Wu Journal of Inequalities and Applications 2012, 2012:50 ® Journal of Inequalities and Applications
http://www. journalofinequalitiesandapplications.com/content/2012/1/50 a SpringerOpen Journal

RESEARCH Open Access

A complete convergence theorem for weighted
sums of arrays of rowwise negatively dependent
random variables

Qunying Wu'?

Correspondence: way666@glite.
edu.cn

'College of Science, Guilin
University of Technology, Guilin
541004, P. R. China

Full list of author information is
available at the end of the article

@ Springer

Abstract

In this article, applying moment inequality of negatively dependent (ND) random
variables which obtained by Asadian et al, the complete convergence theorem for
weighted sums of arrays of rowwise ND random variables is discussed. As a result,
the complete convergence theorem for ND arrays of random variables is extended.
Our results generalize and improve those on complete convergence theorem
previously obtained by Hu et al, Ahmed et al, Volodin, and Sung from the
independent and identically distributed case to ND sequences.
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1 Introduction
Random variables X and Y are said to be negatively dependent (ND) if

P(X=xY =y)=P(X=x)P(Y <) (1.1)

for all x, y € R. A collection of random variables is said to be pairwise negatively
dependent (PND) if every pair of random variables in the collection satisfies (1.1).
It is important to note that (1.1) implies

P(X>xY >y) <P(X>x)P(Y >y) (1.2)

for all x, y € R. Moreover, it follows that (1.2) implies (1.1), and hence, (1.1) and
(1.2) are equivalent. However, (1.1) and (1.2) are not equivalent for a collection of
three or more random variables. Consequently, the following definition is needed to
define sequences of ND random variables.

Definition 1. Random variables X}, ..., X,, are said to be ND if for all real xy, ..., x,,

n n
PO =x) | <[[Pex5 <)
j-1 j=1
n n
P& >x) | <[P > x).
=1 j=1

j
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An infinite sequence of random variables {X,; n > 1} is said to be ND if every finite
subset X, ..., X, is ND.

Definition 2. Random variables X;, Xy, ..., X,,, n = 2 are said to be negatively asso-
ciated (NA) if for every pair of disjoint subsets A; and A, of {1, 2, ..., n},

cov (fi(Xi;i € A1), fo(Xjij € Az)) <0,

where f; and f, are increasing for every variable (or decreasing for every variable),
such that this covariance exists. An infinite sequence of random variables {X,; n > 1} is
said to be NA if every finite subfamily is NA.

The definition of PND was given by Lehmann [1], the concept of ND and NA was
introduced by Joag-Dev and Proschan [2]. These concepts of dependence random vari-
ables are very useful to reliability theory and applications.

Obviously, NA implies ND from the definition of NA and ND. But ND does not
imply NA, so ND is much weaker than NA. Because of the wide applications of ND
random variables, the notions of ND random variables have received more and more
attention recently. A series of useful results have been established [3-12]. Hence, the
extending the limit properties of independent variables to the case of ND variables is
highly desirable and of considerably significance in the theory and application.

The concept of complete convergence of a sequence of random variables was introduced
by Hsu and Robbins [13] as follows. A sequence {X,; n > 1} of random variables converges
completely to the constant a if Y oo, P(|X, —a| > &) < oo for all € > 0. In view of the
Borel-Cantelli lemma, this implies that X,, — a almost surely. The converse is true if {X,;
n > 1} are independent random variables. Thus, complete convergence is one of the most
important problems in probability theory. Hsu and Robbins [13] proved that the sequence
of arithmetic means of independent and identically distributed (i.i.d.) random variables
converges completely to the expected value if the variance of the summands is finite.
Baum and Katz [14] proved that if {X, X,; n > 1} is a sequence of i.i.d. random variables

(+2) ¢ o0 (1 < p < 2, t > 1) is equivalent to the condition that

with mean zero, then E|X|”
Yoo ntP(|YL, Xi| /nt/P > &) < oo for all € > 0. Some recent results can be found in
[12,15-17].

In this article we study the complete convergence for ND random variables. Our
results generalize and improve those on complete convergence theorem previously
obtained by Hu et al. [16], Ahmed et al. [15], Volodin [17] and Sung [18] from the i.i.d.

case to ND sequences.

