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1 Introduction
Let us denote

1/p

Hp(f,g):(/abf’”(x)d[g”(x)])l/p, ﬁp(f,g)=(/ﬂbf”(x)d[—g”(x)]) ,

00 d 1/p - x d 1/p
Gy(f,x) = (/ (t“f(t))PTt> and G,(f,x) = </0 (taf(t))th> ‘

We consider the following theorem of Heinig and Maligranda.

Theorem 1.1 [1] Let —oo0 < a < b < oo and let f and g be positive functions on (a, b), where
g is continuous on (a, b).
(a) Suppose that f is a decreasing function on (a, b) and g is an increasing function on
(a,b), where g(a + 0) = 0. Then, for any p € (0,1],

Hi(f,g) < Hy(f,g). 1)

If1 < p < oo, then the inequality (1) holds in the reversed direction.
(b) Suppose that f is an increasing function on (a,b) and g is a decreasing function on
(a,b), where g(b - 0) = 0. Then, for any p € (0,1],

H(f,g) < Hy(f,g). (2)
If1 < p < oo, then the inequality (2) holds in the reversed direction.

We consider positive real valued functions f, g defined on an interval (a, ), —0co0 <a <
b < 00. We say that f is C-decreasing (C-increasing), C > 1, if f(x) < Cf(y) (f(y) < Cf (%))
whenever y <x, y,x € (a,b).

Now, throughout the paper, f is nonnegative and g is a positive function. Some exten-
sions of Theorem 1.1 were obtained in [2] as follows.
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Theorem 1.2 [2] Assume that 0 <p < g <00 and —00 <a<b < co.
(a) Iff is C-decreasing and g is increasing and differentiable such that g(a + 0) = 0, then

Hy(f.g) < C"1H,(f.9). (3)
(b) Iff is C-increasing and g is increasing and differentiable such that g(a + 0) = 0, then

H(f.9) = C1 7 Hyf, ). @)
(c) Iff is C-increasing and g is decreasing and differentiable such that g(b — 0) = 0, then

H,(f,9) < C"1H,(f.g). 5)
(d) Iff is C-decreasing and g is decreasing and differentiable such that g(b — 0) = 0, then

Hy(f,9) = C Uy g). ©)
As a special case, we consider C-monotone functions with respect to power functions.
For C;,C, > 1, —00 < a1 < oy < 00, we say that f € Q¥((C) if f(x)x™ is C;-increasing

and f € Qq, (Cy) if f(x)x7*2 is C,-decreasing.

Theorem 1.3 [2] Let 0 < p < g < 00.
() Iff € Q1 (C), @ > a1, then for any x > 0,

Gq(f; x) Spl/pq_l/q(ot _ al)l/p—l/qcl—p/qu(f, x) (7)
(b) Iff € Qu, (C), a2 > a, then for any x > 0,
éq(f:x) Spl/pq—l/q(o[2 _ a)l/p—l/qcl—p/q@p(ﬂ x) (8)
2 Main results

In this paper, we prove some improvements and refinements of the above results by using

the log-convexity method [3]. We consider the following theorem.

Theorem 2.1 Let ¢ : [0,00) — R be a convex and differentiable function such that ¢(0) = 0
and let —0o <a<b < 0.

(a) Iff is C-decreasing and g is increasing and differentiable such that g(a + 0) = 0, then

b b
¢<C / fx) dg(x)> >C / o' (f(0)g () )f (x) dg (). )

(b) Iff is C-increasing and g is increasing and differentiable such that g(a + 0) = 0, then

1 b 1 b
¢<E/; f(x)dg(x)> < E/a ¢’ (f(0)g(x))f (%) dg(x). 10)
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(c) Iff is C-increasing and g is decreasing and differentiable such that g(b —0) = 0, then

b b
¢<c / f(x)d[—g(x)]> >c / ¢ (fe@)f o) d[-g@)]. a

(d) Iff is C-decreasing and g is decreasing and differentiable such that g(b — 0) = 0, then

1 b 1 b
¢<E /ﬂ f(x)d[—g(x)]> =z /ﬂ ¢ (f(x)g()f (%) d[-g()]. 12)

(e) Ifthe condition ‘¢ is convex’ is replaced by ‘¢ is concave; then all the inequalities
(9)-(12) hold in the reversed direction.

Remark 2.2 Itwas given in [2] that ¢ is a nonnegative convex function, but from the proof
of Theorem 2.1 given there, it is clear that the results are still valid without the condition

of nonnegativity of ¢.

Remark 2.3 For the special case ¢(x) = x”, p > 1, the formulas (9)-(12) are as follows:

HY(f,g) = C'PHE(f, g), (13)

HY(f,g) < C"'HE(f, g), (14)

HI(f,g) = C'PHE(f, g), (15)
and

H{(f.g) < C*UHE(f, 9). (16)

If the condition p > 1 is replaced by 0 < p < 1, then all the inequalities (13)-(16) hold in the
reversed direction.

