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Abstract

In this paper, we introduce a kind of g-gamma operators based on the concept of a
g-integral. We estimate moments of these operators and establish direct and local
approximation theorems of the operators. The estimates on the rate of convergence
and weighted approximation of the operators are obtained, a Voronovskaya
asymptotic formula is also presented.

MSC: 41A10;41A25;41A36

Keywords: g-integral; g-gamma operators; weighted approximation; rate of
convergence

1 Introduction
In recent years, the applications of g-calculus in the approximation theory is one of the
main areas of research. After g-Bernstein polynomials were introduced by Phillips [1] in
1997, many researchers have performed studies in this field; we mention some of them
[1-4].

In 2007, Karsli [5] introduced and estimated the rate of convergence for functions with
derivatives of bounded variation on [0, 00) of new gamma type operators as follows:

L,(f;x) = f(t)dt, x>0. 1)

X+ t)2n+4

(2m + 3)lx"+3 /‘°° "
o

nl(n +2)!

In 2009, Karsli, Gupta and Izgi [6] gave an estimate of the rate of pointwise convergence
of these operators (1) on a Lebesgue point of bounded variation function f defined on the
interval (0,00). In 2010, Karsli and Ozarslan [7] obtained some direct local and global
approximation results and gave a Voronoskaya-type theorem for the operators (1). As the
application of g-calculus in approximation theory is an active field, it seems there are no
papers mentioning the g analogue of these operators defined in (1). Inspired by Aral and
Gupta [2], they defined a generalization of g-Baskakov type operators using g-Beta integral
and obtained some important approximation properties, which motivates us to introduce
the g analogue of this kind of gamma operators.

Before introducing the operators, we mention certain definitions based on g-integers;
details can be found in [8, 9]. For any fixed real number 0 < g <1 and each nonnegative
integer k, we denote g-integers by [k],, where

g~
(kg = 1-q° 771
k, q=1
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Also, g-factorial and g-binomial coefficients are defined as follows:

) Ktk =1]--- 1]y, k=1,2,...,
[k]q!—{1

) ’

nl [n],!
[k]q S Wm-k, "=k

The g-improper integrals are defined as (see [10])

o0/A

f(x)dqx=(1—q)2f<%)%, A>0,

provided the sums converge absolutely.
The g-beta integral is defined by

o0/A xt—l
B,(t;s) = K(A;t ——dx, 2
J(6:5) = K )L e 2)
where K(x;t) = Z=x'(1 + %);(1 +x); 7" and (a + b), = ]_[;;01(:1 +¢'b), T>0.
In particular for any positive integer m, n,
n(n-1) r',(mI,(n
K(x,n) = qu, K(x,0)=1 and B,(m;n)= M, (3)
[y(m +n)

where I'; () is the g-gamma function satisfying the following functional equations:

T t+1)=[,T,(0), T,1)=1

(see [3]).
Forf € C[0,00), 4 € (0,1) and # € N, we introduce a kind of g-gamma operators G,, 4 (f; x)
as follows:
3 M43 n(n+l)
21 +3],(q" 2x) q 2[4 t"
Gng(f) = o , f ———————f (O d,t. (4)
(]! [n +2],! 0 (@ 2x+ t)§n+4

Note that for g — 17, G,,;-(f; x) become the gamma operators defined in (1).

2 Some preliminary results
In order to obtain the approximation properties of the operators G, 4, we need the follow-

ing lemmas.

Lemmal ForanykeN,k<n+2andq e (0,1), we have

[n+ k] ! [n -k +2],! % k
[l 1l + 21! x )

Ging(t5%) =
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Proof Using the properties of g-beta integral, we have

n+3  n(n+l)

3
2 + 31 g™ 2 x 5 oo/A tn+k
Gﬂ:q(tk;x) = [ la 4 / 3 dgt
(]! [n +2],! 0 (™ 2x + t)§"+4
t n+k
3l ) ktne ) /oo/A (q”*%x) L[t
T gl 2]y o (Lt T gy
q 2x
~ xK[2m + B]q!q@qk(’”%) B,n+k+1n—k+3)
(n]g'[n + 2],! KA;n+k+1)
[n+kl ! n—-k+2],! @ X
= x5,
[n]g![n +2],!
Lemma 1 is proved. d

Lemma 2 The following equalities hold:

_ Jaln + l]qx

Gn 1; :1; Gn t; )
(%) (%) v 2,

Gug(t'5x) = 4%, (6)

3.\ _ [n+3]q 3 4.\ [Vl+3]q[}’l+4]q 4
Gralt52) = gy, a5 = g b, 7
[ +1]
Gunle—s7in) =20 (1- LR ). ®

G (£ = 2)%5) = (1+ [n+3],n+4], 4n+3], 4ﬂ[n+1]q) \

- - )
q4[n]q[n - 1]q 613/2 [n]q [}’1 + 2]q

Proof From Lemma 1, taking k = 0,1,2,3,4, we get (6) and (7). Since G, 4((t - x)%;x) =
G (155 %) = 2xG 4 (5 %) + 2% and G, g (£ = 2)*5%) = Gy g (£%3%) = 4% Gy (£35.%) + 652 G (825 %) —
4x3 Gy, 4(t; %) + x*, using (6), (7), we obtain (8) and (9) easily. O

Remark 1 Note that for ¢ — 17, from Lemma 2, we have

n+1
Gn,l* (l,x) =1, Gn,l* (t; ?C) =—% Gn,l* (tz;x) = x21
n+2

2
G- ((t - x)z;x) = mxz,

which is the moments and central moments of the operators defined in (1).

