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Abstract

Let ¢ : [0,1] — R be a concave function with (0) = ¥ (1) = 1. There is a
corresponding map II-Il; for which the inverse Minkowski inequality holds. Several
properties of that map are obtained. Also, we consider the Beckenbach-Dresher type
inequality connected with w-direct sums of Banach spaces and of ordered spaces. In
the last section we investigate the properties of functions y,,, and ||lleq 0 <o <1,
g < 1) related to the Lorentz sequence space. Other posibilities for parameters w and
g are considered, the inverse Holder inequalities and more variants of the
Beckenbach-Dresher inequalities are obtained.
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1 Preliminaries
In the fifties of the previous century the following result was obtained:
Let 1 <p<2andx;,y;>0,i=1,..,n Then

Z?:l (xi +yi) < Z?:le + Z?:ly? .
iy (xi +yi)p71 a Z?:lefl i yfil

The above-mentioned discrete inequality was given by Beckenbach [1], and the inte-

1)

gral version is due to Dresher [2] (see also [3]). From that time, some generalizations
of the Beckenbach-Dresher inequality (1) have appeared. Here, we are pointing out
articles of Pecari¢ and Beesack [4], Petree and Persson [5], Persson [6] and Varo$anec
[7], where the reader can find related literature about this inequality Here we consider
inequalities of Beckenbach-Dresher type in more general structures, namely in y-direct
sums.

In this article we follow definitions and notations from the paper [8]. Let ¥ denote
the family of all convex functions y on [0, 1] with y(0) = w(1) = 1 satisfying

max{l —¢tt} <y(t) <1l (0<t<1).

It is known (see [9]), that ¥ is in one-to-one correspondence with the set N, of all
absolute and normalized norms on C?, i.e.,, such that

[l =[xl yDlfand [ (1, 0)] = [0, 1) = 1.
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Namely, if |.|| € N, and w(¢) = ||(1 - ¢ 2)||, then w € W. Conversely, if y € ¥, then

N i
len, - ™ Iyl)w<|x|+|y| , (%) #(0,0),

0, (x.y) = (0,0),

is a norm and ||.[|, € N,.

Some examples of convex functions and the corresponding norms are the following:
. 1

Example 1. The convex functions Y1) = [(1 = 0)P + ] P 1<p<oo,0<t<1, corre-

spond to l,-norms of C>. For p = o, the function y..(t) = max{t, 1 - }, 0 < t < 1, corre-
sponds to the norm L.
Example 2. Let

1
|G, = @ +ay e,

where {x*, y*} is the non-increasing rearrangement of {|x|, |y|}. If 0 <w < 1, 1 < g, then
e, 4 is @ norm of the two-dimensional Lorentz sequence space d®(w, q), it belongs to
N, and its dual norm was computed recently in [10]. The corresponding function from
Vs

1 1
(1-0)T+wth)4,if0<t< _,
I/jqu(t) = 1 1 2
(t7 + w(1 — 1)), if2 <t<1.

If o= 2271, then we get a classical Lorentz 1, -norm.

Example 3. For o, 1/2 < o < 1, let us define the following function

o —

1
t+1,0<t<aq,
%(t)= o
t, a<t<l.

Vo, € Y and the corresponding norm is
|z w)],, = max{llz] + (2 = 1/e) wll, lw]]}.
11
Example 4. Let 1 < g <p < o and 207d < <1 L€t Wpgp = max{y,, AMy,}. Then
the corresponding norm is ||.||,,q. = max{|l.ll,, Al

Example 5. Let 1/2 < B < 1 and let yg(t) = max{l - t, t, B} (note that neither yg > y
nor yg < ys.). The corresponding norm is

x| 1-p
|y’|1y|fs g |I B
— X
[CNPGERY:E ST -p
w, M P
| = 1-8

For w € V¥ let ||}, denote the dual of the norm |.||,,. From [11] we have that II.Il}, is

an absolute normalized norm and the corresponding convex function y* € ¥ is
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(1—=s)(1—1t)+st

Yok (t) = su
© 05515)1 v (s)
for £ with 0 < ¢ < 1. For the norms |.||,, and |l I}, we have the following Hélder-type
inequality:
[ (xlr}/l)”w I (le)/z)”,/,* > xixol + |y1y2| (2)

where x1, x5, y1, Y2 € C.

