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Abstract

In this article, we define the generalized cesaro sequence spaces ces(,(q) and
consider it equipped with the Luxemburg norm. We show that the spaces ces,(q)
has the H-property and Uniform Opial property. The results of this article, we
improve and extend some results of Petrot and Suantai.
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1. Introduction

Let (X, || - ||) be a real Banach space and let B(X) (resp., S(X)) be a closed unit ball
(resp., the unit sphere) of X. A point x € S(X) is an H-point of B(X) if for any
sequence (x,) in X such that ||x,|| = 1 as n — oo, the week convergence of (x,,) to x
implies that ||x, - x|| — 0 as n — . If every point in S(X) is an H-point of B(X), then
X is said to have the property (H). A Banach space X is said to have the Opial property
(see [1]), if every weakly null sequence (x,,) in X satisfies

lim inf||x,|| < lim inf]||x, — x|,
n—oo n—oo
for every x € X \{0}. Opial proved in [1] that the sequence space /,(1 < p < o) have
this property but L,[0, ](p # 2, 1 < p < o) do not have it. A Banach space X is said

to have the uniform Opial property (see [2]), if for each ¢ >0 there exists 7 >0 such
that for any weakly null sequence (x,) in S(X) and x € X with || x || > ¢ there holds

1+t < lim inf||x, + x||.
n—oo
For example, the space in [3-5] have the uniform Opial property.

Let I° be the space of all real sequences. For 1 < p < oo, the Cesaro sequence space
(ces,, for short) is defined by

00 18 p

- 0. ;

cespy = {x el”: Z (n Z Ix(l)l) < oo}
n=1 i=0

equipped with the norm

oo 1 n p ;17
I|x]| = (Z (nZ|x(i)|> ) (1.1)

n=1
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This space was first introduced by Shiue [6]. It is useful in the theory of matrix
operators and others (see [7,8]). Suantai [9,10] defined the generalized Cesaro sequence
space ces(,) when p = (py) is a bounded sequence of positive real numbers with p; > 1
for all k€ N by

cesp) = {x € I : o(Ax) < oo for some A > 0},
where
00 1 k Pn
o(®) =) (n > |x(i)|)
n=1 i=1

equipped with the Luxemburg norm
) X
x| = 1nf{e ~0:0 (8) < 1}.

In the case when p; = p, 1 < p < o for all k € N, the generalized Cesaro sequence
space ces,) is the Cesaro sequence space ces, and the Luxemburg norm is expressed
by the formula (1.1). Khan [11] defined the generalized Cesaro sequence space for 1 <
p < o with g = g, is a bounded sequence of positive real numbers by

o " p\ Up
1 )
cesy(q) = qxel’: | D (Q y |qix(1)|) <oy,
=1 \ ok ioT

n
where Qr =Y qrne N.If g, = 1 for all ke N, then ces,(q) reduces to ces,,.
k=1

In this article, we define the generalized Cesaro sequence space for a bounded
sequence p = (pg) and g = gy of positive real numbers with p; > 1 and ¢, > 1 for all k
€ N by

ces(p)(q) = {x € 1°: o(rx) < oo for some A > 0},

where
00 1 k P
o(x) = ; ( o Zl |qix(z)|)

n

with Qr = > qi and consider ces,(q) equipped with the Luxemburg norm
k=1

||x||=inf{s >O:Q<z> < 1}.

Thus, we see that pr = p, 1 < p < o for all ke N, then ces,)(g) reduces to ces,(q)
and if gx = 1 for all k€ N, then ces,)(g) reduces to ces(,). Throughout this article, for
xe I ie N, we denote
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i-1
e;=(0,0,...,0,1,0,0,0,...),
xli = (x(1),x(2),x(3),...,%(i).0,0,0,...),
Xln—i = (0,0,0,...,x(i+1),x(i+2),...),
and M = supy px with p; >1 for all k € N. First, we start with a brief recollection of
basic concepts and facts in modular space. For a real vector space X, a function p: X —
[0, o] is called a modular if it satisfies the following conditions;

(i) p(x) = 0 if and only if x = 0;

(ii) p(ox) = p(x) for all scalar o with |of| = 1;

(iii) p(ox + By) < px) + p(y), for all x, ye Xand all &, B > 0 with o + B = 1.
The modular p is called convex if

(iv) plox + By) < ap(x) + Bp(y), for all x, ye X and all o, B > 0 with o + § = 1.

