I"-semigroups. We would like to explore this in next pa-

pers.
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