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Abstract

In this article, we shall introduce a new class of ideal convergent (briefly |-
convergent) sequence spaces using, infinite matrix, an Orlicz function and difference
operator defined on n-normed spaces. We study these spaces for some linear
topological structures and algebraic properties. We also give some relations related
to these sequence spaces.
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1 Introduction

The idea of statistical convergence was given by Zygmund [1] in the first edition of his
monograph published in Warsaw in 1935. The concept of statistical convergence was
introduced by Fast [2] and Schoenberg [3]. Over the years and under different names
statistical convergence was discussed in the theory of Fourier analysis, ergodic theory,
number theory, measure theory, turnpike theory and Banach spaces. Later on it was
further investigated from sequence point of view and linked with the summability the-
ory by Fridy [4] and many others. The idea is based on the notion of natural density of
subsets of N, the set of positive integers, which is defined as follows: The natural den-
sity of a subset E of natural numbers is denoted by J(E) and is defined by

1
S(E) = lim [{keE:k<n)l,

where the vertical bar denotes the cardinality of the enclosed set.

Kastyrko et al. [5] introduced the concept of I-convergence of sequences in a metric
space and studied some properties of such convergence. Since then many researchers
have studied these subjects and obtained various results (see [6-9]). Note that I-conver-
gence is an interesting generalization of statistical convergence.

The notion of difference sequence space was introduced by Kizmaz [10]. It was
further generalized by Et and Colak [11] by introducing the sequence spaces £..(A°), ¢
(A®), co(A®%). For a non negative integer s, the generalized difference sequence spaces
are defined as follows: For a given sequence space X we have

X(A%) ={x=(x) ew: (A%x) € X},
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where Ay = A 'xy - A %1, A% = xy, for all k € N, the difference operator is

equivalent to the following binomial representation:

N
San 1\ S
Axy = E_O( 1) <v>xk+y.

Taking s = 1, we get the spaces £..(A), c(A),co(A), introduced and studied by Kizmaz
[10].

The concept of 2-normed space was initially introduced by Gahler [12], in the mid of
1960’s, while that of n-normed spaces can be found in Misiak [13]. Since then, many
others have studied this concept and obtained various results, (see Gunawan [14],
Gunawan and Mashadi [15,16]). The notion of ideal-convergence in 2-normed spaces
was introduced and studied in [17,18] and [19]. Later on it was extended to #-normed
spaces by Gurdal and Sahiner [20], Hazarika [21] and Savas [22].

Let X be a non-empty set, then a family of sets I € 2¥ (the class of all subsets of X)
is called an ideal if and only if for each A, B € I, we have A U B € I and for each A €
I and each B C A, we have B € I. A non-empty family of sets F € 2% is a filter on X if
and only if ® ¢ F, for each A, B e F, we have A n Be F and each A € F and each A
C B, we have B € F. An ideal I is called non-trivial ideal if I #/0 and X ¢ L. Evidently /
c 2% is a non-trivial ideal if and only if F = F(I) = {X - A : A € I} is a filter on X. A
non-trivial ideal I € 2¥ is called admissible if and only if {{x}: x € X} € I. A non-trivial
ideal 7 is maximal if there cannot exists any non-trivial ideal J # I containing I as a
subset. Further details on ideals of 2% can be found in Kostyrko et. al [5].

An Orlicz function is a function M : [0, =) — [0, ), which is continuous, non-
decreasing and convex with M (0) = 0, M(x) >0, as x >0 and M(x) — oo, as x —> oo
(see [23]).

An Orlicz function M is said to satisfy A, - condition for all values of u, if there
exists constant K >0 such that M(2u) < KM(u), u > 0.

