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1. Introduction
Throughout this article, we assume that E is a real Banach space, C is a nonempty
closed convex subset of E. In the sequel, we use F(7) to denote the set of fixed points
of a mapping 7, and use SR and R+ to denote the set of all real numbers and the set of
all nonnegative real numbers, respectively.

Recall that a mapping 7' : C — C is said to be nonexpansive if,

ITx =Tyl < llx—yIl, VxyeC.

T is called asymptotically nonexpansive if, there exists a sequence {v,} € (0, «) with
lim,,_,.. v,, = 0 such that for all x, ye C

T =Tl < (L+vn)llx—yIl,Vn = 1.

The class of asymptotically nonexpansive mappings was introduced by Goebel and
Kirk [1] as a generalization of the class of nonexpansive mappings. They proved that if
C is a nonempty closed and convex bounded subset of a real uniformly convex Banach
space and T : C — C is an asymptotically nonexpansive mapping, then 7 has a fixed
point.

A mapping T : C — C is said to be asymptotically nonexpansive in the intermediate
sense (2], if it is continuous and the following inequality holds:

lim sup sup (||T"x — T"y|| — [lx = yll) < 0. (1.1)

n—oo  x,yeC
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If F(T) # & and (1.1) holds for all x € C, y € F(T), then T is called asymptotically
quasi-nonexpansive in the intermediate sense. Observe that if we define

an = sup(||T"x - T"}’H =[x — }’||) and o, = max{0, a}, (1.2)
x,yeC

then 0,, — 0 as # — o and (1.1) reduces to
IT"x =TI < llx—yll+0on ¥x,y € Cn > 1. (1.3)

The class of asymptotically nonexpansive in the intermediate sense was introduced
by Bruck et al. [2]. It is known [3] that if C is a nonempty closed and convex bounded
subset of a uniformly convex Banach space E and 7 : C — C is asymptotically nonex-
pansive in the intermediate sense, then 7 has a fixed point. It is worth mentioning that
the class of mappings which are asymptotically nonexpansive in the intermediate sense
contains properly the class of asymptotically nonexpansive mappings.

Recently, Alber et al. [4] introduced the concept of total asymptotically nonexpansive
mappings which is more general than asymptotically nonexpansive mappings and stu-
died the approximation methods of fixed points for this kind of mappings.

Definition 1.1 A mapping 7 : C — C is said to be total asymptotically nonexpansive
if, there exist nonnegative real sequences {v,} and {y,} with v, > 0, #,, > 0 as n — oo
and a strictly increasing continuous function ¢ : R* — R* with {(0) = 0 such that for
alx, ye C,

IT"x =TIl < llx =yl + val (llx = yll) + pn, V= 1. (1.4)

If F(T) = & and (1.4) holds for all x € C, y € F(T), then T is called total asymptoti-
cally quasi-nonexpansive.
Remark 1.2 If {(¢) = ¢, t = 0, then (1.4) reduces to

NT"x —T"|| < (1 +vp)llx—yll +pp, ¥n = 1.

In addition, if ¢, = 0, Vn = 1, then total asymptotically nonexpansive mappings coin-
cide with asymptotically nonexpansive mappings. If v, = 4, = 0, Vn > 1, then total
asymptotically nonexpansive mappings coincide with nonexpansive mappings. If v, = 0
and yu, = 0, := max{0, a,}, where a,, is defined by (1.2), then (1.4) reduces to (1.3)
which has been studied as asymptotically nonexpansive mappings in the intermediate
sense.

Within the past 30 years, research on iterative approximation of common fixed
points of nonexpansive mappings, asymptotically nonexpansive mappings and asympto-
tically quasi-nonexpansive mappings have been considered by many authors (see, for
example, [1-20] and the references therein).

Especially, recently Chidume and Ofoedu [13,14] introduced the following iterative
scheme for approximation of a common fixed point of a finite family of total asympto-
tically nonexpansive mappings in Banach spaces which extend and generalize the cor-
responding results of Kirk [3], Alber et al. [4], Quan et al. [5], Shahzad et al. [6],
Chang et al. [9], Jung [10], Shioji et al. [11], Suzuki [12], and Schu [19].