Since the proof of Beckenbach-Dresher inequality can be obtained as an application
of the Minkowski inequality the Holder inequality and its inverse inequalities in differ-
ent cases, we are going to see what kind of such inequalities we could prove using
some ideas of y-direct sums. In the following section we consider a family of concave
functions . We prove some properties of concave functions and the inverse Min-
kowski inequality Using these results and combining with the known results about the
family ¥ and normalized absolute norms we obtain a variant of the Beckenbach-
Dresher inequality related to those norms. In the third section we are considering V-
direct sums of Banach and ordered spaces. Finally, the last section is devoted to the
two-dimensional Lorentz sequence space and its variants. There we obtain several
inequalites of the Holder type.

2 A family ; of concave functions and a generalization of the Beckenbach-
Dresher inequality

Let §s denotes the family of all concave functions 4 on [0, 1] with 4(0) = ¥(1) = 1. Let
us define the map Il ; on C* by

7 |wl _
lzw)]; = (MI+|u4)¢"<|z|+|u4),(z,uo #(0,0); .
0 (z,w) = (0,0).

As it is proved in the next proposition for this map I.ll; the inverse Minkowski
inequality holds. For that reason we call it a pseudo-norm.
Proposition 6. Let v be a concave function on [0, 1]. Then the inverse Minkowski

inequality holds, i.e. for u, v, z, w € C the following is valid:
|l + 1t i+ 1wD 5 = [Qul 1w + [ Gal )] @

Proof. Using concavity of the function v and the equality

V] + w] _ lul + [v| [v] lz| + [w] lwl
lul + lzl + vl + lwl Jul + 2] + [v] + [w] [ul + v Jul + 2] + [v] + [w] |z] + |w]

we get that

[l + lel w1 + w5

(lul + |z| + |v] + |w|) ( V] + |w| )

[ul + |z] + [v] + |w|

(M+MM(MTM)NmﬂmW(MﬂM>
[ Clul 1) + ([ als ) ]

v

The proof is complete.
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Our next result reads:

Proposition 7. Let  be a concave function on [0, 1], 4(t) > 0. Then Y () is non-
t

increasing on (0, 1] and 120 is non-decreasing on [0, 1). If y(t) > 0 then the words
1—1¢

non-increasing and non-decreasing are replaced by decreasing and increasing,
correspondingly.
Moreover, if 0 < p <r,0< g <s, we have that

I ) < sl
Proof. Let 0 <s <t < 1.
1 1 1 1 -
(1) Put p = t/s and write s = pt+ p/O where 9 + p = 1. Then, by concavity of +, we

get that

. 1. 1. 1
¥(s) = pl/f(t)+ p,llf(O) > pl/f(t)-

Hence ¥/(s) > i@(t), ie. v (s) > Jf(t) If ¥ (0) > 0, then the inequality is strict.
O

1—s p— 1 N 1 X - .
(2) Let now p = . Thent = + = -1+ s By concavity of 4y we find
p 1—¢ p P p p Y y ol ¢

that
- 1- 1 -~ 1-
v(t) = plﬂ(s)+ p,l/f(l) > p1//(s).

Hence v/ (t) > 1 B t1/~/(5) ie. ff(t) > 1/r(s) If (1) > 0, then the inequality is strict.
=S -t 1-—s

To prove the monotonity property we proceed like in [8]. Firstly if 0 < p <r, 0 < g <35,
then

q 4 nd 9 S

> .
p+q  T+q T+q  T+S

A

Using the fact that v is non-increasing and v is non-decreasing we obtain that
t 1—t¢

-( q = q
), o ()
a\_ . p+q _ r+q/) (4
p+q>‘q ¢ =T 4 _U+ww<r+q>
p+q T+(q
(ENIRTES
—r. Tr+q <r. Sr+7' =(r+5)&(ris)=”(T,S)H¢}.

r+q S+T

Hw4w¢=W+m¢<

The proof is complete.
Let y € U. Denote

V() = Oifrsl; 1- 5)1(;(5; t) +st

Page 4 of 14
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for 0 < ¢ < 1. The corresponding map ||y, is defined by (3). Using similar arguments
as in [10] we can prove the following:

