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Full list of author information is basis of Frobenius-Euler. Recently, several authors have studied some identities of

available at the end of the article Frobenius-Euler polynomials. From the methods of our paper, we can also derive
many interesting identities of Frobenius-Euler numbers and polynomials.

1 Introduction
Let A(# 1) € C. As is well known, the Frobienius-Euler polynomials are defined by the
generating function to be

1-A
el — A

Xt (x|A)E = "
=M=y H ) — M
n=0 :

with the usual convention about replacing H” (x|1) by H,(x|1) (see [1-6]).
In the special case, x = 0, H,(0|A) = H,(A) are called the nth Frobenius-Euler numbers.
Thus, by (1), we get

(HO) +1)" = AH, (2) = Hy(1[2) = AH,(A) = (1= 2)30,0, (2)

where 8y, is the Kronecker symbol.
From (1), we can derive the following equation:

H,(x|2) = (H() +x)" = Z (7)Hnl(k)xl (see [6-16]). (3)

0<i<n

Thus, by (3), we easily see that the leading coefficient of H,(x|A) is Ho(A) = 1. So, H,,(x|2)
are monic polynomials of degree n with coefficients in Q(A).
From (1), we have

oo
£ (1-n)e It 1)
> (Hale +112) = AH, (x]2)) = _Q-NemE e (4)
— n! el — X el — A
Thus, by (4), we get
H,(x+1|\) —AH,(x|\) =1 -A)x", fornelZ,. (5)
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It is easy to show that

d

d n
d—an(xp\) = d—x(H(A) +x)" =nH,(x|») (neN). (6)
From (6), we have
1 p—
/ Hy @A) dx = —— (Hy (1) ~ Hya () =~ Hy (). 7)
0 n+1 n+1

Let P,(X) = {p(x) € Q(1)[x] | deg p(x) < n} be a vector space over Q(A). Then we note that
{Ho(x|A), Hi(x|A),..., H,(x|1)} is a good basis for P, (1).

In this paper, we develop some new methods to obtain some new identities and proper-
ties of Frobenius-Euler polynomials which are derived from the basis of Frobenius-Euler
polynomials. Those methods are useful in studying the identities of Frobenius-Euler poly-

nomials.

2 Some identities of Frobenius-Euler polynomials
Let us take p(x) € P,(A). Then p(x) can be expressed as a Q(A)-linear combination of
Hy(x|A),...,H,(x|)\) as follows:

P&) = boHo(xIA) + by (x|1) + -+ + byHu(x|1) = Y biHi(x[3). (8)

0<k<n
Let us define the operator A, by
gx) = 8, p(x) = p(x +1) - Ap(x). )

From (9), we can derive the following equation (10):

g) = 2ap) = Y br(Hile+1[A) = AH(xlA) = (1= 2) Y et (10)

0<k<n 0<k<n

For r € Z,, let us take the rth derivative of g(x) in (10) as follows:

@ =0-2) Y k(k=1)-(k=r+1)ba’”, whereg"”(x) = 78 (x). 11)
r<k<n dx"
Thus, by (11), we get
ry 48X |
g0 =22 —-nr, (12)
From (12), we have
(0 1
- 20 (P ) - 2p"(0)), (13)

T A= A=-nr

where r € Z, and p(0) = d;‘; (,x) |x=0. Therefore, by (13), we obtain the following theorem.
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Theorem 1 For A(#1) € C, n € Z,, let p(x) € P,(A) with p(x) = ZOfkfn biHi(x|A). Then

we have

1
A=Ak

1

- - K (1) — 2 &
b= vk (M - 1Y ().

%)

Let us take p(x) = H,(x|»™!). Then, by Theorem 1, we get

Hy(x37") = Y bieHi(x[2), (14)
0<k<n
where
b= — "—!{H (A = 2H,e (A7)}
APV R ST "
1
- = (Z ) {Hui (UAT) = AH, (A7)}
1 1
=15 (Z) { Q-0+ T Hk (A1) = AH,_ (A7) } (15)

By (14) and (15), we get

H, (%127
——lH (x|2) +Zn: () H, o (A7h) - * Z)H (A7) {Hi(xl2)
= Py n an )\(1 — )\.) n-k 1-x n—k k
1 () 1+A -1
__an(x|x)+k20:( k) ——H i (A1) Hix12). (16)

Therefore, by (16), we obtain the following theorem.

Theorem 2 Forn € Z., we have

JH,(x1371) + Hy(x12) = 1+ 2) D (:>Hn_k(A1)Hk(x|x).