We consider the following functionals.

(M;) Under the assumptions of Theorem 2.1(a), we define a linear functional as

b b
L) :¢<c / ) dg<x>> —c( f & (@) ) dg(x)).

(M) Under the assumptions of Theorem 2.1(b), we define a linear functional as

b b
20 ¢ ([ ¢ ey ) -o( g [ rwde).

(M3) Under the assumptions of Theorem 2.1(c), we define a linear functional as

£3(9) = ¢>(c / bf(x)d[—g(x)]) - c( / b¢'(f<x>g(x>)f(x)d[_g(x)]).
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(M4) Under the assumptions of Theorem 2.1(d), we define a linear functional as

Li9)- ( [ 8 (e @ d[—g(x)]) ¢ (é / f) d[—g(x)]).

Remark 2.4 Under the assumptions of Theorem 2.1 with ¢ as a convex function, the
linear functionals £;(¢) >0 fori=1,...,4.

We will consider the classical method from [3] (see also [4] and the references given in it)
to prove the log-convexity of the functionals defined as above by considering a convex

function defined in the following lemma.

Lemma 2.5 Let a family of functions ¢, : [0,00) — R, p > 0, be defined by

¢p(x) = 17)
xlogx, p=1,
with 010g0 = 0. Then ¢, (x) = xP72, that is, ¢y, is convex for x > 0.
Let us denote
b 1 n
k6.0 - ([ (7 +mswew) rodee))
and
~ b1 "
R - ([ (5 mroew) rwal-¢e))
Using functions defined in Lemma 2.5, we get
CPHY (f.g)-CHy (f.g)
- (-1 01 1’
Ligp=| D p>or? 18)
CH} (f,g) In(CH} (f,g)) - CK}(f,g), p=1,
SHY(f.9)- 25 HE (f0)
c’p cP1 , 0’ 1’
L@p=], Y 1 p>ors 19)
SKI(f,9) — tHI(f,.@) In(¢HL(f,2), p=1,
CPHY (f,)-CHL (f )
—7 0’ 1,
Lag)=1 _ 70 y p>0p7 (20)
CH;(f,g)In(CH,(f,)) - CK{(f.9), p=1,
LHY(f.9)- 25 HY (f )
L AL e i S ALy 0, 1,
Lol ={ _ o0 p>or? 1)

eI 9) - EHI. O IH (), p=1.
We will prove the log-convexity and related results for functionals £;, i =1,...,4.

Theorem 2.6 Let linear functionals L;, i =1,...,4 be defined as above and L;(¢,) be pos-
itive. Then fori=1,...,4,
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(a) forallp,q>0
L3 (pesa) < Li(dp)Liley), (22)

that is, p — Li(¢,) is log-convex in the Jensen sense;
(b) also, p > Li(¢p) is log-convex; that is, forp < q < r (p,q,r € R*)

(Lidg) " = (Lidp)) (L))" (23)

Proof (a) Suppose thati=1,...,4 is arbitrary.
We shall use the idea from [3, Theorem 4]. Let us consider the function defined by

M) = WPy (x) + 2uwe, (x) + W y(x),

prtq

where r = 5%, u,w € R. We have

A (x) = ?xP72 + 2uwx™? + wial 2 = (ux
Therefore, A is convex for x > 0. Hence, £;(1) > 0, that is,
U’ Li($p) + 2uwLi($,) + wLi(¢g) = 0,
and therefore we get (22).
(b) Since L; is continuous, so it is log-convex. Therefore, (23) is valid too.

Since i was taken to be arbitrary, so the above results hold for all i = 1,..., 4. 0

Corollary 2.7 Ifs>0,p<q<r(p,q,r € R*) and p,q,r #s, then the following inequalities
hold:

[Cqu(f,g) - CSHZ(f,g)}”’ - [C”Hf(f,g) - CsHﬁ(f,g)}’q

q(q—s) - pp—s)
8 [C’Hs’(f,g) - CSHI(f,g)]‘”’ (24)
r(r—s) ’
[éHZ(f,g) - éH?(f,g)}”’ - [éHZ(f,g) - éHf(f,g)}’q
q(q - ) - pp-s)
y [éHf(f,g) - %H!(f,g)]” 25)
r(r-s) ’
[cqﬁf (f,9) - CH(f, ) r - [cpﬁf (f,9) - CHy(f.g) }"q
q(q—s) - pp—s)
y [C’fi'(f,g) -CH(f.g) ] 26)
r(r—s) ’
[éﬁg(ﬁg) - éﬁf(f,g)}’” - [éﬁlﬁ(ﬂg) - éﬁf(f,g)}’q
q(q - ) - pp-s)
y [%ﬁf(f,g) - %ﬁs’(f,g)]” o)
r(r-s) '
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Proof For i =1, we have