Proposition 8. Let y € U be symmetric with respect to t = 1/2. Then y- is symmetric
1
with respect to t = X Moreover,
1—s)(1—1t)+st
Uu(t) = inf (1—=s)(1-1)
0555 ; W (S)
o1
for all t with ) <t<l

The following inverse Holder-type inequality holds:
Proposition 9. Let x1, x5, y1, Y2 € C. If y € W, then

[ (xerI)”w” (x2,72)| g, = Il + ly1y2] .- (5)

Proof. From the definition of the function - we get that
(1= s)(1 — 1) +st = Y(s)y ().

nl Il
el + yi]" Il + |12

Example 10. Let 0 < p < 1. The function v, belongs to  and the related function y-

Putting in that inequality s = and using formula (3) we get (5).

1 1
is y, where 9 + g = 1 In this case inequality (5) has a form

1 1
il x2l + 1] |v2] = (xa P+ 12 P) 2 (Jya ] + 2] 9

which is the reversed Holder inequality in the simplest form, see e.g., [12, p. 99].

The following result is a variant of the Beckenbach-Dresher inequality, obtained by
using the inverse Holder inequality of the concrete space /;,,, the Minkowski inequality
for the norm ||.]|,, and the inverse Minkowski inequality (4).

Theorem 11. Let € W,y € W. Let fi=(a},a}), fo=(a} a3).8 = ([pi], b)) &2 = (|63 |b3])
where a]l,b’l €C i j=1,2and let || ”w 70,82 ”w 7 0.

If u>1, then

LIRS P UL P G ¥
u—1 —

s+l aalls™ el

The inequality holds also when y <0,y e U,y e V. If 0 <u<1,¢ € ¥,y € U,
then the inequality holds in the opposite direction.

Proof. To prove this inequality in the first case we use the Minkowski inequality for
the norm |.||,,, the inverse Minkowski inequality (4) for the pseudo-norm |-l and the
inverse Holder inequality for the /;,,-norm:

e ly il s a1y el + Jeal ;)
lov el ~ T R TR

- PR 1 P 1
<Ialy Il + 1aly el =+
||$1 ||1,, ||82 ||1,,
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Remark 12. Note that lf |“1|_x1 (@3] =2 fai] =y Jadl =2 g1 =i 2= forti=p =V =
* Ll1<p=<2

we get the classical Beckenbach inequality (1) for n = 2.

3 W-Direct sums of spaces and some more generalizations of the
Beckenbach-Dresher inequality

The y-direct sum X @, Y of the Banach spaces X and Y is a direct sum X @, Y
equipped with the norm |(x, »)[l, = [(Ixllx I¥lIv)ll,- This extends the notion of the /,-
sum X @, Y. Recently various geometric properties of y- direct sums have been inves-
tigated by many authors [11,13-18].

In the y-direct sum X @, Y of Banach spaces the Minkowski inequality holds, i.e.,
we have the following:

Let A and C be Banach spaces and let f; = (al,al).f2 = (a?,42),a} €A d, e Ci=1,2
Then

Ifi+f2 ”A@V,C <A ”A@V,C +|f2 HA@,,/C'

Let us improve that idea to the sum of ordered spaces.
Let B and D be ordered spaces equiped with pseudo-norms ||.||z and ||.||p and let

g1 =(|b1]. |b3]). &2 = (b1, ' € B,b, € D,i=1,2. That means that in B and D
the inverse Minkowski 1r1equa11ty holds, ie,
[oa] + 315 = or ]y + 025 [102] + o211, = o2, + 021

Let ¢ be a concave function from §. Let us define
B®;D. B®;D is called y-direct sum of spaces B and D. Using monotonicity of the
pseudo-norm ||.|lg generated by the function v and the fact that the inverse Minkowski

inequality holds for this pseudo-norm, we get the following estimates for the y-direct

sum:
&1+ 82l 6, o = [CHox ]+ (o250 [o2] + (02 )] 5
= (( PR G P D21 P Lt PO Pl (L P 1 PR Ly P A PO
= [ erl Mol )5 + o2l 1021005 = 1815, + 8215,

