Zhang et al. Journal of Inequalities and Applications 2012, 2012:42 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2012/1/42 a SpringerOpen Journal

RESEARCH Open Access

Boundedness of (k + 1)-linear fractional integral
with a multiple variable kernel

Huihui Zhang', Jianmiao Ruan? and Xiao Yu'"

* Correspondence: yx2000s@163.
com

'Department of Mathematics,
Shangrao Normal University,
Shangrao, 334001, P.R. China

Full list of author information is
available at the end of the article

@ Springer

Abstract

In this article, we discuss the boundedness of (k + 1)-linear fractional integrals with
variable kernels on product [P spaces. Our results improved some known results.
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1. Introduction
It is well known that multilinear theory plays an important role in harmonic analysis
and mathematicians pay much attention to it, see [1,2] for more details. In 1992, Gra-

fakos [1] first proved that the multilinear fractional operator Ig”(?) (x) is bounded from
LP' x ... x [Pn spaces to L" space with 1/r + a/n = 1/s, where 1/s = 1/p; + - + 1/p,,
and s satisfies n/(n + o) < s <n/oc with multilinear fractional Ig’ (}7) (x) defined as follow-
ing:

@@ - [ y’iﬁ [T fix - o)y, ()
e i=1

for fixed nonzero real numbers 6,(i = 1, ..., m) and 0 <f3 <n.
Later, Ding and Lu [3] improved Grafakos’s results to the case when IZ’G‘)(x) has a
rough kernel Qq(x) with Qo(x) € L'(S"") and

Qo(y -
yrfﬁ !;[fi(x — Oy)dy, (1.2)

1o () = /
[RH

Ding and Lu proved that I/';QU (f)(x) is bounded from [/t x ... x [Px spaces to L?

spaces with 1/p; + ...... + 1/pi - 1/q = B/n. Obviously, Ding and Lu’s results improved
the main results in [1].

In 1999, Kenig and Stein [2] studied a new kind of multilinear fractional integral
associated with the bilinear fractional integrals operators, they defined the (k + 1)-lin-

ear fractional integrals as following,
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T (1, o fion) () = / ),
(r)"

dyr, ... d
e 'fk+1 (€k+1 (er oo yk’x)) " yk

|(y1 yk)|"k_°‘ ,0 <a < kn,

where for a fixed ke Nand 1 < j <k + 1, a linear mapping ¢, : R&D 5 Rnq <
< k + 1 is defined by

0 (X1 Xpey X) = ALjX1 + - - - + ApjX + Apa1 jX. (1.3)

Here, A; is an # x n matrix and a (k + 1)n x (k + 1)n matrix A = (4;) (i = 1, .., k +

1,j =1, .., k + 1,) satisfies the following assumptions:

(I) For each 1 <j < k + 1, A1, is an invertible # x n matrix.
(II) A is an invertible (k + 1)z x (k + 1)n matrix.

(III) For each jo, 1 < jo < k + 1, consider the kn x kn matrix Aj, = (Ajo) ¢ Where

(A-) JAem 1=<t=<kl<m=<km<j
olem = | Agmir 1 <€ <k 1<m<km<jo

Obviously, when k = 1 and A1y =, Ay = 1, A1p = -1, Ay = 1, Iy 4 (f1, 2)(x) becomes
the classical bilinear fractional integral, that is

bor () ) = Bu () @) = [ fias 0= ), 7 1)
l

In [2], Kenig and Stein proved that B,(fi, f>)(x) is bounded from /1 x [f2 to L7 with
1/p1 + 1/py-1/g = a/n for 1 < py, p, < . Later, Ding and Lin [4] considered the fol-
lowing bilinear fractional integral with a rough kernel,

Ba,a, (f1.f2) (x) = /fl (x+ t)f2(x — £)Q0(¢) |t|il,iar

where Q(y) is a rough kernel belongs to L°(S”")(s > 1) without any smoothness on
the unit sphere.