Lindenstrauss and Tzafriri [24] studied some Orlicz type sequence spaces defined as
follows:

by = l(xk) € w:ZM(b;k') < oo, forsome p > 0}.

k=1

The space €,; with the norm

o0
llx|| = inf{p >0: ZM (ka|> < 1}
k=1 P
becomes a Banach space which is called an Orlicz sequence space. The space €, is
closely related to the space ¢, which is an Orlicz sequence space with M(t) = |t|?, for 1
< p < . Subsequently Orlicz function was used to define sequence spaces by Parashar
and Choudhary [25] and many others (see, [26-29]).
The following well-known inequality will be used throughout the article. Let p = (p)
be any sequence of positive real numbers with 0 < p; < supg pr = G, D = max{l, 261y
then

lag, + bilP* < D (lag P + |by|P*)
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for all ke N and ay, by e C. Also |a|r < rnax{l, Ialc} foralla e C.

In 2001, Gunawan and Mashadi in [15] gave the following definitions.

2 Definitions and preliminaries
Let nbea non-negative integer and X be a real vector space of dimension d > n (d may
be infinite). A real-valued function || o ey || on X"satisfying the following conditions:

(1 " (X1, X2y ey Xy) || = 0 if and only if xy, x5, ..., x,, are linearly dependent,

)
(2) " (X1, X2y oy X3,) || is invariant under permutation,
(3) " ox1, X9y ey Xy) " = || " (X1, X2y ey Xy0) ", for any o € R,
)

@) (e + X %2, oxn) | < [ oo cx) |+ | Eoxas )|

is called an n-norm on X and the pair (X, " . e - ") is called an n-normed space.

A trivial example of an nz-normed space is X = R”, equipped with the Euclidean n-
norm " (%1, X2, ..y X,)| £ = the volume of the #-dimensional parallelpiped spanned by
the vectors x;, x5, .., %, which may be given explicitly by the formula

| Gerox2, .. xn) || = | det(xij)| = abs(det(< x;, x; >))

where x; = (X;1, %12, .y %;,) € R? foreachi=1,2,3 .., n.

Let (X, " vy ey - ||) be an n-normed space of dimension d > n > 2 and {a,, a,, ..., a,}
be a linearly independent set in X. Then the function " v e - ||0<, on X" is defined by
[ Ger a2, xa) ||, = max {Ilxy, %2, ..., X1, aill)
1<i<n

defines as (n - 1)-norm on X with respect to {ay, a,, ... a,, } and this is known as the
derived (# - 1)-norm (see [14]).

The standard #-norm on X a real inner product space of dimension d > 7 is as fol-
lows:

1
[Ger, 22, x0) || s = [det(< xi, %5 >)]2,

where <, >denotes the inner product on X. If we take X = R” then this #-norm is
exactly the same as the Euclidean #-norm " (%1, X2y vy X5,) || £ mentioned earlier. For n =
1 this #-norm is the usual norm |lx1]l = /< x1,%1 > (for further details see Gunawan
(14]).

We first introduce the following definitions (see also [21]).

Definition 2.1. A sequence (x;) in an n-normed space (X, " v ey ") is said to be
convergent to some Le X with respect to the n-norm if for each ¢ >0 there exists an
positive integer 7y such that ||xk - L, z1, 29y ooy z,,,1|| < ¢ for all k > ny and for every z,
29y ey Zp1 € X.

Definition 2.2. A sequence (x;) in an n-normed space (X, " v ey e ||) is said to be I-
convergent to some Le X with respect to the n-norm if for each ¢ >0 such that the set
{ke N: ||xk-L, Z1y 22y ey Zil || > ¢} belongs to I, for every zy, zy, ..., 2,1 € X.

Definition 2.3. A sequence (x;) in a normed space (X, ””) is said to be I-bounded if
there exists an positive integer M >0 such that the set {ke N : ||xk, 21, 22y eeor Zy_1 " >
M belongs to I, for every zy, zy, ..., 2,1 € X.
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Definition 2.4. [6]. A sequence space E is said to be solid (or normal) if (oux;) € E,
whenever (x;) € E and for all sequence (o) of scalars with |oy| < 1, for all ke N.