So we have showed that when vy € ¥ and the inverse Minkowski inequality holds in
B and D, then this inequality holds also for the pseudo-norm of B&;D

Our next result is the following inequalities of the Beckenbach-Dresher type:

Theorem 13. Let y € W,y € ¥ and A, C be Banach spaces, B, D ordered spaces
such that the inverse Minkowski inequality holds. Let
fi=(a1,a), fr= (a3, a3), &1 = (|by], B fgil; 70 lsal; #0, for
a €A d,eC, b eB byeD, i= 1,2.Ifu2 1, then

17+ flso,c _ Wilioe Ielio,c

I$1+ 82050 ~ I8il5ey0 1220500

Proof. The proof is similar to the proof of Theorem 11 so we omit the details.
Remark 14. If u < 1, the analogue result can be considered.

Page 6 of 14
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Ifgi=fi, & =fru=pV =Vp ¥ =Vp1,1 <p <2, then we get that

lat +ail} + a3 + a3 ¢ ot + laslle —, llatl + lasle
TR el v 11 R | e oY e 11 F L R 1]
Note that if we take A = B = C = D = R and put
lal| = x1, |a}| =x2, |a?| =1, |a3| = y2 then we get the classical Beckenbach inequality
(1) for n = 2.

A natural question arises : can we get some similar generalization of Beckenbach-
Dresher inequality for n > 2?

We use the construction from [19]. Let A, be a set A, = {(s3, ..., S,1) € R 15y + ...
+8,1<1,520,1<i<mn-1} In [19] the authors considered the family ¥, of all con-

tinuous convex functions y on A, which satisfy:

¥(0,0,...,0) = %(0,1,0,...,0) = --- =%(0,0,...,0,1) = 1. (6)

Iﬂ(Sl,...,Sn1)2(51+...+5n1)w( $1 L Sn—1 )

51+~~~+Sn_1/ S1+ -+ 851
S1
1p(511~~~151’l—1) = (1 _Sk)l/’ (1 _

Sk—1 0 Sk+1 Sn—1
st T 1=s T1=5"""""1—g,

for k = 1, .., n - 1. They showed that the family AN,, of all absolute normalized
norms on C” and the family ¥, are in one-to-one correspondence: if ||.| € AN,, then

n—1
Y(s1, .. 8n—1) =l (1 — Zsi,sl,...,sn_l) I
i=1

belongs to ¥, and for given y € ‘¥, the following norm ||.||,, belongs to AN,

lz1] + ...+ 1zal" " Nzi .+ |2

||(Z1"“'zn)||1//=(|Z1|+"'+|Zn|)10( |zo| r ) )

if (z1, . 24) = (0, ..., 0) and (0, .., O)]|,, = O.

The set s, is defined as a set of all positive continuous concave functions ¢ on A,
which satisfy condition (6).

Let us define the pseudo-norm |1l by the formula given in (7). Consider for simpli-
city the case n = 3. If the function v is concave it is not difficult to prove using the

same idea as in Proposition 7, that, for A > 1, it yields that

V0 | FOsA) V0 FOs )
s AS 1—s 1—2As

In the same way as it was done in Propositions 6 and 7 we can prove monotonicity
of the pseudonorm and the inverse Minkowski inequality

(x| lzal) + (121 e Y1l lz1l) Y2

,|Z2|)||,/~,Z |||(|x1|r |¢+|||((|x2|r r|22|)||,;-

As above we could prove that if By, ..., B, have inverse Minkowski property and
Y € W, then (B1 ® B2 @ ... @ By); would have inverse Minkowski property. So we

can state the following generalization of the previous Theorem:
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Theorem 15. Let i € W,y € U, and A,, A,, ..., A, be Banach spaces, By, B, ..., B,
be ordered spaces in which the inverse Minkowski inequality hold. Let

fi=(ayay..ap).fo=(ad g, ap) g = (i, (B3] [bn) g2 = (03] (03] 02D s #
82",],7!0 )

al,a? € Aj,b!,b? €Bj fori=1,2,.,n Ifuz>1, then

o where

”fl +f2 ”l(lAleaAzea...eaAn)w - ”fl ”l(lAl@Az@...GBAn)w ”fl ||‘(AAIEBA2€B...®B")W
-1 = -1 -1 :
g1 + 52 “?B@Bzea...ealsn)v; [ES “l(lBlealszea...e;Bn)lz 52 ||1(4B1@Bze)...ea3n)¢

Proof. The proof is completely similar as that before, so we leave out the details.