Ding and Lin proved the following theorem,

Theorem A ([4])

Assume that 0 <a <n, 1 <§ <"

o’

1/p1 + 1/p, - a/n, 1/q = 1/p; + 1/py - o/n, and
that s < min{p;, p,}, then for 1 < p;, p, < oo, we have

|Bagi (1. f2) |10 = Clfi s 2] .

For the research of partial differential equation, mathematicians pay much attention
to the singular integral (or fractional integral) with a variable kernel Q(x, y), see [5,6]
for more details. A function Q(x, y) is said to be belonged to L™(R") x L(S"") if the
function Q(x, ) satisfies the following conditions:

(i) Qx, Az) = Q(x, 2) for any x, ze R" and 4 > 0.

1/q
(i1) 11201 o (Rryxza(sn-1y = su}%n (fsnfl |2(x, Z/)|‘7d0 (z/)> < oC
XxeR"
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Recently, Chen and Fan [7] considered the following bilinear fractional integral with

a variable kernel,

Bua () W) = [+ 00 gftffi? d, (15
J

they proved the following result,

Theorem B([7])

Let 1/p = 1/py + 1/p, - o/ and Q(x, y) € L™(R") x L5(S™") with s’ < min{p;, p,} and
", then

n—ao’
[Bae (11215 = Cllfil s 12152

Obviously, Chen and Fan’s result improved the main results in [4] and the method

s>

they used is different from [4].

In this article, we will consider the (k + 1)-linear fractional integral with a multiple
variable kernel €2 (x, 7). Before state the main results in this article, we first introduce a
multiple variable function € (x,7) € L®(R") x L" (S"!) satisfying the following
conditions:

(i) @ (x,Ay) = 2 (x,¥) for any 1 > 0.

(i) 12l Rty = SUP (four Q)] 'do (7)) < oo,

XERN
Now, we define the (k + 1)-linear fractional integral with a multiple variable kernel

Q(x,7) € L°(R") x L' (S”k_1> as following:

185 (fi oo fn) (%) = / fi (61 (1, v %))
(R")k
feer (Geer (1s 0 Y10 %)) (x7)

1,y T

where the linear mapping ¢; is defined as in (1.3) and the corresponding matrix A
satisfies the assumptions (I), (I) and (III). What's more, we assume that for each 1 < jj,
< k + 1, Aj, is an invertible kn x kn matrix.

Our main results are as following,

Theorem 1.1.

Assume that (I), (II) and (III) hold, if Q(x,¥) € L°(R") x L" (S"k_1> for r > n,:'fa and

0 <o <kn, then

k+1

184 (s fia) [ = CTT U
i=1

L’

with 1/p = (k + 1)/r’ - o/n.
Theorem 1.2.
Assume that (I), (II) and (III) hold, if Q(x,y) € L*°(R") x L" (S"kfl) for r’ < min{p,,

s Palhy T > n;:‘fa and 0 <o <kn, then
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k+1

18 (R fie) s = CTT AL
i=1

with 1/q = 1/p; + ...... + 1/pra - on.
Remark 1.3.

As far as we know, our results are also new even in the case that if we replace Q(x,7)

by Q0(7) € L' (s"k—l).
Remark 1.4.

Obviously, our results improved the main results in [2,4,7].

2. Proof of Theorem 1.1
In this section, we will give the proof of Theorem 1.1. First we introduce some defini-
tions and lemmas that will be used throughout this article.