Let K = {k; < ky <~} € N and E be a sequence space. A K-step space of E is a
sequence space AL = {(xy,) € w: (x) € E(ky) € K}

A canonical preimage of a sequence {(xy, )} € Ak is a sequence {y,} € w defined as

| xu ifn € K;
Yn = 0, otherwise.

A canonical preimage of a step space A is a set of canonical preimages of all ele-
ments in AL is in canonical preimage of AL if and only if y is canonical preimage of
some x € E.

Definition 2.5. A sequence space E is said to be monotone if it contains the canoni-

cal preimages of its step spaces.

1) If we take I = Iy = {A € N: A is a finite subset }. Then Iris a non-trivial admissi-
ble ideal of N and the corresponding convergence coincide with the usual
convergence.

2) If we take I = I5 = {A S N: 0(A) = 0} where 6(A) denote the asymptotic density
of the set A. Then I is a non-trivial admissible ideal of N and the corresponding

convergence coincide with the statistical convergence.

Lemma 2.1. ([30]). Every normal space is monotone.
Lemma 2.2. [15]. Every n-normed space is an (n-r)-normed space for all r = 1, 2, ...,

n_
1. In particular every n-normed space is a normed space.

In this article, we study some new ideal convergent sequence spaces on n-normed

spaces by using Orlicz functions, infinite matrix and generalized difference operator.

3 Main results

Before we state our main results, first we shall present some new ideal convergent
sequence spaces by combining an infinite matrix and Orlicz function and study their
linear topological structures. Also we give some relations related to these sequence
spaces.

Let I be an admissible ideal of N, and let p = (p;) be a bounded sequence of positive
real numbers for all k € N and A = (a,;) an infinite matrix. Let M be an Orlicz func-
tion and (X, || e ...,.") be an n-normed space. Further w(n - X) denotes the spaces of
all X-valued sequence spaces. For every zj, 2y, ..., z,.1 € X, for each ¢ >0 and for some
p >0 we define the following sequence spaces:

wH A, A M p Nl ] = {3 = (31) € w(n — X) : for a givene > 0, {n € N :}}

nd ASJCk_L
Zank M 1&17%2, o1 &n—1
k=1 L

Pr
)] > ¢ el forl € X},
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wh [A A Ml D] =

s

Axk
,

oo
x=(x;) € w(n —X) : foragivene > 0, [n € N:Zank[M <‘

k=1

who [A, A Mpll, ] =

o0
AS
x=(x) € w(n —X) : 3K > Os.t. =n eN: E a,,;(|:M (H xk,zl,zz,...,zn,l
P
k=1

Let us consider a few special cases of the above sets.

(i) If s = 0 then we obtain the spaces as w' [A, M, p, ", ..... , .||],
wh [AMp L ) Wi [A M- Il and wo A, M, p,
the above sequence spaces.

(ii) If s = 1, then above spaces are denoted by w! [A, A M, p, ", ey .||],
wh [A, AMp .II], and w' [A, AMD N .II].

(iii) If M(x) = x for all x € [0, =) then we obtain the spaces by wi[A, AS, p,l v e o
."], wf) [A, Ao e .||], and w]oo [A, Ao, .||] from the above sequence
spaces.

(iv) If p = (po) = (1,1,1...), then above spaces becomes w’ [4, A%, M, " o e o .||],
wh[A A M, L, . L and wh [A, A5 ML,

(v) If we take A = (C, 1), i.e., the Cesaro matrix, then the above classes of
sequences are denoted by w' [A®, M, p, ||, e oy .||], wh [AS, M, p ... ..,.II], and
who [AS ML D]

(vi) If we take A = (a,) is a de la Valée Poussin mean, i.e.,

|., e o ."], from

1
Jifk € Iy=|n— Ay + 1,10,
=1 h, n=[n—"4n I
0, otherwise
where (4,) is a non-decreasing sequence of positive numbers tending to « and 4,,,;
< Au+ 1, 2; = 1, then the above spaces are denoted by w’ [A, A%, p, II, e e .II],

wh [A A5 p L, ] and wh [A A5 p oL

(vii) By a lacunary 0 = (k,); r = 0,1, 2,... where ko = 0, we shall mean an increasing
sequence of non-negative integers with &, - k,.; — o as r — c. The intervals deter-
mined by 6 will be denoted by I, = (k,.1, k] and &, = k, - k1.