For modular p on X, the space

X,={xeX:p(lx) > 0asr — 0"}

is called the modular space.

A sequence (x,) in X, is called modular convergent to x € X,, if there exists a 4 >0
such that p(A(x, - x)) > 0 as n — .

A modular p is said to satisfy the A,-condition (p € A,) if for any ¢ >0 there exist a
constants K > 2 and a >0 such that

p(2u) < Kp(u) +

for all u e X, with p(u) < a.

If p satisfies the Ay-condition for any a >0 with K > 2 dependent on a, we say that p
the strong Ay-condition (p € AY).

Lemma 1.1. [[12], Lemma 2.1] If p € A}, then for any L >0 and ¢ >0, there exists
0 = 0(L, &) >0 such that

lo(u+v) —p(u)l <e,

whenever u, v e X, with p(u) < L, and p(v) < 0.

Lemma 1.2. [[12], Lemma 2.3] Convergences in norm and in modular are equivalent
inX,ifpe A

Lemma 1.3. [[12], Lemma 2.4] If p € A}, then for any ¢ >0 there exists § = d(g) >0

such that || x || = 1 + 6, whenever p(x) > 1 + .

2. Main results
In this section, we prove the property H and uniform Opial property in generalized
Cesaro sequence space ces,(q). First, we give some results which are very important
for our con-sideration.

Proposition 2.1. The functional Q is a convex modular on ces(,)(q).

Proof. Let x, y € ces(,)(q). It is obvious that p(x) = 0 if and only if x = 0 and (o) =
o(x) for scalar o with |o| = 1. Let & > 0, § > 0 with & + § = 1. By the convexity of the

function ¢+ |t|P¥, for all k€ N, we have
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00 k Pr
olax+py)=> ( ék > logix(i) + ﬂqu(z)l)
k= 1

1 i=

oo k
sZ(an 3 lgix(i)] + Zmly(m)

k

kzloo 1:;: Pre 00 Pre
<@y, ( I x(z)|) + ﬂZ ( Z |qu(1)|>
k=1 Qr i=1 Qr i=1

= ao(x) + Bo(y).

o
Proposition 2.2. For x € ces(,)(q), the modular Q on ces,)(q) satisfies the following

properties:

(i) if 0 < a <1, then aMo(%) < o(x) and p(ax) < ap(x);

(ii) if a >1, then p(x) < (lMQ(Z);
(iii) if a = 1, then p(x) < ap(x) < p(ax).

Proof. (i) Let 0 < a <1. Then we have

Pr
o(x) = Z( Zqix(m)
i=1

_ i ( Xk: qix(i) )

o \Qeil a
Sy}
) k=1 Quizl a
> iaM 1 Xk: qix(i) "
B k=1 Qk i=1 a
_ami 1 i gix(i) "
) o \ Qe a

By convexity of modular p, we have p(ax) < ap(x), so (i) is obtained.
(ii) Let a >1. Then

o0 1 k ' P
o(x) = ;; (Qk Z Iqix(l)l)
Zapk Z qix(i)
Qk

a
i=1

qlx(l)

T )

IA
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Hence (i) is satisfies. (iii) follows from the convexity of p. B
Proposition 2.3. For any x € ces,(q), we have

(@) if [|x[| <1, then @(x) < ||x]];

(ii) i ||x[[ >1, then o(x) = ||[|;
(iii) ||¢|| = 1 if and only if p(x) = 1;
(iv) ||x]|| <1 if and only if p(x) <1;
v) ||x|| >1 if and only if p(x) >1.

Proof. (i) Let ¢ >0 be such that 0 < ¢ <1 - ||x]||, so ||x|| + ¢ <1. By the definition
of ||-]|, then there exits A >0 such that ||x|| + ¢ >4 and o(}) < 1. By (i) and (iii) of
Proposition 2.2, we have

o(x)<e ((”x”; 8)x>

-0 (U1 +0)})
= (sl +e)e ()

= [lxll +e&,

which implies that p(x) < ||x||. Hence (i) is satisfies.