4 Norm of the Lorentz sequence space and its variants
Let us consider two-dimensional Lorentz sequence space d®(w, g), where 0 < » < 1, 1
< q. It is R* with the norm

1
@, = @ o).
The corresponding convex function is

1 1

(1-0)7"+wt)9,0<t< 5
1,”w,q(t)z 11

(t7 + w(1 — 1)), ,St=1L

The dual norm of d®(w, q) is completely determined by Mitani and Saito in [10] by

finding the corresponding function ¥, Namely, if 0 < @ < 1 and 1 < g < oo, then we

have that
1 1)
(1=t +@'PtP)r, 0<t< ,
. l+w .
AOERNS! rw)r ) Y << )
l+w l+w

1
(" + o' P((1 =), <t<l1,
l+w
1 1
where 5 + q = 1. The dual norm is equal to

1
(5 + P [)?,  wlxl = |y

’

[Genl5,q = 1G]

17
v, =) (L+@)? (Il +1!y ) okl <|y| <o,
(|y|’j +oPxP)P, ol x < Jy].

If 0 <w < 1and g = 1, then

w
1—¢t 0<t< ’
l+w
Vi) - © <z !
@11 1+a)'liw_ "1+
t, <t<1,

l+w
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and
|x|1, wlx| > |y|,
[Pl =16, = ¢, G DD ekl < v < oI,
o +w .
v o xl < Jy|.

If0<g <1, ® > 1, then y,, , is a concave function from \y and we have the inverse Min-
kowski inequality for the corresponding pseudo-norm. Indeed, if 0 < ¢ < 1/2, then the
function is increasing and concave; if 1/2 < ¢ < 1, then it is decreasing and concave (which
can be shown by finding the first and second derivatives). Let 0 < t; < 1/2 < t, < 1. Con-
sider the line connecting the points (1, ¥, 4(t1)) and (£2, W, 4(t,)). For the concavity it is
enough to show that the graph of the function is above this line. In fact, this is the case,
because if we consider for instance £, < t < 1/2, then (because of concavity on this interval)
the graph is above the line connecting the points (£1, Y, 4(¢1)) and (1/2, y,, 4(1/2)).

Lemma 1 from [20] for the case 1 < g < o, 0 <w < 1 asserts that

1
w+1\4q
( ) ) lall, < lall,,g < lall, ®)

for all € R It is easy to obtain similar result for other posibilities of parameters g
and . For example the following holds:
Lemma 16. If o > 1 and q > 0, then

1
w+1\4qg
||a||qs||a||w,qs< ) ) lall, ©)

forall ae R
Our next result reads:
Theorem 17. Let a, b € R>. Then the following inequality holds

la+blloq < C(lally,g + 1blly,q) (10)

where

1, g>1, O0<w=l,

1
w+1\a
’ qzlr ]-Sa)r
2
1

1 4 q
,0<g<1l, O<w<1l,
2\w+1

1 1
2(w+1)‘7, 0<g<l1l w=1

Proof. If ¢ > 1, 0 < @ < 1, then Kato and Maligranda proved that C = 1 in [20].
Let g 2 1, 1 < . Using (9) and the Minkowski inequality for the norm .||, we have

that
w+1
|M+Huq§( ) )

w+1

S( ) (l1allyg + 10l 0,q)-

1

w+1\a
||a+b||qs( ) ) (llall, + Ill,)

_Q =

Q =

2
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Let 0 <g < 1, 0 <w < 1. Using inequality between means of order g and 1 and super-
additivity of the function f{s) = s7 we have the following:

1 1
2|la+ b”q = 2((611 + bl)q + (612 + bz)q)q < (2(611 +by+ay+ bz)q)q
1 1 1 1
<24 ((a‘{ +ay)q + (bl +b§)4> =24 (lall, + lIbll,),

where a = (ay, a,) and b = (by, by).