3 Local approximation
In this section we establish direct and local approximation theorems in connection with
the operators G, 4(f, ).

We denote the space of all real-valued continuous bounded functions f defined on
the interval [0, 00) by Cp[0,00). The norm || - || on the space Cg[0,00) is given by || =
sup{|f(x)| : x € [0,00)}.
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Further, let us consider Peetre’s K-functional

K(f,8) = inf {If gl +5]¢"[},
geWw:

where § >0 and W2 = {g € C3[0,00) : g, g" € Cz[0, 00)}.
For f € C[0, 00), the modulus of continuity of second order is defined by

wy(f,8) = sup sup V(x+2h)—2f(x+h)+f(x)|.

0<h=<8 x€[0,00)

By [11, p.177] there exists an absolute constant C > 0 such that
K»(f,8) < Can(f,~/3), 8>0. (10)
Our first result is a direct local approximation theorem for the operators G, 4(f, x).
Theorem 1 For g € (0,1), x € [0,00) and f € Cp[0, 00), we have

|Gn,q(f;x) _f(x)| < Cw, (f? \/ an,q(x)) + w(f; ﬂn,q(x))> (11)

where C is a positive constant,

an,q(x)—(él— 4fn+ 2], )x, ,qu(x)—(l— v 2, )x (12)

Proof Let us define the auxiliary operators

~ 1
Gug(f;%) = Guy(f;x) —f<%x) +f(x), (13)
q

x € [0,00). The operators én,q(f ;x) are linear and preserve the linear functions
én,q(t —x;%)=0 (14)

(see (6)).
Let g € C2. By Taylor’s expansion

g(t) = gx) + g (x)(t —x) + /x t(t —u)g"(u)du, tel0,00),
and (14), we get

Gg(g:%) = g(x) + Gy ( / t(t —u)g" (u) du;x).
Hence, by (13) and (8), we have

|Gg(g:%) - g)|

Gng (/t(t —u)g" (u) du;x)

<

+

* ﬁ[l’l + l]q 1"
/\/[q[m]l]qx<u T2 2, x )¢ (u)du
q

n+2
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u—

\/[z[l’l + 1]qx |g//(u)| du

/x (t—u)|g" (w)| du 2,

X
;% ) +
' ) \/‘ﬁ[nﬂ]q X

=< Gn,q (
[n+2]q

104\ 27
< [Gule-win)+ (1- B ) 2

_ (3_ \/‘?[n+1]q><1_ ﬂ[n+1]q)x2”g/"‘

[n+2], [n+2],

<3(1- Y02l

[n+2],

On the other hand, by (13), (4) and (6), we have

|G (F3%)| < |Gug ()| + 211 < If 1 Grg(L5%) + 2111l < 3. (15)

Now (13) and (15) imply

|Gg(f5%) - f ()]

~ ~ 1
< |Guglf ~ %) — (f — @)] + |Gog @) - )| + P(iﬂé[" . ]qx) —f(x)‘
n+2l,

<4lf gl + 3(1 - %)f e[ + w[f; (1 - M)x]

2], [n+2],

Hence taking infimum on the right-hand side over all g € W2, we get

|Gg(f3%) — f(x)| < 4K5 [f; (E - m)ﬁ} + w[f; <1— M)x]

4 4ln+2], [n+2],

By (10), for every g € (0,1), we have

|Gg(f3%) —f ()| < Can(f3 ) tng(®)) + o(f3 Bug()),
where a,,,(x) and B, ,(x) are defined in (12). This completes the proof of Theorem 1. [J

Remark 2 Let g = {g,} be a sequence satisfying 0 < g, <1 and lim, g, = 1, we have
lim, 0,4, = 0 and lim, B,,4,(x) = 0, these give us the pointwise rate of convergence of the
operators G,q, (f;x) to f(x).