0<k<n

Let

p@)= > Hex|\H,i(x]2) € Py(1). (17)
0<k<n
From Theorem 2, we note that p(x) can be generated by {Hy(x|1), H1(x|A), ..., H,(x|A)} as

follows:

p@)= > H&NH,kx[2) = Y biHi(x|h). (18)

0<k<n 0<k<n
By (17), we get

(n+1)!

e 2 Hek (), 19)

k<l<n

PO =
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and

1

b= 1= M!
B (n+1)

T A-Mk(n—-k+1)!

(PP 1) - 1p"(0)}

n

> {H QU H,(UR) = 2Hik () H, ()}
1=k

- m (Z) > {(AH (1) + (0= 2)80,-) (MHinot + (1= 1)S0,1-1)
I=k

— MHy_ (W H, (M)

- m (’Z) > (AL = )80 1 cHmi(3) + 11— 3)
I=k

x Hi_c()80,n-1 + (1 = 1)*80,1-k80,n-1 + M (h = D Hy_ (M) Hy_y (1) }

_ m (Z) S (RO = DHx(OH () + 21— 2)
I=k

X Hy k() + M1 = M Hy k(1) + (1= )8,

B n+1
Tn-k+1

(Z) S R H OV Hooi(3) + 20H, 1 (3) + (1= 28,01 ). (20)
I=k

From (18) and (20), we have

> H@WH,x(x|2) = (n+1) Y (;) o D ACHHL G ()
0<k=n o<ken1 T TR S,
+ 20H,, (M) JHic(x|A) + (1 + 1) Hyy (%] 1). (21)

Therefore, by (21), we obtain the following theorem.

Theorem 3 Forn € Z,, we have

% 3" Hi@lMH,ixl0)

0<k<n

Let us consider

plx) = g mmxmw_mm € Pu(). (22)

By Theorem 1, p(x) can be expressed by

px) =) beHi(xIh). (23)
k=0
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From (22), we have

p(,) (x) = o9 i Hk—r(xM)Hn—k(xM)

G—rin—ky %) (24)

k=r
By Theorem 1, we get

Sl - p00)

2/(—1 n

1
= ([=K)(n-1)! {

by =

H_ (LA H,(1|A) = AH - (M) H,—i (1) }

2k—1 n

=0 ; =D k)!l(n yy {(AHLk () + (1= )80,k ) (AMH et (M) + (1 = 1)80,4-1)

— AHy_ (W H, (V)

2 (I = DH L (W oy (h) 201 = 2)H (%)

= * +(1-2)%
k= (L= k)l(n = D)! (n—k)! (1= 2)"8k
k-1 H (MH,_1(}) 20(1-A)H,_; (V) .
_ 2 Zl k I k(n D IS s k b, ifk Zn, (25)
_ m ifk=mn

n! ’
Therefore, by (25), we obtain the following theorem.

Theorem 4 For n € Z,, we have

Z K(n ! —)! Hk(xM)Hn x(x|A)

0<k<n

2t A =DH_ (AMH,—(A) 201 = A)H,,4(A)
s Z{ (== (n=h) }Hk(xm

0<k<n-1 k! k<l<n

n-1
MH (I,

3 Higher-order Frobenius-Euler polynomials

For n € Z,, the Frobenius-Euler polynomials of order r are defined by the generating func-

tion to be
1-2 rext _ eH(r)(xM)t
el —\ -
oo tn
=D HP ), (26)
n=0 :

with the usual convention about replacing (H"(x|1))" by H,(,r)(xM) (see [1-10]). In the
special case, x = 0, HLV)(OM) = H,Sr) () are called the nth Frobenius-Euler numbers of order
r (see [8, 9]).
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From (26), we have

HO @A) = (HO () +x)" = (’Z)H,i”,(x)x’, (27)
1=0

with the usual convention about replacing (H"(1))" by Hf,r)(k).

By (26), we get
HOG0) = Y (m nZ” } )Hm (A)- - Hy, (3, (28)

ny+e+np=n

where ( 1 From (27) and (28), we note that the leading coefficient of

n ) !
ny,ng,.ny)  mplngleeny!t

HY(x|1) is given by

Hér)(k): Z (m,nz,n...,m)Hnl(M..'Hn’(k)

ny+-+np=0

=Ho(A)---Ho() = 1. (29)

Thus, by (29), we see that H is a monic polynomial of degree n with coefficients in Q()).
From (26), we have

HP(x|1) =«", fornelZ, (30)
and
I ) d ) I
H (x|7) = —(H"(\) +x)" =nH,”, (x[2)  (r=0). 31)
0x dx

It is not difficult to show that
HY (e +113) = AHD (x|1) = 1= A)H D (x]2). (32)
Now, we note that {Hér) (xl)\),Hfr)(xl)L), ..., HD (x|} is also a good basis for P, (1).