1
Combining the inequality la+bll, < 2471(”“”,; +[1bll,) and (8) we get that

1
—1
la+bll, <24 (llall, + Ibll,)

1
1
—1 2 q
24 (w ) 1) (lallyg + 1B]10,q)

1
1 4 q
- 2<w+ 1) (1all g + 1]1,q)-

Finally, let 0 <q < 1, o 2 1. Using the above-proved inequality and (9) we have that

1 1
w+1\a L 1 /w+1\4
||a+b||w,qs( ) ) la+bll, <24 ( ) ) (lall, + I1bll,)

1 1
= 2(60 +1)7(llallyq + 10l @, ).

A

la+bll,, g

IA

The proof is complete.

Remark 18. For the second case we see that the quasi-norm constant C is less than or

equal to (0+1) /2)(1, . We will compare with the result from [21], Proposition 1, where

471 d th . tant i 1 S 1 1
w=2P 4> q > 1 an € quasi-norm consiant is 20 nce ((w+ 1)/2)q < 2P we

see that quasi-norm constant C obtained in this theorem is strictly less than the known
constant for that case.

Remark 19. As we already mentioned, the norm of dual space of the space d®(w, q),
q=21,0<w <1, is given in [10].

In the next part of this section we calculate the function -, ,for 0 <g <1 and 1 <
o and the corresponding mapping [l.[ly,. Using those results we obtain examples of the
inverse Holder inequality, and get some new variations of the Beckenbach-Dresher
inequality.

Proposition 20. If 0 <q < 1, 1 < o, then

1
1
(" +'P(1—1))P,0<t < ,
X ) w+1
-1 w
Yeog(t) = 1 (1 7, <t< ,
*wq() ( +a)) wo+1 7 T o+l

1
1)
(1 =0)f + &' Pt")r, <t<l,
w+1

1 1
where + =1
p 4
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Proof. We consider the function

(1 —=5)(1—1t)+st

O =160="""00

1 .
for fixed ¢. Let first ¢ € [ , 1). Here Vs.q(t) = ming o 1]f(5).
2 2

The derivative of fis

f(s)=((1—=5)+ a)sq)i‘liil((l — )" —wsTH (1 — 1))
and f(sg) = 0 when
1

So = .
=1+ wP=1(1 — )P !

)
If 1 <t=<1, then 0 < sy < 1/2. Therefore it is easy to see that the function f
w

attains its minimum at s = s, i.e.,
(1 —s0)(1 —t) +sot
L=

(1 —50)7 + ws() 4

((1—0)+ a)lfptp)fl’ .

Vewq(t) = f(s0) =

w
If1/2<t< X then sp > 1/2. Hence the minimum of fis at s = 1/2 i.e,,
W+

1
Viog() = (3) = (1+@)?

Having in mind the symmetry of the function V,q(t) we can end the proof.

In the previous Proposition we consider ¢ € (0, 1) since for g € (0, 1) p is negative.
But, it is easy to see that ¥4w,q(0) = Yiw,q(1) = L

Proposition 21. If 0 <q < 1, 1 < w, then

X
> w,

1
(y*p + a)(l_p)x*p) P

[ @) | Vg = -
(w+1)P (|| + M) ys < w.

Proof. Let x* > wy*. Without loosing of generality, put #* = |x|. This means that ||

v vl 1

< = and
il +[y] T olyl+ly 1+e

> w|y|, and then t =

1

= (Ix| + v’ + o1 xf? )p
G ‘y“((|x|+|y|)" NN

1 1
- (MP + 0P |xP)P = (P + (PP

[(x7)]

The case when x* = |y| is quite analogue. Let x* < wy*. Let for instance x* = |x| i.e., |

v v 1

> = and
xl+ [y ~—oly|+]y] 1+

1
y| < |x| < wl|y|. Then 5 >t=

[, = (@+1)2" (el + [y,

Page 11 of 14
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Using the inverse Holder inequality we obtain the following Corollary:
Corollary 22. Let 0 <g < 1, 1 < w, %1, X3, 1, y2 > O.

