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Abstract

In this article, we give some identities on the twisted (h, g)-Genocchi numbers and
polynomials and g-Bernstein polynomials with weighted .
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1 Introduction

Let p be a fixed odd prime number. The symbol, Z,, Q,, and C, denote the ring of p-
adic integers, the field of p-adic rational numbers and the completion of algebraic clo-
sure of Qp, respectively. Let N be the set of natural numbers and Z, = NU {0}. As well

t
known definition, the p-adic absolute value is given by |x|, = p”, where x = p"  with (s,
s

p) = (s, p) = (t, s) = 1. When one talks of g-extension, g is variously considered as an
indeterminate, a complex number g € C, or a p-adic number g € C,. In this article, we
assume that g € Cp with |1 - ¢], < 1.

For f € UD(Zy) = {f/f : Zy — C, is uniformly differentiable function}, Kim defined
the fermionic p-adic g-integral on Z, as follows:

pN-1

. 1 X
Lolf) = [ F@ding) = lim LS S0y 1)
Z, p —4 x=0
For n e N, let f,(x) = flx + n) be translation. As well known equation, by (1.1), we
have
n—1
q"q(fn) = (=1)" 14 () + 1214 Y (1" d'f (1), (1.2)
-0
Throughout this article we use the notation:
1—-¢*
[x]lg = 1—q
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limg_,1|%|, = x for any x with |x[, < 1 in the present p-adic case. To investigate rela-
tion of the twisted (4, g)-Genocchi numbers and polynomials with weight o and the g-

Bernstein polynomials with weight o, we will use useful property for [x]4 as following;
[x]ge =1 —[1 —x]ge

1= 2l = 1 [l 43

The twisted (%, g)-Genocchi numbers and polynomials with weight o are defined by

the generating function, respectively:

Gl = [ @0 Vg laly ). »
ZP
G = [ @OVl +ly ). s
ZP

In the special case, x = 0, Gﬁlhqu‘,g(o) = Gﬁlhq“,g are called the nth twisted (4, g)-Genocchi
numbers with weight o (see [1]).

Let Cpn = {wjw”" = 1} be the cyclic group of order p” and let

Tp = lim Cpn = Un21Cpn

see [1-5].
Kim defined the g-Bernstein polynomials with weight o of degree # as follows:

B (x,q) = (¢) [xlk[1 — x]'=*, wherex € [0, 1],n,k € Z, (1.6)
cf [6-12].

In this article, we investigate some properties for the twisted (4, g)-Genocchi num-
bers and polynomials with weight .. By using these properties, we give some interest-
ing identities on the twisted (4, g)-Genocchi polynomials with weight o and ¢g-
Bernstein polynomials with weight o.

2 Twisted (h, q)-genocchi numbrs and polynomials with weight o and g-
bernstein polynomials with weight o

From (1.2), we can get the following form for the twisted (4, g)-Genocchi numbers
with weight o

(ha) h (ha) (he) [2], ifn=1,
Go/q,w =0, and ¢'wGy, 4.0(1) + Gy g0 = {0’ q fn> 1, 2.1)
h, h, h q*[2], ifn=1,
G(()I;u)) =0, and qhw(l + ant(i,wa))n + q“GEW?Zu)} = {01 q, 1, (2.2)
o ha « o ha n+1
4Gy () = (Il + 6L ) 23)

(ha)

with usual convention about replacing (Gg‘lf))” by Gy,
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By (1.4), we can obtain

a 1 n—1n—1 1
E,"Ml(x)-nlzlq(l_qa) Z( )(—1)’1+wqa,+h (2.4)

l_
By (2.4), we can get

1

(ha) B 1 T (n— o al(1-x) 1
cnlq_llw_lu_x)-n[zul(l_q_a) g( )( D@

n—1

n—1 1 _alx wqh
Z( 1 >(_1)q 1+wqal+h

1=0

1 = n—1 1 jalx 1 1 an—ao n—1 h
—nlzlq(lfqa) %( I )(—Uq 1+ wgetsh (—1)" wq

_( l)n T, (n—1)+(h— 1)G(h°‘)(x)

1 1\
=n [2 _1n71 an+o
(L) e

So, we get the following theorem.
Theorem 1. Let n € Z,. For w e T, we have

(h“)( )_( l)n 1 oz(l n)+(1— h)G(h“) _1(1 _x)'

nq,w ng~tw
By (2.1), (2.2), and (2.3), we note that
Giia = —wa" Gl (1)
= —wq" (g™ (1 + g*Gi)")
—a . (ha
—wq" Z( )(q )Gl
1=0
n
_ hin (her) h—a ny h(he)
= —wq <1)Gl,q,w —wq ZZZ: ( ; ) q (—wq Glam (1))
h, . ,
—wq ( >c§;3 wqh"’Z( ) I (—wgq (1 + L)) (2.5)
=2
h, . h,
—nwq Gg 402’ 2q2h72a Z( ) al(l ( ‘1))
1=2
—nwq G(ha) +w qZh Za(l +q (1 +g Gha)))n anqZh—Zaqa(l +qacgma))l
= —mug Gl + w2 (120 + P C)" — g (g G
= —nug' Gl + w2 (2] + G)" — mot Gl
= —nwq G(M) +w qZhG qw(2) nw qthghqau)}

