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Abstract

We introduced the notions of (A, u)-anti-fuzzy subgroups, studied some properties of
them and discussed the product of them.
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1 Introduction and preliminaries

Fuzzy sets was first introduced by Zadeh [1] and then the fuzzy sets have been used in
the reconsideration of classical mathematics. Yuan et al. [2] introduced the concept of
fuzzy subgroup with thresholds. A fuzzy subgroup with thresholds 4 and y is also
called a (A, u)-fuzzy subgroup. Yao continued to research (4, y4)-fuzzy normal sub-
groups, (A, p)-fuzzy quotient subgroups and (4, p)-fuzzy subrings in [3-5].

Shen researched anti-fuzzy subgroups in [6] and Dong [7] studied the product of
anti-fuzzy subgroups.

By a fuzzy subset of a nonempty set X we mean a mapping from X to the unit inter-
val O[1]. If A is a fuzzy subset of X, then we denote A, = {x € X|A(x) <o for all o €
0[1].

Throughout this article, we will always assume that 0 < A <u < 1.

Let G, Gy, and G, always denote groups in the following. 1, 1, and 1, are identities
of G, Gy, and G,, respectively.

2 (A, p)-anti-fuzzy subgroups
Definition 1. A fuzzy set A of a group G is called a (A, p)-anti-fuzzy subgroup of G if
Va, b, ce G.

Ay Ap < (A@VvAD)VA
and
Alc)Ap< Al Va

where ¢’ is the inverse element of c.

Proposition 1. If A is a (A, p)-anti-fuzzy subgroup of a group G, then A(1) A yu < A(x)
V A for all x € G, where 1 is the identity of G.

Proof. Vx € G and let 2! be the inverse element of x. Then A(1) Ay = A(xx™ ") Ay =
A AW Au<(AX) VA VA Ap= AR AWV A AW VA AP <A
@) VAK) VA VA=AK) VA

Theorem 1. Let A be a fuzzy subset of a group G. Then A is a (A, p)-anti-fuzzy sub-
group of G if and only if A(x'y) A u < (A(x) VA(y) VA, Vx ye G.
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Proof. Let A is a (A, p)-anti-fuzzy subgroup of G, then

AT A=A AR AR
< (A VAW VA An
(AT ARV ARV (A )
< ((A() v 2) v A) V2
= (A(X) VA()) V A

Conversely, suppose Alxy) Ap < (Alx) VA®Y) VA, Vx, y € G, then

AN Apu=A"x) Au<Ax) VAR VA =AR) VA

So

A Ap=A"DApu=Ax"DAuAp<(Ax) VAL VA Au= (A1) Ap)V
(Ax) VA) Ap) < (Ax) VA V (Ax) VA) A ) = Ax) V A.

Awy) A=A ) Ap =AY "D AuAp< (A VAY) VA) Ap = (A
Ap)V (A VA) Ap) < (Alx) VA) V (A(y) VA) = (Ax) V A(y)) V A

So A is a (A, p)-anti-fuzzy subgroup of G.

Theorem 2. Let A be a fuzzy subset of a group G. Then the following are equivalent:

(1) A is a (A, u)-anti-fuzzy subgroup of G;
(2) A is a subgroup of G, for any a € (A, ul, where Ay = .

Proof. “(1) = (2)”

Let A be a (A4, p)-anti-fuzzy subgroup of G. For any & € (A, u], such that A, = &, we
need to show that x™' y e Ay, for all xy € Ay

Since A(x) <o and A(y) <o, Then A(x™ ' y) Au < A@) VAY) VA< Vo VA =aVi
= o Note that & < y, we obtain A(x™" y) <a. So x™' y e Ay,

“2) ="

Conversely, let A, is a subgroup of G. We need to prove that Al Y) Au < Alx) vV
Aly) VvV A, Vx e G. If there exist x5 yo € G such that
A(xy'y0) A =a > A(xo) VA (yo) V A then A(xo) <o, A(yo) < and @ € (A, p]. Thus
x0€ Ay and yp € A, But A (xa1 yo) > «, thatis xal Yo ¢ A(. This is a contradiction
with that A, is a subgroup of G. Hence A(x' y) A u < A(x) V A(y) V A holds for any
xye G

Therefore, A is a (4, y)-anti-fuzzy subgroup of G.

We set inf & = 1, where & is the empty set.

Theorem 3. Let f G; — G, be a homomorphism and let A be a (A, u)-anti-fuzzy sub-
group of Gy. Then flA) is a (A, p)-anti-fuzzy subgroup of G,, where

fA @)= inf fA@If@=y}, ¥eGa

Proof. If f “*(y1) = @ or f'(y)) = @ for any y;, y» € G, then

(F@ (') Am = 1= (FA) () VI @) (32)) v 2
Suppose that f(y;) = &, f(y,) = & for any y;, y» € G,. Then



Feng and Yao Journal of Inequalities and Applications 2012, 2012:78 Page 3 of 5
http://www.journalofinequalitiesandapplications.com/content/2012/1/78

For any y;, y» € G,, we have
F@ (') A= inf{AO I @O =y} Aw
= inf {A@) Aplf 0 =y7'y)

< inf {(A(q'x%)) Anlf &) = 2 f (%) = 12}

x1,%2€G1
< _inf {(A@)VA@)VAS &) =p.f () =)
- (xifésfl {A@) If @) =1} v xirelsf [AG) If 12) =2 }) v &
=(f @A) (1) V@A) (r2) v A

So, flA) is a (A, u)-anti-fuzzy subgroup of Go,.
Theorem 4. Let f: Gy = G, be a homomorphism and let B be a (A, p)-anti-fuzzy
subgroup of Gy. Then f'(B) is a (A, w)-anti-fuzzy subgroup of G, where

f1 B @ = B(f), Vi€ Gi.
Proof. For any x,, x, € Gy,
FHB) (67 '%) A =B (f (x7'x2)) A e
=B((F @) f ) An

< (B(f 1)) VB(f(x)) Vv A
=(f'B) () VT (B) (x2) VA

So, £ 1(B) is a (A, u)-anti-fuzzy subgroup of G,.