x*
If i > w, we have that
V2

1 1
* * * 1—p) *
(x]q + w)’lq) q ()’QP + ol p)xzp) P <x1%2 + Y172

x*
Ifyi < w, we find that
2

1 1
(&7 + @yl (@+ 1)P 7 (Ixal + |y2]) < 2132 + 172,
Let f;, g; be as in Theorem 13, let f7, f be such that f; = f1 if |fill,, = |2/l and f{ = f2
if Ifill, < IIfall,- Moreover, let g}, g5 be such that g} = g if [g1]; = |82 87 = 82 if
|81l = [l82]l ;- Hence [85]l; = [

We state the following new variant of the Beckenbach-Dresher inequality:
Theorem 23. Let u > 1, 1 < w. Let y € W,y € WV, f;, g be as in Theorem 13 and

1
leil; = v lgsl; = 0 e

lri+ofsly, _ Inly 12D,

u u—1 — u~—1 + u~—1'
g’f +a)u71gz ”g1 ||1// ||g2 ”1//

12

Proof. Using the Minkowski inequality for the norm ||.[|,,, inverse Minkowski
inequality for Il.ll; and inverse Hélder inequality i.e., previous corollary for

I + o5 u v el .
B A {1 I {1 PN o] 9 Ry R LY A G oR

u
* —1 o*
g +outlg)

v

PR (1 A 1
<senm = [l Jali s Bl Jely™ - |t
iy v

”f*+a)f*”u u ) el o !
L <], el ) sl s on 8] ) = e 0 + 0Py

u
* 1 o*
g +wu-1gy

v

Al Il

<z sy = Aly Iy + Ll 057 = ] e
1 ‘L 2 12,

Remark 24. Let u > 1,1 < w. Let y € W, € W and < ||g>1k ”1// < wull ”3§HJ/ Then

_ Al el

I ofi s (Il +laeli™) e 7= e L
ety i bl ”) laaly lsals

We get this by replacing x,, y, in the above corollary by x; = ||g1|| III;M y2 =8| 11[;“. If
1
. . o ba
we use the inequality <fl ; )a < a;b,a c1-u<0<1 we get that

@) = (gl + sl 2 @+ 1) = lgr + gl T 2 (w0 1)

(i1 "+l
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Remark 25. For the case HXT HJ; < wuil Hg; ”111 we get another variant of the Becken-

bach-Dresher inequality, namely

||ff‘+wf5‘||’;< 2 ) i i

Hgl s ”1‘2—1 w+ 1 u—1"

- u—1
laillz ™ l:l5
Remark 26. The cases uy < 0,9 € W, e Wand u < 1,y € U,y € U can be treated
in a similar way.
For the case ¢ 2 1, 0 <w < 1, ||.||,4 is @ norm, so we have the Minkowski and the

Holder inequality (2).
1
For the case g < 1, ® < 1we have Minkowski inequality with constant ;(a) +1)9,

inverse Minkowski, and inverse Holder inequalities.
1
For the case g > 1, 1 < o, we have Minkowski inequality with constant (0 +1)/2)

The function ,, , is not convex. It has relative minimums at the points ¢, and ¢;. We
could try to improve it constructing a convex function changing it on the interval (to,
t1) by replacing it by a constant equal to v, ,(fo) = We,4(t1). The corresponding norm is
a norm indeed, but some calculations show that actually this is not a new norm, but

the norm || (x/¥) ”Zl—p,p = | ()|

* .
Vo,

For the case g < 1, 0 <w < 1, we have the Minkowski inequality with constant
1
2(4/(a) +1))4. The function y,,, is not concave. It has relative maximum at the

points #, and ¢;. We can improve it constructing a concave function, namely changing
it on the interval (fo, £;) by replacing it by a constant equal to , 4(f0) = W 4(t1). The

new function is

1
(1-t)T+wt)9,0<t<

. 1+wP1’
w4 1 wh1
t) = ’ <t= ’
Vewa(t) (1+0f 1)11) l+owP~ ! 7 7 1+
+ WP~
1 -l
(t7 + (1 — 1)), Lt o1 <t<l,
1 1
where + =1, and
p q
il
(Ix1” + w|y|") 9, P~ x| = |y|,
@ 1-1 1
16D ews = (14 a1y (bl + [y}, ™ el < [y < ™Il
1
(7] + wlx17) 7, ol <y

Remark 27. Analogous results connected to the function v, ,, are given in the article
[22].
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