[lxl[—=1

(ii) Let & >0 such that 0 <& < 7, 7, then 0 <(1 - &)||x|| < ||»||. By definition of |].||

and Proposition 2.2(i), we have 1 < Q((l—f)uxn) < (l_f)Hx”Q(x), so (1 - ¢)||x|| < p(x)
for all ¢ € (0, ”ﬂiﬁl) which implies that ||x|| < p(x).

(iii) Assume that ||x|| = 1. Let ¢ >0 then there exits A >0 such that 1 + ¢ > 4 >||x|| and
o(;) < 1. By Proposition 2.2(ii), we have o(x) < )»MQ(i) <M< (1+e)M, so

(Q(x)),\l,j < 1 + ¢ for all & >0 which implies that p(x) < 1. If p(x) <1, let a € (0, 1) such

that p(x) < a™ <1. From Proposition 2.2(i), we have o(i) < uhg(x) < 1. Hence ||x|| <

a <1, which is contradiction. Thus, we have p(x) = 1.

Conversely, assume that p(x) = 1. By definition of | |||, we conclude that ||x|| < 1. If | |||
<1, then we have by (i) that p(x) < ||x|| <1, which is contradiction, so we obtain that ||x||
= 1. (iv) follows from (i) and (iii), (v) follows from (iii) and (iv). O

Proposition 2.4. For any x € ces,(q), we have

(i) if 0 < a <1 and ||x|| > a, then p(x) > a™;
(ii) ifa > 1 and ||x|| < a, then p(x) < a™.

Proof. (i) Let 0 < a <1 and ||x|| > a. Then IIZII > 1, by Proposition 2.3(v), we have
(%) > 1. Hence by Proposition 2.2(i), we have o(x) > aMo(%) > a™, so we obtain ().
(ii) Suppose a > 1 and ||x|| < a. Then [|}|| <1, by Proposition 2.3(iv), we have

Q(Z) <1.
If a = 1, it is obvious that p(x) <1 = a™. If a >1, then by Proposition 2.2(ii), we

obtain that o(x) < aMp(¥) <aM. D



Mongkolkeha and Kumam Journal of Inequalities and Applications 2012, 2012:76
http://www.journalofinequalitiesandapplications.com/content/2012/1/76

Proposition 2.5. Let (x,,) be a sequence in ces,)(q).

(@) If ||%a|| > 1 as n — oo, then p(x,) > 1 as n —> oo,
(ii) If o(x,) > 0 as 1 — oo, then ||x,|| > 0 as n — .

Proof. (i) Assume that ||x,|| = 1 as n — oo. Let ¢ € (0, 1). Then there exists Ne N
such that 1 - ¢ <||x,|| <1 + ¢ for all # > N. By Proposition 2.4, we have (1 - &)™ < p
(%) <(1 + &)™ for all # > N, which implies that p(x,) — 1 as n — oo.

(i) Suppose that ||x,|| » 0 as n — oo. Then there exists ¢ € (0, 1) and a subsequence
(x4,) of (x,) such that ||x,,|| > & for all k € N. By Proposition 2.4(i) we obtain
0(xn,) > (e)M for all ke N. This implies that p(x,) » 0 as 7 — co. D

Lemma 2.6. Let x € ces,(q) and (x,,) € ces,)(q). If p(x,,) = @(x) as n — oo and x,(i) —
x(i) asn — oo forall ie N, then x,, > x as n — .

P
Proof. Let ¢ >0 be given. Since o(x) = Y 2, (ék Zi—il |q,'xn(i)|) ‘< 00, there exists
ko € N such that

00 Pre
2 (QeZmlxn(m) < @.1)

k=ko+1 i=1

. ~ o\ Pr 0 O\ P
Since o(xs) — 10, (5;; P Iqixn(1)|> - o(x) - XX, (5;; P Iqix(1)|> and x,,