Denote

Mas (fir e fin1) (x) = / Q (% 9) fi (€1 (1, s Vo))

275 <[ (Y1) [ 52751
fk+1 (ek'+1 (er woor Vis x)) d}?,

thus we have the following conclusion.
Lemma 2.1.
Let Q(x,y) be as in Theorem 1.1 and assume (I), (I) and (III) hold, then

k+1
—nk
IMES (o fit) | 7 < CllRpoorey sy 2™ [T Il
Lk+1 i=1
Proof. By Holder’s inequality, we have
1/r
M (i, 1) (x) < C / |2, 7)| dy
=< () [£27
1y
* / [ (€r (s oo Vi %)) - fret (et (v1, s }’k:x))r/d?
==y 527
—nks
< C2 7 Qe (rryxrr (st
1/r
x [ @00 ) i (s (1m0

= =| () |52

Then by the estimate in page 8 of [2], we have

—nks
IIMff,s (fl:-»-:fk+1)|| kr’l <C2r ”Q”L’x(R")xL’(S"’H)
LR+
k+1

1
k+1

1A (€ (e v %)) - frert (G (1o %)) | dy|  dx

—nks k1
< ClIQll s (rayxrr (sm-1y2 [TIAl
i1

kel
< C”Q||L°¢(R")><L'(S""")27km l_[ I£il, -

i=1
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So far, the proof of Lemma 2.1 has been finished.
Lemma 2.2.
Under the same conditions as in Theorem 1.1, for

Q(xy)

Lo (f) (x) = |(r1s )|

Rnk

o J1(X = ¥1) -+ fi(x — yie)dy,

with Q(x,y) € L°(R") x L" (S"k_1> forl1 <1 < ’fx” and 0 <o <kn.

Let 1/s = 1/rq + ...... 1/ri -0t/ > 0 with 1 < r; < o, then,

(i) if each r; >r’, then there exists a constant C such that

K
tea (7)), =TT

Li’

(ii) if r; = r” for some i, then there exists a constant C such that

k
o)l =< Th

Proof. In [8], Lemma 2.2 was proved in the case Q (x,7) = Qo (7) € L" (S™~!). When

consider the case if the multiple kernel function is a multiple variable kernel, by the

Li

similar argument as in [3,8], we can prove Lemma 2.2. Here we state the main steps to
prove Lemma 2.2 for the completeness of this article.

First, we introduce the multilinear fractional maximal function M, (f) (x) and mul-

tilinear fractional maximal function with a multiple variable kernel Mg, (j_‘:) (%),
respectively.
_ 1 k
Mo () =sup o, [ TTIAG= 5

fpl<r !

k
Mg (f) (x) = sup r,ml_a / Q) [ [ fitx —yi)| dy.

7l <r !

By Holder’s inequality, we can easily get the boundedness of M, ()7') (x) on product

L? spaces and the following fact is also obvious by a simple computation,
i’ 1/s'
il ) ()]

which implies the boundedness of Mg (f) (x) on product L? spaces.

s s

f2

7 oeeer

Moy (F) (x) = IRl oy i sty [ Mas (Ifs

Then by a classical augment as in [3,8], we have the following point estimate for
1

bt (7) 0] = Mo () @] [ () 0]
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b (1) 9 = e () 0] [ () 0]

So, by inequality (2.1) and the boundedness of Mg o <]?> (x) on product L spaces, we

get Lemma 2.2 easily.
To finish the proof of Theorem 1.1, we define

Q(xy)

Eie (fi o finr) (x) = (1o )|
1)

25| <2
fk+1 (£k+l (}’1, vt Yhes x)) di}

S (0 (e Y x))

Then, we have

IgA (fl/ ~-~/fk+1) (x) = H(x) + G(x)

with H(x) = Z 27”1:/?,5(35) and

$=S0

Qx,y
]
| (1sepie) | 22750 Yirer Vi

f1 (Zl ()/1, ...,)/k,X)) .. 'fk+1 (€k+1 ()/1, ceey )/k,X)) di;

For r> ky}:fay we haVe
Q(x,y _}
G(x) = ( y)nk—afl (51 (YL ...:Yer)) o fra (£k+] ()’1, .~.,yk,x)) 5
[ (1) | 22750 |(y1""r)/k)|
1/r
Qx|
<C / | (x, y)| 5
(nk—a)r
(ropjzzo 0170

1/r
X C/ 1 (€1 (s e Vi %)) = < fiern (Lest (1, ~~,Yk,x))|rld?)