Let us define the operator D as Df (x) = % and let p(x) € P,(1). Then p(x) can be writ-

ten as

p) =Y CeHY (x]3). (33)
k=0

From (9) and (32), we have
A HD (x(A) = HO (x +110) = AH (%] 1) = (1= A)HT D (%] 1). (34)

Thus, by (33) and (34), we get

ALp() = (L= 1)) CeH (wla) = (1= 1)) Ces*. (35)
k=0 k=0

Let us take the kth derivative of Al p(x) in (35).
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Then we have

DF(Alp@) ==Y 0 — k)‘Clxl_k. (36)
1=k ’
Thus, from (36), we have
k(AT r - l‘Cl -k r
DN(ASp(0)) = (=2 T’ = A-MRG (37)
I=k :
Thus, by (37), we get
_ DM(Ap(0))
A=Ak
_ AJ(D'p(0 1
o S () 39

Therefore, by (33) and (38), we obtain the following theorem.

Theorem 5 Forr e Z,, let p(x) € P,(A) with

> CGHY 1Y) (Cee Q).

0<k<n

plx) = - )\),

Then we have

Ck (1 )\')rkl Z Q)( )")r 1ka(/)

0<j<r

That is,

px) =

L=y A)’ (Z Q)( Rl ) H )

0<k<n “0<j<r

Let us take p(x) = H,(x|1) € P,(X). Then, by Theorem 5, p(x) = H,(x|1) can be generated
by (H (x|2), H (), ..., HY (x|1)} as follows:

Hyxl) = > CGeH (@l2), (39)

0<k<n

where

Z Q)( Ay Dkp (40)

0<}<r

and

PP(x) = Dfp(x) = n(n = 1) - - (n — k + 1)) H,_x(x[1) = (n%!k)!m_k(xm. (41)
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By (40) and (41), we get

Co= = A),( ) > (1) 2T Hy i (j12.)- (42)

o<j<r
Therefore, by (39) and (42), we obtain the following theorem.

Theorem 6 ForneZ,, we have

H) = ¥ ( )(Z Q)( AYH, k(;m) ).

0<k<n 0<j<r

Let us assume that p(x) = H,Sr) (x]2).
Then we have

Pr@)=nn-1)---(n—k+ 1H, (x|k)

-5 ‘ !k)!HL’}k(xM). (43)

From Theorem 1, we note that p(x) = H,(f) (x|1) can be expressed as a linear combination
of Ho(x[A), Hi(x[A),..., Hy(x[1)

HP(x[2) = ) biHi(x|), (44)
0<k<n
where
1
be= T (@) - 2pM(0)}

n!

= Tk ) = AH ) (45)

By (34) and (45), we get
b = (Z)Hff_‘,})(k). (46)

Therefore, by (44) and (46), we obtain the following theorem.

Theorem 7 Forn € Z., we have

HYxl2)= Y (Z)Hy—kank(xm.

0<k<n

Remark From (2) and (37), we note that
d(1-x 1-¢ 1 Q-2 @-xr)?,
il = = - e
dr\ et — A (et=2)2 @-2)2\(et=1)2 (et —A)?

1 Q-1 @-x?%,,
- (I—A)2<(et—k)2 “e o _A”))
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1 (-2 1-a
C1- )»((ef A)? et—k>

1 o0
= 2; @) - H, (A))

n

and

d> [(1-x 1- 2! 1-2)2 @Q-ir?,
dﬂ( —A) et x)s (1= (( A)3_(ef—k)3e)

A-2F  (A-27 ,
<(ef ARV '“A)>
(1-2)° (1 %)
(655

ZZ (HP () - HZ(A))tn

n!’
n=

Continuing this process, we obtain the following equation:

d(1-1\ K L=k @=a)k

W(et—k) ) (1—A)k((et—>»)k+l - (et—wk)
K
-k

n

Nk
=
X

Il
(=}

y (1), (2) and (49), we get

dk

S0 = (HED) - HP (),

-2y

where k is a positive integer (see [7, 8]).
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