4 Rate of convergence

Let B,2[0,00) be the set of all functions f defined on [0,00) satisfying the condition
[f (%) < My(1 +x%), where My is a constant depending only on f. We denote the subspace
of all continuous functions belonging to B,2[0,00) by C,2[0,00). Also, let C;z [0,00) be
the subspace of all functions f € C,2[0, 00), for which lim,_, o, L")Z is finite. The norm on

1+x
C;Z [0,00) is [[f]lx2 = SUPxe[0,00) V"‘?J . We denote the usual modulus of continuity of f on the
closed interval [0,4] (a > 0) by

1+x

walf,8) = sup sup |f(t) - f(x)].

|t—x| <6 x,t€[0,a]

Obviously, for function f € C,2[0, 00), the modulus of continuity w,(f, §) tends to zero.
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Theorem 2 Letf € C2[0,00), g € (0,1) and w,,1(f, 8) be the modulus of continuity on the
finite interval [0,a + 1] C [0, 00), where a > 0. Then we have

1Gnalf) £ o
<12Msa*(1+a?) <1 - %) + 20401 (f, V2a |1~ %) (16)
Proof Forx € [0,a] and ¢ > a + 1, we have
[F(6) = f®)| < My(2 + 2% +£%) < Mf[2 + 32" +2(¢ —x)*],
hence we obtain
If&) —f(x)| < 6Mp(1+a®)(t - x)*. 17)

Forx € [0,a4] and t < a + 1, we have

|t —x]
)

V(t) _f(x)| = wa+1(f) |t_x|) = (1 + )a)a+l(f¢8)t 5>0. (18)

From (17) and (18), we get

[t — x|

[f(t) —f(x)’ < 6Mf(1 + az)(t —x)?+ (1 + )wa+1(f,8). (19)

For x € [0,4] and t > 0, by Schwarz’s inequality and Lemma 2, we have

|Gn,q(f, x) _f(x)|
< Gg([f(O) —f ()

%)

<6My(1+a®)Gpq((t—x)%x) + wa+1(f,5)(1 + % Grq((t- x)z,x))

2 2 Valn +1]g V2a Valn + 1,
<12Mjya (1+a)<1—m>+wq+1(f,5)(1+ 3 m>

By taking 6 = v/2a,/1 - ‘/[z[f;]lq]” , we get the assertion of Theorem 2. 0

5 Weighted approximation and Voronovskaya-type asymptotic formula

Now we will discuss the weighted approximation theorem.

Theorem 3 Let the sequence q = {q,} satisfy 0 < q, <1 and q, — 1 as n — oo, for f €

C,[0,00), we have

lim [|Gyg, (1) £ 2 =0 (20)
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Proof By using the Korovkin theorem in [12], we see that it is sufficient to verify the fol-
lowing three conditions.

lim | Gg, (¢'5%) - "] 2, v=0,1,2. (21)

n—00

Since G4, (1;%) =1 and G4, (#%x) = x%, (20) holds true for v=0and v = 2.
Finally, for v =1, we have

|Gg, (%) —x
| G (52) = ] 2 = e
x€[0,00) 1+x
— (1 _ \/ql’l[n + l]qn>
[n+2]g, xe0,00) 1+ 42

Va@nln +1lg,

[n+2]g,

’

since lim,_, g, = 1, we get lim,,_, o ‘/[Z[f;]z]q =1, so the condition of (21) holds for v=1 as

n — o0, then the proof of Theorem 3 is completed. g

Finally, we give a Voronovskaya-type asymptotic formula for G, ,(f;x) by means of the
second and fourth central moments.

Theorem 4 Let q := {q,} be a sequence satisfying 0 < g, <1, lim, q, =1 and lim, g/, = 1.

For f € C%[0,00), (f(x) is a twice differentiable function in [0,00)), the following equality
holds

Tim [+ 20g(Gugf3%) (1) = ~f (o + (W2 (22)
forevery x € [0,A], A> 0.

Proof Let x € [0,00) be fixed. By the Taylor formula, we may write

F(&) =f(x) +f () (& —x) + %f”(x)(t —x)? +r(tx)(t - )%, (23)

where r(t; x) is the Peano form of the remainder, r(¢;x) € C,2[0, 00) and using L’'Hopital’s
rule, we have

F@) = f) —f @)t —x) - 3" (x)(£ - %)

limr(t;x) = lim
t—x t—>x

(t—x)?
_ limf/(t) —f'(x) —f" (%)t - x) _ limf,/(t) —f"(x) _o.
t—>x 2(t —x) t—x
Applying G, 4(f;x) to (23), we obtain
, S"(x) 2
1+ 2]4(Gug(f3%) = f () =f @) (1 + 214G g (£ — %;%) + (1 +2],Guq((t—x) ;x)

2
+ [+ Z]an,q(r(t; x)(t — x)z;x).
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By the Cauchy-Schwarz inequality, we have

Ging (r(659)(2 = 2%52) </ G (215305 2) Gong (2 — )%53). (24)
Since r*(x;x) = 0, then it follows from Theorem 3 that
lim Gn,q(rz(t;x);x) =r?(x;x) = 0. (25)
n—00
Now, from (24), (25) and Lemma 2, we get immediately

lim [n +2],G,4 (r(t;x)(t - x)z;x) =0, lim [# +2],G,4(t — %5 %) = —x,

n—00

and since g"*! = [n + 2)—[n+1]y < [n+2];-/qln+1]; < [n+2],—q[n+1], =1, we have

lim [ + 2],1(1 - M)%cz

n—00 [n + 2]q

lim ([n +2],—/qln+ 1]41,)2x2 =2x2.

n—00

lim [n +2],G,4 ((t - x)z;x)

Theorem 4 is proved. O
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