Theorem 1.3 [[13,14]] Let E be a real Banach space, C be a nonempty closed convex
subset of Eand T;: C > C, i = 1, 2, ..., m be m total asymptotically nonexpansive
mappings with sequences {v;,,}, {4}, i = 1, 2, ..., m, such that § := (1, F(T;) # @. Let
{x,;} be defined by
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X1 € C,
Xna1 = (1 — o)X + 0y Tixy, if m=1, n> 1

X1 € C;
=(1 T"
Xn+l = ( — Oln)xn +0nliYin

Yin = (1 - Oln)xn + anTg}Qn
(1.5)

Y(m—2)n = (1 — an)x, + anTzlfl)/(m—l)n
Yim—1)n = (1 — an)xy + 0y Thxn, if m>2, n> 1.

Suppose Y 12; Vin < 00, D poq fin < 00, i = 1, 2, ..., m and suppose that there exist
M;, M} > 0 such that gi(Ai) < MJA; for all A; > M;, i = 1, 2, ..., m. Then the sequence
{x,} is bounded and lim,,_,.. ||x, - p|| exists, p € §. Moreover, the sequence {x,} con-
verges strongly to a common fixed point of T;, i = 1, 2, ..., m if and only if
liminf,— 00d(xy, §) = 0, where d(x,, §) = infyezll, — yll, n > 1.

Theorem 1.4 [[13,14]] Let E be a uniformly convex real space, C be a nonempty
closed convex subset of E, and T;: C — C, i = 1, 2, ..., m be m uniformly continuous
total asymptotically nonexpansive mappings with sequences {v;,}, {¢#;,} € [0, =) such
that Y 07 vip < 00, Y noy Min <00, i = 1,2, .., m and § := (o, F(Ti) # . Let {a;,} <
[, 1 - ¢] for some ¢ € (0, 1). From arbitrary x; € C, define the sequence {x,} by (1.5).
Suppose that there exist M;, M} > 0 such that &;(A;) < MX; whenever 1; > M;, i = 1,
2, .., m and that one of T3, Ty, .., T, is compact, then {x,} converges strongly to some
pes.

It is our purpose in this article to construct a new iterative sequence much simpler
than (1.5) for approximation of common fixed points of a countable family of total
asymptotically nonexpansive mappings and give necessary and sufficient conditions for
the convergence of the scheme to common fixed points of the mappings in arbitrary
real Banach spaces. As well as a sufficient condition for convergence of the iteration
process to a common fixed point of mappings under the setting of uniformly convex
Banach space is also established. The results presented in the article not only general-
ize and improve the corresponding results of Chidume et al. [13-15] but also unify,
extend and generalize the corresponding result of [3-7,9-12,19].

2. Preliminaries
For the sake of convenience we first give the following lemmas which will be needed in
proving our main results.

Lemma 2.1 [[20]] Let E be a uniformly convex Banach space, r >0 be a positive
number and B,(0) be a closed ball of E. Then, for any sequence {x;}%°, C B,(0) and for
any sequence {A;}3) of positive numbers with Y v- A, = 1, there exists a continuous,
strictly increasing and convex function g : [0, 2r) — [0, ), g(0) = 0 such that for any
positive integers i, j > 1, i = j, the following holds:

oo oo
1D 2l <D Aallal > = Aijg (Il — x1)- (2.1)
n=1 n=1

Lemma 2.2 Let {a,}, {b,}, and {1,} be sequences of nonnegative real numbers such
that
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ane1 < (1 + Ay)ay + by, VY0 > ng, (2.2)

where 1, is some positive integer. If > 72, A, < 0o and Y 2, by < oo, then {a,} is
bounded and lim,,_,.. a, exists. Moreover, if, in addition, lim inf,_,.. a,, = 0, then

lim,,_,., a,, = 0.

3. Main results
Definition 3.1 Let E be a real Banach space, C be a nonempty closed convex subset of
E.

(1) Let {T}} be a countable family of mappings from C into itself. {T}} is said to be
uniformly total asymptotically quasi-nonexpansive mappings if, § := (5, F(T;) # ¥, and
there exist nonnegative real sequences {v,} and {y,} with v, > 0, 4, > 0 as n >
and a strictly increasing continuous function ¢ : R* — R* with {(0) = 0 such that for
alxe C peds,

WTix —pll = llx—=pll+ val(llx = pll) +pn, ¥iz=1,n>1. (3.1)

(2) A mapping T : C — C is said to be uniformly L-Lipschitz continuous, if there
exists a constant L >0 such that

[IT"x — T"I|| <L|lx—yll, Vx,y € C, Vn > 1.