(i) = x(i) as n = oo for all i € N there exists 7y € N such that

ko k Pr ko k P
1 1 £
- " _ (i 2.2
-2 (g, Thn) <o -3 (g, Thsl) +, % 02
for all n > ny and
ko . k Pre .
ixn (1) — qix(i / (2.3)
;(Qk;mx (i) qx(l)l) <,

for all n > ny. It follow from (2.1), (2.2), and (2.3), for all # > ny we have

00 k P
o -1=Y ( 5 3 i) - qix(m)

k=1 i=1
ko

X .
=y (Ql Z i (1) — qix(i)l> +

0o c Pre
> ( D lgien(i) — qfx(i)|>
k=1 i \ Qe

o (Z( Z%xn(l))l)" > (é émfxmn)pk)

k=ko+1 k=ko+1

k P 0 1 k Pre
> la xn(i)l) + (Q |qix(i))|) )
i=1

k=ko+1 ke i=1

A

Qr

(g(xn) :Z
[
(2

3 (

< +

ko r Pr I~ 3 Pr
ele bl £t

k=1 o+ L

Qr

) k Pr
> Z\qlx(m ot Z Zmlx(tm

ko i=1 3 k=ko+1 Qe i=1

>

+1
o0 Pr
I3
| ‘x(i)l) + "
ke=ko+1 Qi 3:2

=E&.
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This show that p(x,, -x) — 0 as n — . Hence, by Proposition 2.5(ii), we have ||, -x||
—>0as — . O

Theorem 2.7. The space ces,)(q) has the property (H).

Proof. Let x € S(ces(,)(q)) and (x,) S ces(,)(q) such that ||x,|| — 1 and y, X x asn—> oo
By Proposition 2.3(iii), we have p(x) = 1, so it follow form Proposition 2.5(i), we get p(x,,) —
p(x) as 1 — oo. Since the mapping 7;: ces(,)(q) = R defined by m,(y) = ¥(i), is a continuous
linear functional on ces,)(q), it follow that x,,(i) — x(i) as # — oo for all i € N. Thus by

Lemma 2.6, we obtain x,, — x as 7 — oo, and hence the space ces,)(¢) has the property (H).
o

Corollary 2.8. For any 1 < p < oo, the space ces,(q) has the property (H).
Corollary 2.9. [9, Theorem 2.6] The space cesy,) has the property (H).
Corollary 2.10. For any 1 < p < oo, the space ces, has the property (H).
Theorem 2.11. The space ces,)(q) has uniform Opial property.

Proof. Take any ¢ >0 and x € ces(,)(q) with ||x|| > &. Let (x,) be weakly null
sequence in S(ces(,)(g)). By supy pi < o, i.e, © € A}, hence by Lemma 1.2 there exists
d € (0, 1) independent of x such that p(x) > J. Also, by ¢ € A} and Lemma 1.1 asserts
that there exists d; € (0, J) such that

oy +2) — ol < | (2.4)

whenever, p(y) < 1 and p(2) < ;. Choose ko € N such that

o] k Pr o0 k Pre
1 ) 1 ) 51
> Do lax(@) ] < Y ( Zmix(z)l) < (2.5)
k=lo+1 Qi i=ko+1 k=ko+1 Qe i=1 4
So, we have
ko 1 k Pr 00 1 k Pk
5 < Z(Q Zlqix(m) > <Q Z|qix(i)|)
k=1 \ <k io kekgel \ oK i1
(2.6)
ko 1 k Pr 5,
=< ix(i + -,
_E(Qk;m ()|) .
which implies that
ko k P
1 . 81
> Z|qix(z)|) > 8-
k=1 (Qk i=1 4
S5 (2.7)
3
=,

Since x, 5 0, then there exists 7y € N such that

38 ko 1 k ' . P
4 = ;; (Qk ; |qixn (1) + in(l)I) (2.8)
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for all n > ny, since weak convergence implies coordinatewise convergence. Again, by

x, — 0, then there exists #; € N such that

1
S\ M
g, 1| < 1 — (1 - 4) (2.9)

for all n > n; where px < M for all k € N. Hence, by the triangle inequality of the

norm, we get

1
S\ M
%010, 1| > (1 - ) . (2.10)
’ 4
It follows by the definition of || - ||, we have
1<o Xnl -k,

(-3)

1 k
~ | q ,_kzl |qin ()]
- Z 1=t . (2.11)