Therefore, by (2.5), we obtain the theorem below.
Theorem 2. For n € N with # >1, we have

Glhe)

o ol ., nl2] n[2]
nq' (2)_ 2 2hG£lq</1) + 1w 1q h q q

+ .
1+wg"  1+wg"
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From Theorem 2,

Gl 1 ((n+1)[21q (n+1)W‘lq‘h[2]q) q,z,,c,ﬁ'li‘,’q,w

= +
n+1 n+1\ 1+wgh 1+ wq" n+1
(he)
2 2 G
_ [ ]q rwlgh [ ]q w22 n+l,q,w
1+ wqgh 1+ wq" n+1

Therefore, we obtain the Corollary 3 by (1.5) and Theorem 2.
Corollary 3. For nn € N, we have

2] 2] G

y(h=1) n _ a 1 _—h a 2 n+l,q,w
J Pl 2agl) = g
Zﬂ

By Theorems 1, 2 and fermionic integral on Z,, we note that

[0 6 = i) = (-1 / 7D () — 1 iy (x)

(hrx)
_( l)n an n+1qw(7 )
n+1
(h,a)
—w g~ thlq w71(2)
n+1
2] (2] Gha) (2.6)
1 1-h q! h q! 2 op Unlgtaw!
~w 1+q*hw*’+w 1+q*1w*1+w n+1
(he)
_ [2](( W h [Z]q W hel n+lg~tw!
1+ wqg" 1+ wq" n+1
(he)
_ hel o n+lgtwt
= [2]q +wq nel
Hence, we get the following theorem.
Theorem 4. for n € N with n >1, we have
(ha)
h—1 hel —n+lgtw!
/qx( ) (x)[1 — X|g-edp—g(x) = [2], +wq"" nal (2.7)
Zl’
Corollary 5.

From (1.3) and Theorem 4, we take the fermionic p-adic invariant integral on Z, for

q-Bernstein polynomials as follows:

J DBt g 5) = [ D) () ol 1 ol )
Z, Zy

_ (”) / g, (I (1 [8],)" ()

(Z) qx(h D ()l (1 = [l )" bty () (2.8)
Zy
: <Z), () / D)l )
E o
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And we get the following formula;

[ D60 g2

Zy

=/qx”‘”¢w(x)< )[x] T = 2l edp—g(x)
zZy

= f qx(h—1)¢)w(x) <Z> [1 —x]Z,a(l —[1- x],,—u)n_kd,u_q(x)
Zy
(2.9)

n—k
) (Z) Z(nf )( 1yl — ] i l/qX(hflltpw(x)[l — x|l adp_y(x)
1=0 Zy
n—k
i <Z> 2 <” ; k) (-1t / 7V ()[1 = x|~ dpe—g(x)
Zy

=0

- (;”’“)1 .
_ <Z>Z<n k)( 1) 1([2] rwg " I+ lq+14 )

=0

Hence, we can get the following theorem by (2.8) and (2.9).
Theorem 5. for n ¢ N with # >1, we have

(o)

=l n— Gk+l+lqw
(-1
I+1

1=0

-k (h)
n—k —h— +G_1+'—1,71

< ] )(—1)" : l([2]+wq1 " _11”+'1“ ) (2.10)

(he)

n—k
_ 2 : n—k\ . nki|. -1 1-h anl+1ﬂ*1lw4 ()
_l=0< ) )( 1 (w q n—1+1

Also, we can see that

1=0

/ G gy (3B (3, 9) g ()

gop
(i)
)
( )i( )(—1)’”[%“’ Do ()1 = xl-Ldp—y(x)

1=0 A

Giin
1y kllqw
( >( b F+l+1

/ POV (D)1 — 2 H ] dpey ()

;S

(2.11)
/qx(h D (x)[1 — X ( -1 —x]qfa)kdu_q(x)

) (k>i( ) ,(m“wqmcw P )

Therefore, we have the theorem below.
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Theorem 6. For n, k € Z, with n > k + 1, we have

/ G () Bl (5, @)t g ()

P
k (h)
n k k=1 1oh Ot g et
_(k>z(l)(_1) Rlg+wa™

1=0

By (2.7) and Theorem 6, we can get the theorem below.
Theorem 7. Let n, k € Z, with n > k + 1. Then we have

n—k (h,e)

n—=k 1! k+l+1,q,w
; ( l ) (=1) k+1+1
k (ha)
k k—1 1+h G"*l+1:q’llw4
—;(J(—l) (21 +wa™

Let ny,ny, k € Z, with n; + ny >2k + 1. Then we get

[ 0, 5 0B 5 o0

/qx(h D (x)( >[x],,a[1 —xl ( >[x],,a[1 —x]i2 g (x)

P

= (1;31> (%)iﬂ/qx(h—l)qﬁw(x)[x];f[l ]n1+n2 kd,ufq(x)
( )( )i(2k>( 1)k I/qx(h Db (1)[1 — x]n1+n2—ld'u7q(x)

1=0

n n 2k G !