Let {T}} be a countable family of uniformly total asymptotically quasi-nonexpansive
mappings from C into itself and for each i > 1, T; is uniformly L;-Lipschitz continuous.
For any given x5 € C, we define an iterative sequence {x,} by

xo € C chosen arbitrary,
Xp+1 = OpXy + (1 - (xn)zn/

o.¢]
Zn = BuoXn + ) Bn,iTI%n, ¥ > 0.
i=1

(3.2)

Theorem 3.2 Let E be a real Banach space, C be a nonempty closed convex subset
of E. Let {T};2; be a countable family of uniformly total asymptotically quasi-nonex-
pansive mappings from C into itself with nonnegative real sequences {v,} and {y,} and
a strictly increasing continuous function ¢ :9* — R* such that {(0) = O,
F =N F(T)) #8 and Y ;2 (v + ua) < 00. Let {x,} be the sequence defined by (3.2),
where {§,, },i=0,1, 2, .. and {o,} are sequences in [0, 1] satisfying the following
conditions:

(a) for each n = 0, Y75 Bni = 1; If {x,} and § are bounded, then the following con-
clusions hold:

(1) for each p € §, lim,,_,.. ||x, - p|| exists;

(2) the sequence {x,} converges strongly to a common fixed point x* € § if and only
if liminf,_, ood(x4, §) = 0, where d(x,, §) = infyezllx, — I, n > 1.

Proof. (1) For any n > 0 and for any given p € § we have

[Xne1 =PIl < enllxn — pll + (1 — an)llzn — pII- (3.3)
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Denoting by M = Supnzo,peg{Han +||xn — pllI} < o0, from (3.2) we have

o0
zw =PIl < Buollxn = pll+ Y Buil Ti%n — pll

i=1

=< Bnollxy, —pll + Z,Bn,imxn — Pl + vl (I1%n = pII) + pn]

i=1
< Buolln =Pl + Y Builllxn = pll + vag (M) + pun]
i=1

< lxn =PIl + ¥us

(3.4)

where 7, = v,{(M) + u,,. By the assumption, ) oo, ¥, < oc. Substituting (3.4) into

(3.3) and simplifying we have

[1Xpe1 =PIl < ll%n —pll + ¥, YN > 1 and for each p € §.

(3.5)

It follows from Lemma 2.2 that lim,_,.. ||x, - p|| exists. The conclusion (1) is

proved.
(2) From (3.5) we have that

A(x441, F) < d(xn, §) + yn, for each n > 1.

Then Lemma 2.2 implies that lim,_ cd(x,, §) exists. By the assumption that

liminf,_, d(x,, §) = O, therefore we have lim,_, d(x,, ) = 0.

This completes the proof of Theorem 3.2.

Theorem 3.3 Let E, C, {T;,}32,, § be the same as in Theorem 3.2. If there exist con-
stants K, K* >0 such that {(¢) < K*t, Vt > K, then the sequence {x,} defined by (3.2) is

bounded and so the conclusions of Theorem 3.2 still hold.
Proof In fact, from (3.2) for any given p € §, we have that

[o.¢]
12w =PIl < Buollxn = pll + Y Buil T xa — pll

i=1

< Buolltn — bl + Y Builllxn = pll + vag (I1xn — pII) + ptn}

i=1
By the assumption, it is easy to see that

. (K, ifl—pll <K,
;(Hxn P||)§ {K*len—Pllr lf||xn—P|| > K.

This implies that
¢(llxn = pll) = Z(K) + K[l — plI.

Therefore, we have

[ee]

llzn — Il < Buollts —pll + > Buitllxn — pll + vlg (K) + K xw —plI] + pan)

i=1
< (1 +vK)|xn — pll + &n,

(3.6)

Page 5 of 10
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where &, = v,{(K) + u,. Substituting (3.6) into (3.3) and simplifying, we have that
a1 =PIl < (1 +vaK ")l = pIl + &n, Y1 = 1. (3.7)

By Lemma 2.2, for each p € §, lim,,_,.. ||%, - p|| exists, and so {x,} is bounded. The
conclusions of Theorem 3.3 can be obtained from Theorem 3.2 immediately.

From Theorem 3.3 we can obtain the following result:

Corollary 3.4 Let E, C be as in Theorem 3.2. Let 7; : C > C,i=1,2, .., m be m
total asymptotically quasi-nonexpansive mappings with nonnegative real sequences
{vin}, {#in} and a strictly increasing continuous function ¢; : R* — R* with £(0) = 0

such that § : = ﬂ’: F(T;) is nonempty and bounded, Y 72, (vin + fin) <00, i = 1, 2,
..., m. Let {x,} be the sequence defined by:

%o € C chosen arbitrary,
Xn+l = OpXy + (1 - O‘n)zn/

m
2y = BnoXn + Y BniTixn, ¥n > 0.
i=1

(3.8)

where {8, },i =0, 1, 2, ..., m, and {c,} are sequences in [0, 1] satisfying the follow-
ing conditions:

(a) foreach n 20,3 " Bni=1

If there exist constants K, K* >0 such that for each i = 1, 2, ..., m, {(¢) < K¥t, Vt > K,
then {x,} is bounded and the conclusions of Theorem 3.2 still hold.