2 Main results
Theorem 1. Let {X,;; k&, n > 1} be an array of rowwise ND random variables, there
exist a r.v. X and a positive constant ¢ satisfying

P(|Xur| = x) <cP(|X| = x) foralln, k>1, x>0. (2.1)
Suppose that B > -1, and that {a,,; k& n = 1} is an array of constants such that

sup |an,] = O(n™7) for some y > 0, (2.2)

k>1
and

2:1 lam|® = O(n®), for some & <2y andsome0 < 6 < min(2,2 —a/y). (2.3)
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() If1+o+p>0and

1
EIX!' <00, veps  TEYF (2.4)
14
When v > 1, further assume that EX,; = 0 for any », k > 1. Then
oo oo
ZnﬁP ( Za”kX”k > a) <00, Ve>D0. (2.5)
n=1 k=1
(i) If1 +a+ B =0and
E(1X)? In(1 + X])) < oo. (2.6)

When v = 6 > 1, further assume that EX,; = 0 for any », k > 1. Then (2.5) holds.

Remark 2. Theorem 1 generalize and improve those on complete convergence theo-
rem previously obtained by Hu et al. [16], Ahmed et al. [15], Volodin [17], and Sung
[18] from the i.i.d. case to ND arrays.

By using Theorrem 1, we can extend the well-known Baum and Katz [14] complete
convergence theorem from the i.i.d. case to ND random variables.

Corollary 3. Let {X,,, n € N} be a sequence of ND random variables, there exist a r.v.
X and a constant ¢ satisfying P(|X,,| = x) < ¢P(|X| = «) for all » = 1, x > 0. Suppose ¥ >
1/2 and p > 1; and if p > 1 then assume also that EX,, = 0 for any # > 1. If E|X|? < oo,
then

o0
Zn}’p_zP(ISnl >en’) < oo, Ve>0,

n=1

where S, = Y X

3 Proofs

In the following, let a,, << b,, denote that there exists a constant ¢ > 0 such that a,, <
¢b,, for sufficiently large n. The symbol ¢ stands for a generic positive constant which
may differ from one place to another.

Lemma 1. [3] Let X, ..., X;, be ND random variables and let {f,; n > 1} be a sequence
of Borel functions all of which are monotone increasing (or all are monotone decreas-
ing). Then {f,,(X,); n > 1} is still a sequence of ND r.v.’s.

Lemma 2. [9] Let {X,; n > 1} be an ND sequence with EX,, = 0 and E|X,,|¥ < e, p > 2.
Then

n n p/2
EISalP < ¢y { Y EIXilP + (ZEXE) ,
i=1

i=1

where ¢, > 0 depends only on p.

Lemma 3. [19] Let {X,;; n > 1} be an arbitrary sequence of random variables. If there
exist a r.v. X and a positive constant ¢ such that P(|X,,| = x) < ¢P(|]X| = x) for and n > 1
and x > 0. Then for any # > 0,¢>0,and n > 1,

EXal"I(x,1<0) < ¢ (EIXI"I(xj<0) + "P(IX] > 1)),
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and
EIXul"I(x,1>0) < cEIX["I(x)>1).

Proof of Theorem 1. Let a;;, = max(au, 0) > 0 and a,;, = max(—an, 0) > 0. From
(2.2), (2.5) and
> e/?.),

Z nfp <
supau, =n""’. (3.1)

n=1
k>1

=S
Z AneXnke
k=1

[o¢] o0 [o¢] (o)
> a) < ZnﬂP < Za;kx,,h > 8/2) + ZnﬂP ( Za;ank
n=1 k=1 n=1 k=1

without loss of generality, for all ;, n > 1, we can assume that ,; > 0 and

Forany k n > 1, let
—1 -1
Yk = —a,, Lauxu<—1) + Xnkl(@ulXul<1) + o l(anXu>1)-

Then for any n > 1,

) )
{ Z Ak Xnk Z Ak Ynk
k=1

- 3} = {Vk > 1, lamXnel < 1,

> S}U{Hk > 1, lamXne| > 1}.

k=1
Hence
o0 o0 o0 [o¢] o o0
ZnﬁP (Z |aneXnk| > s) < Znﬁ ZP(lanankl >1)+ ZnﬁP ( ZankYnk > s)
n=1 k=1 n=1 k=1 n=1 k=1 (32)
ST+

Therefore, in order to prove (2.5), it suffices to prove that J; < e and J, < .
(D) If1l+o+f>0, by Lemma 3, (2.1), (2.3), (2.4), (3.1), and the Markov inequality, we
have

N <Y 1P P(lawX] > 1)

n=1 k=1
o0 o0

<>’y Elau X’y
n=1 k=1

oo oo
< > WP EXI Igxim) ) a
n=1 k=1

o0
< Y P EIX T

n=1
= > 0" Y EXIP I iy '
n=1 j=n

o j
= 2 EIXI* I <ixi<(e1y) Z n
1 n=1

o0
< Y P PEIX g i<y
j=1

o0
< Z E|X|9+(1+a+ﬂ)/y1(jV<\X|§(j+1)V)
-1

< OQ.
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Next we prove that J, < «~ for v < 1 and v = 1, respectively. Put
N(nk) = t{i; (nk)” <a;' < (n(k+1))"}, k, n> 1.
(a) If v < 1. Choose ¢ such that v <t < 1. By the Markov inequality, the ¢, inequality,