Pr

M
. o . & P
< DS o D lgin(i)]
1 5\ M k=ko+1 k itkor1
4
implies that
o . o Pr s
> > gl =1, (2.12)
ko1 \ K icko+1

for all n > n;. By inequality (2.4), (2.5), (2.8), and (2.12), yields for any # > n; that

ko k Pre 00 A P
a(xn+x)=2((; Zmixn(mqix(m) LY (ékZmixn(i)wix(m)
k=1 ¢ i=1

i=1 k=ko+1

i=1 k=ko+1 i=ko+1

Lo k P 0 k Pre
- Z ((;k Z i () + qm(i)l) * Z ((; Z |qixn (i) + Clix(i)|)
k=1

Pr
38 X [1 ¢ _ P
D (Qk ) |qix"(l)|) !

k=ko+1 i=ko+1
38 8 )
> +(1-— —
4 4 4

)
1+
4

v

Page 8 of 9



Mongkolkeha and Kumam Journal of Inequalities and Applications 2012, 2012:76 Page 9 of 9
http://www.journalofinequalitiesandapplications.com/content/2012/1/76

Since @ € A} and by Lemma 1.3 there exists r depending on J only such that || x,

+x || = 1+7, which implies that ’}Lnolo inf|lx, +x|| > 1+ 7 hence the proof is complete.

O

Corollary 2.12. For any 1 < p < oo, the space ces,(q) has the uniform Opial
property.

Corollary 2.13. [5, Theorem 2.6] The space ces,) has the uniform Opial property.
Corollary 2.14. [4, Theorem 2] For any 1 < p < oo, the space ces, has the uniform
Opial property.

Acknowledgements

Mr. Chirasak Mongkolkeha was supported from the Thailand Research Fund through the Royal Golden Jubilee
Program under Grant PHD/0029/2553 for the Ph.D program at KMUTT, Thailand. Moreover, the authors would like to
thank the Higher Education Research Promotion and National Research University Project of Thailand, Office of the
Higher Education Commission (NRU-CSEC No.54000267) for financial support.

Authors’ contributions
The authors have equitably contributed in obtaining the new results presented in this article. All authors read and
approved the final manuscript.

Competing interests
The authors declare that they have no competing interests.

Received: 29 October 2011 Accepted: 30 March 2012 Published: 30 March 2012

References

1. Opial, Z: Weak convergence of the sequence of successive approximations for non expensive mappings. Bull Am Math
Soc. 73, 591-597 (1967). doi:10.1090/50002-9904-1967-11761-0

2. Prus, S: Banach spaces with uniform Opial property. Nonlinear Anal Theory Appl. 18(8), 697-704 (1992). doi:10.1016/
0362-546X(92)90165-B

3. Mongkolkeha, C, Kumam, P: Some geometric properties of Lacunary sequence spaces related to fixed point property.
Abstract and Applied Analysis (2011). Article ID 903736, 13

4. Cui, Y, Hudzik, H: Some geometric properties related to fixed point theory in Cesaro space. Collect Math. 50(3), 277-288
(1999)

5. Petrot, N, Suantai, S: Uniform Opial properties in generalized Cesaro sequence spaces. Nonlinear Anal. 63, 1116-1125

(2005). doi:10.1016/}.na.2005.05.032

Shiue, JS: Cesaro sequence spaces. Tamkang J Math. 1, 143-150 (1970)

Lee, PY: Cesaro sequence spaces. Math Chronicle, New Zealand. 13, 29-45 (1984)

Liu, YQ, Wu, BE, Lee, PY: Method of Sequence Spaces. Guangdong Sci. Technol. Press (1996, in press). (in Chiness)

Suantai, S: On H-property of some Banach sequence spaces. Archivum mathematicum(BRNO) Tomus. 39, 309-316

(2003)

10. Suantai, S: On some convexity properties of genneralized Cesaro sequence spaces. Georgian Math J. 10, 193-200 (2003)

11. Khan, VA: Some geometric properties of generalized Cesaro sequence spaces. Acta Math Univ Comenianae. 1, 1-8
(2010)

12. Cui, Y, Hudzik, H: On the uniform Opial property in some modular sequence spaces. Functiones et Approximatio
Commentarii Mathematici. 26, 93-102 (1998)

O © N O

doi:10.1186/1029-242X-2012-76
Cite this article as: Mongkolkeha and Kumam: On H-property and uniform Opial property of generalized cesaro
sequence spaces. Journal of Inequalities and Applications 2012 2012:76.




	Abstract
	1. Introduction
	2. Main results
	Acknowledgements
	Authors' contributions
	Competing interests
	References