Proof Let v, = maXi<;o Vip Pn = MaXi<icy Hin and { = maXic.,, ¢ then
>0 {vn + n} < 0o and ¢ : RT — R* is a strictly increasing continuous function with
{(0) = 0 and there exist constants K, K* >0 such that {(¢) < K*t, Vt > K. Therefore all
conditions in Theorem 3.3 are satisfied. The conclusions of Corollary 3.4 can be
obtained from Theorem 3.3 immediately.

If the space E is uniformly convex, and one of {7} is compact, then we can obtain
the following more better result.

Theorem 3.5 Let E be a uniformly convex real Banach space, C be a nonempty
closed convex subset of E and {Ti}{5) be a countable family of uniformly total asympto-
tically quasi-nonexpansive mappings from C into itself with nonnegative real sequences
{v,} and {y,} and a strictly increasing continuous function ¢ : R* — $R* such that {(0)
=0, F:=NZ F(T) #0 and > 021 (v + i) < 00, and for each i > 1, T; is uniformly
Li-Lipschitzian continuous. Let {x,} be the sequence defined by (3.2), where {8, }, i =
0, 1, 2, ... and {o,,} are sequences in [0, 1] satisfying the conditions (a), (b) in Theorem
3.2 and lim inf B, 0B, ; > 0 for any i > 1. If {x,} and § both are bounded and one of
{T}} is compact, then the following conclusions hold:

(1) limy oo [1%n — T}'%n]| = O uniformly in j > 1,

(2) the sequence {x,} converges strongly to some point p € §.

Proof (1) Since {x,} and § both are bounded and the norm ||-||* is convex, for any
given p € §, it follows from (3.2) that

2 2
[1%ne1 = pII™ = llonxn + (1 — an)zn — Pl

3.9
< aulltn = plI* + (1 —an)llzn — plI*. &)

Page 6 of 10
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By Lemma 2.1, for any positive integer j > 1 we have

[e.¢]
2 2
llzn = pII= = [1Bn,oxn + E BniTi'xn — plI

i=1

oo
(3.10)
< Buolltn = pII* + > Buil I Tixn — plI?

i=1

- ,Bn,OIBn,jg(“xn - T]’nxn”)
Since

TP — Pl < (1% — Pl + vag (1% — pII) + 12n)?
(Ixn = pll + vag (M) +Mn)2 (3.11)

2
||xn _p” + Vns

IA

IA

where

M= sup |[lx, —pll,
n>1,peF

Yn =l (M) + un)(vas (M) + pp +2M) — 0 (as n — o0)

First substituting (3.11) into (3.10), then substituting (3.10) into (3.9) and simplifying
we have that

lne1 = pI* < anlln = plI> + (1 = an) {Buollxn — plI?

+ 3 Builllxn = I + ¥a) = BuoBajg(llxn — T'xall)

i=1
< anlln = I+ (1= n){llxa = pII* + Yo — BuoBnig(I1%n — Ti'xnl1)}
< |l = pI* + vn — (1 — @) BroBn,g(I1xn — Ti'xall)}-
This together with Theorem 3.2 (1) shows that for each j > 1
(1 — &) Bn0Bni8(1%n — T'xall) < 11w = PII* + Yo — |1xni1 — plI> — O(as n — 0).
By conditions (b) and lim inf f,,0f,, ; > 0 for any i > 1, this implies that

lim g(llxn — Tj'xull) = O uniformly in j > 1.
n—-oo
By the property of g, we have that
lim |lx, — Tj'%,|| = O uniformly inj > 1. (3.12)
n—-oo

The conclusion (1) is proved.
(2) From (3.2) we have

oo
ner = Xl = (1= ct)llzn = Xall < Buil I T/ %0 — xall. (3.13)
i=1
For any given ¢ >0, from (3.12) there exists a positive integer 7, such that

X, — T'x,|| < € foralln>ng, and any i > 1.
i 4

Page 7 of 10
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This together with (3.13) yields that
[|%ns1 — Xu|| — O(as n — o0). (3.14)