Lemma 3 and the process of proof of (3.3), we have

) )
) < ZnﬁE ZankYnk Znﬁ ZElankYnk|t
n=1 k=1 n= k=1

[ee]

oo
< Zn D ABIaw Xl Taixai<t) + P (4 Xoel > 1)}
n=1 k=1
oo oo

< Y1y {ElauX [Tzt + PlamX] > 1)}
k=1

=2 Z [ A EIXI'T(x <ty + P (lameX| > 1)]

=1 (mj)y <ay! <(n(j+1))y

—_

n=

=1
< Zn’g ZN(”])(”J) TEIX] Lx1<ng1yy) >

~ . n(j+1)
=YY N )Y EIX oy <xisin)

n=1 j=1 i=1
2n

<2 0P Y N )Y EIXI T o1y <ixi<iy)

n=1 j=1 i=1

0o 00 n(j+1)
#2103 N D XL o1y <xi<in)
n=1 j=

i=2n+1
N
=Jn +J20.

Since t >vand 7> 0, so ¢ >0, (1 + 1/k)” = 27 and (nk)""? > (nj)"*?, Vk > j.
Therefore, by (2.3) we have

oo oo
n > Z“fu‘ = Z Z ay,

i=1 k=1 (nk)r <a ' <(n(k+1))*

o0

> Y N(nk)(n(k + 1))’

k=1

o0

> Y N(nk)27" (nk) "

k=1

i N(nk)(nk) ™" (nk)? =9
k=j

iN(nk)(nk) 7! (nj)” (0.
k=j

Hence,

oo
> O N(nk)(nk) 7" < n* 00, vje N (3.5)
Je=j
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1
Combining with (2.4) andt > v =6 + e ﬂ, ie o+ - At - 6) < -1, we can get that
14

0 2n
Ja < Y nfper() ZE|X|[I((i—1)V§|XI<iV)

n=1 i=1

oo oo
<« ZE|X|[I((1'—1)V§|X|<1'V) Z n,BH)t*V(lfQ)

i=2 n=[i/2]
~ ) (3.6)
< Zi’g*o‘*”(“ )+1E|X|t1((i—1)V§\X\<iy)
i=2
)
< ZE|X|9+(1+a+ﬂ)/y1((i—1)V§\X|<i1’)
i=2
< OQ.
By (3.5),
o0 o0 e
]22 = Znﬂ Z EletI((ifl)Vs\inV) Z N(nj)(nj)iyt
n=1 i=2n+1 i
&
n
00 00 i -y (t=9)
< Znﬂ Z nOlJ/(tg)(n) E|X|t1((i_1)1’§‘x\<ﬂ)
n=1 i=2n+1
N [i/2]
< Zi_y(t_O)ElxltI((ifl)VS\X\<i7) ZnOH-ﬂ (37)
i=2 n=1

00
< Z i1+a+ﬂ_y(t_0)E|X|tl((i—l)"lekﬁ)
i=2

o0
< ZE|X|9+(1+a+ﬂ)/yl((i71)yS\X\<i’/)
i=2
< OQ.
By (3.2), (3.3), (3.4), (3.6), and (3.7), (2.5) holds.

(b) If v = 1. Since EX,;;, = 0, E|X|" <, and v=1,v >0, B+ 1 >0, y> 0, by (2.3),
(2.4), (3.1), and Lemma 3, we have

00
Z EankYnk

k=1

=<

[o.¢]
+ 3 P(lanXol > 1)
k=1

[o.¢]
> EawXatl a,xl<1)
k=1

[o.¢]
+ ) El(lauXul > 1)
k=1

[o.¢]
> EaXo aul=1)
k=1

o0
< Z ElaneXut|"I(jayX,l>1) (3.8)
k=1

[e.¢]
v—6 0 v
<supa,, ZankEIXI I(|X|>a;,})
k=1 k=1

L VOO EIX L sy = 0T P PVEIX] T x5

— 0, n — o0.
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Thus, in order to prove J, < oo, we only need to prove that for all € > 0,

]§=in’3P(

n=1

o0

D (@neYu — EanYo)
k=1

> 8) < 0. (3.9)

Obviously, Y, is monotonic on X,;. By Lemma 1, {a,x Y, - Eaux Yoo k n 2 1} is
also an array of rowwise ND random variables with E(a,x Y« - Ea,x Y,i) = 0. And
note that 2 - 0) - o« = A2 - a/y-0) >0 from O <2 - a/yand 1 + B > O from f3 > -1,
2(1+8)

let t > max|( 2,
y(2—-0) -«

) in Lemma 2, by the Markov inequality, the ¢, inequal-

ity, we have

t

o 0
]; < Z nE Z (@nYni — EaneYur)

n=1 k=1
~ o o0 2 (3.10)
< Z n? ZEmnkYnklt + (Z ElankYnk|2>
n=1 k=1 k=1
= I + 157
From the process of the proof of (3.4)-(3.7), we know that
Ji < 0. (3.11)