As a final illustration let

1
,ifk_ k <k,
Ao = hrl r—1 <R = Ry

0, otherwise

Then we have the above classes of sequences by w’ [0, A%, p, ||, ..... , .||],
wh[0, A5 p, Il ... Il and wl [0, AS, p, 1., ... )
Theorem 3.2. w' [A4, A%, M, p, |., ..... , .||], whlA, A5, M p, s ...y lland

wéo[A, A M., ... ] are linear spaces.
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Proof. We shall prove the theorem for the space w}[A, AS, M, p, ||.,... .., .|l] only and
the others can be proved by the same way. Let x = (x;) and y = (y;) be two elements
in wh[A, AS, M, p, ||, .....,.Il] Then there exist p; >0 and p, >0 and for every z, 2y, ...,

IEHE

[o¢] Asyk pr &
neN:Zank[M (” 1Z1,%2, -+, Bn—1 ):| = el
o1 P2

Let o, B be two scalars in R. Since || o o e || is an n-norm, A® is linear and the con-

tinuity of the Orlicz function M, the following inequality holds:
o0 Pr
Yeul( )
k=1
o
|| <” Ax
<D) a M 121,22 vy Bn—
- ; "Lialor+ 181 | oy T
o0
+D Z Ank
-1
ASxy,

o0
< DKZﬂnk[M< RN
k=1

Z,.1 € X such that

ASxy,

[o¢]
Ag = neN:Zank[M <H 121,22, -+, Zn—1
2 k=1 p

v

1

and

Be
2

I
N

As(ozxk + ﬂ)/k)
1Z1,%27 01 &1
lal p1 + 1B p2

r
)

Pr o AS
>] +DKZank[M<H T 22 2
1 P2

18]
lee] o1 + | Bl p2

AS
M(H yk,zth...,znq
P2

g

1

whereK:max{l,( el ),( 4 )}
lee| p1 + Bl o2 lee] o1 + 1B p2

From the above relation we get

oo
AN (axy + Byr)
neN: ak[M(H 121,22, Zn—1
{ kzl ! (lal o1 + 181 02) !

I
)Tk > ;} (3.1)
)=}

Since both the sets on the right hand of the relation (3.1) are belong to I so the set
on the left hand side of the inclusion relation belongs to 1. This completes the proof of

> ASx;
c neN:DKZank[M (H k,zl,zz,...,zn,l
el P1

o0 AS
U neN:DKZank[M (H Yk,zl,zz,...,zn_l
=1 P2

the theorem.

Theorem 3.4.

Wh[A, AS, My, p, Il oo NWH[A, AS, Mo, b, 1Ly s D] S WhIA AS, My, +Mo, b, Ly el
Proof. Let x = (x) € wh[A, A5, M1, p, I, ..o Il NWH[A, AS, Mo, p, sy I
Then by the following inequality the result follows

i
)

o0 o0
Asxk Pre Asxk
EDZank[Ml <H P R )] +Dzank[Mz(H R

k=1 k=1

> A’xy,
D aw| (M + M) p VR

g

Page 6 of 9
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Hence

ad Axy,
neN:X:an;z (M1 + M3) ) 121,22, 1 @1

k=1

> A'x

- neN:DZank[M1<” k,zl,zz,...,zn_l
k=1 p
o0

ASx

U:neN:DZank[Mz (” k,zl,zz,...,zn,l

0
k=1

=
I
)=}

Since both the sets on the right hand are belong to I so the set on the left hand side
of the inclusion relation belongs to I. This completes the proof of the theorem.