By the assumption that, there exists a mapping in {7} which is compact. Without
loss of generality, we can assume that T is compact. Thus, there exists a subsequence
{T{"xn,} of {T7x,} such that T{*x,, — x* (as k — o) for some point x* € C. Since T is
L,-Lipschitzian, it is continuous. Thus we have T;T{*x,, — T1x* (as k — ). From
(3.12), we have that limj_, ooxy, = x* Also from (3.12) for each i > 1, limp_ oo T;" %y, = x*.
Thus for each i > 1, limy—, oo Ti T} "X, = Tix*. By (3.14), limy_, 0| [Xp,+1 — %, || = 0, it fol-
lows that limy— coXn,+1 = x*. Next, we prove that x* € F. In fact, for each i > 1, since T;
is uniformly L;-Lipschitz continuous, we have

1
" — Tix™[| < (16" — X | + X1 — T3 X ||

1 1 1

T der — T g I+ 1 T7 i, — Tid®|| 615
. )

< |lx* - Kpyr1 || + [ Xms1 — Tink+ X1l

1
+ LilIXnye1 — X || + 1T %y, — Tix*|| — 0 (as k — 00).

Therefore, we have x* = Tw*, for each i > 1. This implies that x* € §. But by Theo-
rem 3.2, for each p € §, lim, .. ||%, - p|| exists. Hence {x,} converges strongly to
x* € §. This completes the proof of Theorem 3.5.

Remark 3.6 By the same way as given in the proof of Theorem 3.3, we can prove
that if the condition “ {x,} is bounded” in Theorem 3.5 is replaced by the condition “if
there exist constants K, K* >0 such that {(¢) < K*t, V¢t > K“, then the conclusions of
Theorem 3.5 still hold.

Definition 3.7 Let {7}} be a family of mappings from C into itself.

(1) {7} is said to be a family of uniformly asymptotically nonexpansive mappings if,
there exists a sequence of nonnegative real numbers {v,} with v, = 0 (as n — o) such
that for any x, y € C and for any i > 1

ITix —Tiyll < (L+va)llx—yll, Vn=1. (3.16)

(2) {T}} is said to be a family of uniformly asymptotically nonexpansive in the inter-
mediate sense if, for each i > 1, T; is continuous and there exists a sequence {0,} of
nonnegative real numbers with ¢,, = 0 (as n — o) such that for any x, y € C and for
any i > 1,

TP =T < [l —yll + 0w V0 = 1. (3.17)

From Theorem 3.5 and Remark 3.6 we can obtain the following

Theorem 3.8 Let E, C be the same as in Theorem 3.5. Let {7} be a countable family
of uniformly asymptotically nonexpansive mappings from C into itself with nonnega-
tive real sequences {v,} such that §:= (>, F(Ti) is nonempty and bounded and
Y o2, vn < oc. Let {x,,} be the sequence defined by (3.2), where {8,, }, i =0, 1, 2, ... and
{at,)} are sequences in [0, 1] satisfying the conditions (a), (b) in Theorem 3.2 and lim
inf B8, 0B, ; > 0 for any i > 1. If one of {T}} is compact, then the conclusions in Theo-
rem 3.5 still hold:

Proof. Letting 4, = 0, Vn > 1, {(t) =t, ¢t 2 0, K = 0, and K* = 1, therefore we have
[IT'x — T'yll <Lllx—yll, YVn =1, and {(¢) = K*¢, YVt > 0. Again since v, > 0, {v,} is

Page 8 of 10
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bounded. Setting L = 1 + sup,; Vv, it follows from (3.16) that
[[Tix — Tiyll < Lllx—yll, Vn =1,

i.e., for each i > 1, T; is uniformly L-Lipschitz continuous. Therefore all conditions in
Theorem 3.5 and Remark 3.6 are satisfied. The conclusions of Theorem 3.8 can be
obtained from Theorem 3.5 and Remark 3.6 immediately.

Theorem 3.9 Let E, C be the same as in Theorem 3.5. Let {T;} be a countable family
of uniformly asymptotically nonexpansive in the intermediate sense from C into itself

with a nonnegative real sequence {0,} such that § := mool F(T;) is nonempty and
i=

bounded and ) 2, 0, < oo. Let {x,} be the sequence defined by (3.2), where {8, }, i =
0, 1, 2, ... and {o,} are sequences in [0, 1] satisfying the conditions (a), (b) in Theorem
3.2 and lim inf 8, of3,, ; > O for any i > 1. If for each i > 1, 7} is uniformly L;-Lipschit-
zian continuous and one of {T}} is compact, then the conclusions in Theorem 3.5 still
hold.
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