1 2 2k—1 1+h m+np—l+1,q7 1w
= E 1 2 w
<k)<k>l=0< >( ) []q+ q n1+n2—l+1

Therefore, we obtain the theorem below.
Theorem 8. For ny,n,, k € Z,, we have

/ qx(h_1)¢w (x)Bl(zan)l (x’ q)Bl(?an)z (xl q)dlu_q (x)

2k ()
m\ [ 2k 21 van Oy ti1g
= -1 2
<k>(k>§(l)( ) [2], +wq Ny 4ny —l+1
(he)
G 11
5 14h o mm—l+lq tw ) ifk=0,
([ ]f7+wq n1+n2—l+1 1

n n 2k G 1
1 (M 2 21 “ny+ny—lel,q71 wl

1 ,ifk > 0,
wq (k)(k)Zl_()( )( ) n1+n2—l+1 1 >

(2.12)

(2.13)

Page 6 of 9



Jung et al. Journal of Inequalities and Applications 2012, 2012:67
http://www.journalofinequalitiesandapplications.com/content/2012/1/67

And we can easily have that

/ ¢, ()L, (e B, (v, )t ()
/ 7000 () )l 1 = ol () bt =l g o)
( ) (k) / GO D ()T = 2l g (x)

_ (f;) ) i/ gD g ()2 (1 = ] )" " gy () (2.14)

(7
( )( 2) / 7"V () [x]2% nl%%(m+”;_2k)(—1)l[x];aduq(x)
(

1=0

( > r;;>n1+§: ( 1) <n1+nz )/qx(h D b (x)[x]f;f”d,u 4(%)

ny+n,—2k (ha)
vy m +ny —2k\ Gyl
=< >< E (- 1) ( ! 12 ) 2zk+lllqw where ny,n,,k € Z,.

Therefore, by (2.14) and Theorem 8, we obtain the theorem below.
Theorem 9. Let ny,ny, k € Z, with n; + n, >2k + 1. Then we have

(he)
2k 2k—1 1+h Gn1+n271+1,q*1,w*1
1 2
;( )( ) []q+wq n1+n2—l+1
1+12 (he)
" HZ:Zk( 1) ny +ny = 2k\ Gt g
1 2k+1+1°

For ny,ny,...,ng, k€ Z,,ny +ny +---+ng > sk+ 1, then by the symmetry of g-Bern-
stein polynomials with weight ¢, we see that

/ 70V, (x)l‘[B(“’ (5 )dp—q ()

)/qx(h 1)¢w(x)[x] [1 ]n1+n2+ +ns_5kd/,L,q(x)

i=1

S

11

i=1

i /qx(h Do (x)(1 = [1 = &) ) [0 — 227 d g (x)
Zﬂ

“110

i=1

s sk

()
(Sk) (_1)skfl [2] + wa+h Gnl+‘r12+~~~+ns—l+1,q*1,uF1
1 q

n+ny+---+ng—1+1

1

k

i
)
)

i=1 1=0
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Therefore, we have the theorem below.

Theorem 10. For ny, ny,n3,...,n5, k € Z, with ny + ny + ... + ng > sk + 1, we have
N
[ D) [T 5 o0
A i=1

(he)

s sk

i e ny+np+---+ng—1+1
In the same manner as in (2.11), we can get the following relation:

[ 6,0 T 150 g0
z, i-1

S ni _ s N +Np+-+ -+ —S
_ 1—[ < h ) /qx(h gy (6) (x5 (1 = [x],) fdp g (x)
i=1 Z,,
s . ) " 1+ ng—sk L[+ ng—sk Il
11 < " ) [,f s Y (-1 ] (=) [xlgedr—()
o ? 1=0
R " 1y +11y 41—k pfmtng e ng — sk x(h—1) sk+l
(e 1) 1 /q Bu(®) X1 g (x)
i=1 =0 Z
s Ny +Ng+-+15—S i
= n; k(—l)l My 4Ny + -+ ng—sk GEWEWW
[] e 2 i sk+l+1'

where ny,ny,...,n, ke Z, with ny + ny + ... + ng > sk + 1.

By Theorem 11 and (2.9), we have the following corollary.

Corollary 11. Let m € N. For ny,ny, ..., ng, k € Z, with ny + . . . + ng > sk + 1, we
have

(ha)

sk

Z(Sk) ()% [ (21, + wgie e
1 q

1=0

n+ny+---+ng—1+1

1y +1y+-+-+1;—sk

- (-1

1=0

(he)
Gsk+l+1,q/w

1 sk+1+1"’

ny+ny+---+ns—sk
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