Theorem 3.5. The inclusions X[AS™, M, p, ||.,.....,. 1] S X[A A M, p,|l.,.....|)
are strict for s > 1. In general X[A,M,p, ., ...... || € X[A A, M, p, ., .......|I} forj =

0,1, 2, s " and the inclusions are strict, where X = wh, wland w' .

Proof. We give the proof for wi[A, A1, M,p,|l.,.....,.Il] only. The others can be
proved by similar argument. Let x = (x;) be any element in the space
wf, [A, A=Y, M, p, I, ... ..,.|I] Let & >0 be given. Then there exists p >0 such that the set

oo —
AS lxk Pre
neN: E anr | M 1B, %20 s Bp1 >¢gp el
k=1 P
Since M is non-decreasing and convex, it follows that
oo 00 ;.
Asx; pre ASilka _ As—lx) pre
Zank[M (H o PFUE )] =Y an|M ) 2122 B
k=1 0 k=1 L
0 - Pre o — Pr
1 ATy 1 Ay
< Dzank[ M (” "z )} +Dzank[ M (H Y a1z, an )}
k=1 2 p k=1 2 p
o0 o0
AS 1y, Pre A1y, Pre
SDHZank[M (H pk”,zthu.,zH )} +DHZank[M (H ) ez 2 ﬂ ,

k=1 k=1

1\C
where H = max{l, (2) }

Thus we have

o0
ASx P
{neN:Zank[M (H 2pklzllz21~-'l’zn71 )i| 28}
k=1

S Asflxk1

C neN:DHE ank|:M <H " 121,22, - Zn—1

P
k=1

)
)] =

Since both the sets in the right side of the relation (3.2) belongs to I, therefore we
get the set

o Asxk Pr
neN:Zank[M <H 2 121,22, 1 Zn—1 >:| >¢e¢ €L
k=1

The inclusion is strict follows from the following example.

v
N ™
[ Rp—
—
w
&

o As—lxk

U neN:DHZank[M <H 1 Z1,%2) -y Bn—1

P
k=1

N ™
[ —
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Example 3.1. Let M(x) = x, for all x € [0, ), pr =1, for all ke N and A = (C, 1), i.
e., the Cesaro matrix, Consider a sequence x = (x;) = (k°). Then x = (x;) belongs to
wh [A5 M, p, I, ... ....I] but does not belong to wh[AS™}, M, p, ||.,....., .|l because A®
X = 0 and Ay = (-1) (s - 1)L

Theorem 3.6. For any two sequences p = (py) and q = (qx) of positive real numbers
and for any two n-norms || o e s ||1 and || o e s "2 on X, then the following holds:
X[A A Moo AN XA, ASM G s - lo ] #0, where X = wh, whand w .

Proof. Since the zero element belongs to each of the above classes of sequences, thus
the intersection is nonempty.

Theorem 3.7. The sequence spaces w{)[A, AN Mol and
wéo [A, A5, M, p, . ... .., ||| are normal as well as monotone.

Proof. We give the proof for wi[A A5 M,p,|l.,.......II] only. Let x = (x4) €

wf][A, ASMp ., oo . l] and o = (o) be a sequence of scalars such that || < 1 for
Pr
) =

Pre
)i| >¢gp el
where E = max{1,|(xk|G}.
Hence (agxr) € wh[A, A5, M, p, I, ., ..., .Il]. Thus the space wh[A, A5, M, p, ., ... ...l
is normal. Also from the Lemma 2.1, it follows that wf)[A, AN M., ]l] is mono-

all k€ N. Then for given ¢ >0 we have

[e o]
A (otx,
neN: Zank[l\d (H (pk k),zl,zz,...,zn_l
k=1

> ASxy,
- neN:EZank M ) 121,220+ -1 Bn—1
k=1

tone. This completes the proof of the theorem.
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