1/r
SOI:(knfa)fkr"} oo
<2 Ifi (€1 (17 Vi %)) - freer (Gest (71, -0 Vs X)) | Y
nk
Now using the linear change of variables as in page 14 of [2], that is for each 1 < j <
k
k + 1, we define f; (¢ (y1, ..y X)) = ff (A,:Ljej(x)) =f (x — ZA/ijxi> =fj(x =)
i=1
1 k
with Aj = A Ajj and y; = 3~ A'jx; we have
i=1

[(kn—a)— krn] adl

[Tl5
i=1

So
Gl <2

L’
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For the estimate of H(x), first by Lemma 2.1, we have

k+1
||F[S\2,S (flt ...rfk+l) || r = C”Q”Loc(Rn)XLr(Snk—l) l_[ ||f1 [
Lk+1 i-1

p
So when " <1, we get

I v r

k+1 - S Q || k+1
IH|*) < CY 27 wn* | FR | 7}

Lk+1 $>50 Lk+1

f m 7
< C2 k™ [T | !
i=1

Lr

When ', > 1, we can easily get

IHN - =€) 27|
L

”
+1 5>50 Lk+1

L'

m
<c2 []If
i=1

Combine the estimate above can we easily get

k+1

IH - <27 |f
Lk+1 i-1

jF

By the above estimates, we have

124 (Frs o fror) (1) > 2|

A A
< {xeR":H(x)> 2} + {xeR”:G(x)> 2}‘
y
IGII7 Ll
< ¢ v’ + i/k+1
Ak+1
sn(knfafkr">7” k+l ) 2_50ak:,1 k+1
r ke+1
= AT [T+ TTIAS
i=1 Ak+1 i=1
: kfl lng)\
Now we may assume that ||f, = 1fori=1,.., k+1, and choose so = ,** * , ,» we
Tkl
get
n Q c
|{x e R": Ia,A (fl, ~-~/fk+1) (x) > )\H < VL
Wlth 1/p= k+ 1 — a.
1’ n

So far, the proof of Theorem 1.1 has been finished.

3. Proof of Theorem 1.2
For any p; that is larger than and sufficiently close to r’, by the proof of Theorem 1.1,
we get
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1154 (i s fren)

with 1/q;, = (k + 1)/p; - a/n. On the other hand, by Lemma 2.2 and the same linear

pee = Clflpn - el W [

change of variables as in Section 2, we have

[ (oo e = CU s - Uil i

with I/Q2 = k/pl - aln.
Then by interpolation, we have

[a (oo fiot) e = ClA 0 - Wl g W [ e

with 1/g3 = k/p1 + 1/pis1 - a/n and p; < pris.
Again, by Lemma 2.2 and the same linear change of variables as in Section 2, we
have

”Iog},A (fl' ""fk+1)”m4 = C”fl ||Ll71 ”fk*l ||LP1 ||fk||L°° ||fk+1 ”val

with 1/g4 = (k - 1)/p1 + 1/pi.1 - a/n
Then by interpolation, we have,

[ oo fiot) s = ClA 0 - Wt D Wl g e [

with 1/gs = (k- 1)/p1 + 1/px + 1/pri1 - o/n and p; < min{py, pri1)-
Again using the above methods can we easily get

k+1

[2a (o i) o = CT T Ifils
i=1

for any p; < min{p,,... ,pr,1y with 1/g = 1/py + - - - 1/p, - aln.
Similarly, for any p;(1 < i < k + 1) that is larger than and sufficiently close to r’, we
can also get

k+1

1A (o i)l = CT TN

i=1

for any p; < min{py,.., pi.1, Pisvr--Pre1} With 1/q = 1/py+- - - 1/pgi -al/n.
Now, we obtain Theorem 1.2 by multilinear interpolation from [2,9].
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