Let G; be a group with the identity 1; and G, be a group with the identity 1,, then
G, x G, is a group with the identity (1,, 1,) if we define (x1, y1) (%2, ¥2) = (%1%, ¥1¥2)
for all (x1, 1), (%2, ¥2) € G; x G,. Moreover, the inverse element of any (x, a) € G; x
G, is (3, b) € G; x G, if and only if y is the inverse element of x in G; and b is the
inverse element of a in G,.

Theorem 5. Let A, B be two (A, u)-anti-fuzzy subgroups of groups G, and G, respec-
tively. The product of A and B, denoted by A x B, is a (A, u)-anti-fuzzy subgroup of the
group Gy x G,, where

(AxB)(x,y) =A@ v B(y), Y(x,y) € Gi x G,.

Proof. Let (x7Y, @) be the inverse element of (x, @) in G; x G,. Then x ! is the
inverse element of x in G; and 4™ is the inverse element of @ in G,. Hence A(x™") A u
< A(x) VA and Bla™) A p < B(a) V A. For all (y, b) € Gy x Gy. We have

(AxByx,a) " (yb) Ap=(AxB)(xa ) (y.b) An
=(A(x'y) vB(a'b)) A
=(A@""Y) An) v (B(a'b) Ap)
<(A@VA(y) VL)V (B@ VB Vi
=A@ VB@)V(A(y) vVB®) VA
= ((Ax B) (x,a)) vV ((Ax B) (y,b)) V A.

Hence A x B is a (A, y)-anti-fuzzy subgroup of G; x G.,.
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Theorem 6. Let A and B be two fuzzy subsets of groups G, and G, respectively. If A
x B is a (A, y)-anti-fuzzy subgroup of Gy x G, then at least one of the following state-
ments must hold.

AQ)D)Apw<B@VAi V,ei;
and
B(A)Apu<AX VA VxegG.

Proof. Let A x B be a (A, u)-anti-fuzzy subgroup of the group G; x G,.

By contraposition, suppose that none of the statements hold. Then we can find x €
G; and a € G, such that A(x) VA <B(1,) A p and B(a) V A <A(1;) A u. Now

(AxB) (x, a) VA = (A(x)VB(a))VA = (A(x)VA)V(B(a)VA) < (A(11)Ap) V (B(1x)Au) =
(AxB) (11,15) A p.

Thus A x B is a (A, p)-anti-fuzzy subgroup of the group G; x G, satisfying (A x B)(x,
a) VA < (A x B) (13, 15) A u. This is a contradict with that (1, 1,) iss the identity of
Gy x Gy.

Theorem 7. Let A and B be fuzzy subsets of groups Gy and G, respectively, such that
B(1,) A < A(x) VA for all x € Gy. If A x B is a (A, u)-anti-fuzzy subgroup of Gy x G,
then A is a (A, w)-anti-fuzzy subgroup of G;.

Proof. From B(1,) A u < A(x) V A we obtain that # < A(x) V A or B(1,) < A(x) V 4, for
al x e G;.

Let x, y € Gy, then (x, 1), (y, 1) € Gy x Go.
Two cases are possible:

(1) If u < A(x) V A for all x € G;. Then
Axy) ANu<u < Ax) VA < (Ax) VA@y) VA
and A(1)) Au <p<Ax) VA

(2) If B(1,) < A(x) V A for all x € G;. Then

Al) Ap = (A(w) VB(1212) A
= ((A x B) (xy, 1,15)) A
= (AxB) (0 1) (1 12)) At
= (AxB)(x 1) VAxB)(r1)) Vi
=A() VB(12) VA(y) VB(12) V2
= (AW VAy)) v

and

AQDAR=<AAYDVBA) A
=(AxB)(11, 1) A u
<(AxB)(x 1) VA
=A@ VB(1) VA
=A() VA
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Hence A is a (4, g)-anti-fuzzy subgroup of G,.
Analogously, we have

Theorem 8. Let A and B be fuzzy subsets of groups Gy and G, respectively, such that
A(l) Ap<Bla) VA foralae G, IfA x Bis a (A, u)-anti-fuzzy subgroup of Gy x G,
then B is a (A, y)-anti-fuzzy subgroup of G,.

From the previous theorems, we have the following corollary

Corollary 1. Let A and B be fuzzy subsets of groups G, and G,, respectively. If A x B
is a (A, p)-anti-fuzzy subgroup of Gy x G, then either A is a (A, u)-anti-fuzzy subgroup
of Gy or B is a (A, p)-anti-fuzzy subgroup of G,.
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