Since @ < min(2, v) and E|X|" < e, by Lemma 3, (2.1), (2.3), and (3.1), we have

oo oo oo
> ElamYul? < Y E <|ankX|2I(|an,{X|§1) + Y P(lawX| > 1)
k=1 k=1 k=1

00 00
Z E|ankX|2 < Z |ank|9 Sup|ank|279 < na—y(2—0), v>2,
< | l=1 k=1

00 00
Z E|ankX|v < Z |ank|t9 SUP|ﬂnk|U_9 < naiy(uig)r v=2.
k=1 k=1 k>1

By the definition of &, t(Y2 - 6) - @)/2 - B> 1 and t(1 + $)/2 - B > 1, hence

00

1
> nir@-o)y-ayp-pr V= 2,
J5 < 1L < o0. (3.12)
1
Z paspy-pr V< 2
1

n=

By (3.10)-(3.12), we have (3.9), therefore, (2.5) holds.
(i) If 1 + @ + B =0, then Zj;l:l n®*f « Inyj, similar to proof of (3.3), we have

oo o0
Ji=Y 1" " P(lawXl > 1) < E(IX|”In (1 + |X])) < o0
n=1 k=1
from (2.6).
(a) When v = 0 < 1, similar to the corresponding part of the proof of (3.6) and (3.7),
we get that

Ja < E(IX]°) < o0,
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and
Jo2 < E(1XI° In (1 +|X])) < oo,

from (2.6). Therefore, (2.5) holds.

(b) When v =021.Since EX,; =0, E|X|" < oo, 1 + @+ f=0,0<2,and B > -1, v =
0, (3.8) remains true. Therefore, we only need to prove (3.9). By Lemmas 2 and 3, J; <
oo, noting that v = § and o + 8 = -1, we have

00 00
;< Z nﬂE<Z (@nt Yk — EankYnk)> < Z n? Z ElankYnk|
n=1

n=1 k=1

< Znﬂ ZP(|anank| > 1)+ Znﬂ ZElanle Lgayxi<n)
n=1 n=1
=N+ Znﬂ Za WEX Tx1zay;
n=1
<YHY Y @R

n=l el () <ay <(n(j+1))”

<y Z N () ()™ EX* I (1x1< (i) (3.13)

n=1 j=1
n(j+1)

= Z ZN(n])(n])—2V Z EX? I((l 1) <|X|<i?)

oo o) 2n
< Z ZN(”J‘)("J‘)JV ZEXZI((i—l)V§|X|<iV)
n=1 j=1 i=1

00 00 n(j+1)
DN CHCH RS EX?I((i1y <ix|<iv)
el je1 i=2n+1

* *
= ]21 +J3;.

Since v = 6 < 2, hence (3.5) also holds for ¢ = 2. Combining with (2.6) and o+f3 = -1,
we can get that

[} 2n
];1 < Z nﬂna—y(z—e) Z EXzI((ifl)V§|X|<iV)

n=1 i=1

—1—y(2-6
<<ZEX Ly <ixi<iv) Z 0
n=lif2]

< Z iV COEXT (i cxi<ir)
i=2

(3.14)

o0
< ZElxlel((i—l)V§IX|<iV)
i

< Q.
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By (3.5),

o0 o0 o0
I = Z”ﬂ Z EXZI((i—l)VS|X|<iV) N(”j)(”j)_zy

n=1 i=2n+1 j=[:1_1]
00 [ i —y(2-0)
<y’ ) "ay(ze)(n) EIXIPL((i-1yr <ixi<iv)
n=1 i=2n+1
00 [i/2]
<Y iTCE (o cxgaiy ! (3.15)
i=2 n=1

o0
< Y iCIINGEX (1 <y
i=2

[o¢]

<Y EX In(1+ XD I((i-1y <ixi<ir)
i2

< 0.

By (3.13)-(3.15), (3.9) holds.
Proof of Corollary 3. Let

nY, k<n,
ank =

< =17a _ _ B }
0, kom O0Zx<2y. 0 , B=yp—2 Then > -1,0 <0 < 2

Y

alpl+a+B>00+1+a+P)y=p and Y 32, lawl® = n® Thus, the conditions of
Theorem 1 hold, by Theorem 1,

o0
Zn}”’_zP(lSnl >en’) < oo, Ve>0.

n=1
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