CP([) f() dgx)y - C fﬂ@dwxﬂ
plp-1)

£1(¢p) =

Since s > 0, so p/s < gq/s < r/s. Also, for f is C-decreasing, f* is C*-decreasing. We make
substitutions f — f*, g — g%, C — C*, p — p/s, q — q/s, and r — r/s in (23). We get

r=r
s

[Cqu(f,g CSHq(fg :|

(g-5)
2

[@wvg oﬂmmT¥
p(pfs

r(r—s)

2

q-pr
[WWgommy

After simplification, we get (24). Similarly, for i = 2,3,4, we get (25)-(27) respectively.
O

Remark 2.8 From the inequalities (24)-(27) for (g < s), we get the refinement for inequal-
ities obtained from Theorem 1.2 and reversion when (g > s). Of course, we can get such

refinement and reversions in all other cases for p, s and 7, s.

Corollary 2.9 Fors>0,p<q<r(p,q,r € R*) and p,q,r #s.
(@) Iff € Q*(C), a > ay, then for any x > 0, the following inequality holds:

[Cq[ s(a — o) GI(f, x) — C[q(a — an)]GL(f, x)i|r_p

q(q -5s)
|:Cp [s(e — )PP GE(f, x) — Co[plor — ) ]1GH(f , % ]r_
plp-s)
" [C’[s(a —a)"*GI(f,x) - Co[r(a - ozl)]G;(f,x)]q_p' 28)
r(r-s)
(b) Iff € Quy (C), a2 > a, then for any x > 0, the following inequality holds:
[cq [s(crz — )] GI(f, %) — C*[q(er2 — @)1 Ga(f, ) }"P
q(q -s)
B [CP [s(et2 = )P GE(f, %) — Clpleta ~ )] GH(f, x)]"q
B pp-s)
I:C’[s(ocz Q)V5GI(f, %) — C[r(a — )]GS, x)i|q Ed (29)
r(r—s)

Proof (a) It is a simple consequence of Corollary 2.7. Since f € Q*1(C), by making substi-
tutions f — f(£)t~* and g — £~ in (26), we get (28).

(b) Since f € Q*2(C), by making substitutions f — f(£)t™2 and g — £~ in (24), we
get (29). O

Now, we state and prove the Lagrange-type mean value theorem for the linear function-
als £;,i=1,...,4 defined by (M;)-(Ma).
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Theorem 2.10 Let L;, i = 1,...,4 be linear functionals defined by (M;)-(My) and ¢ €
C2[0,a), a > 0, such that ¢(0) = 0. Then there exists &; € [0,a) such that the identity

£ =", w) (30)

holds fori=1,...,4.

Proof Fixi=1,...,4.
Since ¢” is continuous on [0, a], it attains its maximum and minimum value on [0, 4].
Let

m= min {¢"(x)} and M= Ir%gx]{q&”(x)}.

x€[0,a)

Let us consider functions Fy, F; : [0,a] — R defined by

2 2
Pl(x):M%—qs(x) and  Fy(x) = p(x) - m—.

2
Clearly,
F{(x)=M-¢"(x) >0,
and

Fy(x)=¢"(x) —-m >0,

so Fi, F, are convex functions. Also, F1(0) = 0 = F,(0). Hence, from Theorem 2.1 for F; and
F, respectively, it follows

Li¢) < %’zi(ﬁ) (31)

and
Li(9) = SLi(+). (32)
Combining (31) and (32), we get
%Ei(xz) < Li(¢) < 1\2—/[£i(x2).

If £;(x®) = 0, then £;(¢) = 0 and (30) holds for all &; € [0,4]. Otherwise,

2Li(¢
Li(x?)

~

m=

Since ¢” is continuous, there exists &; € [0,a] such that (30) holds and the proof is com-
plete. O
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Theorem 2.11 Let L;, i = 1,...,4 be linear functionals defined by (M;)-(M4) and ¢,y €
C?[0,a), a > 0, such that $(0) = 0 = Y (0). Then there exists &; € [0, a] such that the identity

LA®) _ 9"&)
L)~ V@)

(33)

holds for i =1,...,4, provided that denominators are nonzero.

Proof Fix 1 <i <4 and define L € C?[0, 4] in the way that

L= C1¢ - CZI/,I

where ¢; and ¢, are defined by ¢; = £;(¥) and ¢; = £;(¢). Now, from Theorem 2.10 for the
function L, it follows

(Cl ¢//;Ei) — ¢ W//z(%-l))ﬁl(xz) -0. (34)

Since for (33) the denominators are nonzero, we have £;(x?) # 0 (because if it is zero, then
L;(yy) = 0 by Theorem 2.10). Therefore, (34) gives (33). O

Corollary 2.12 Let L;,i=1,...,4 be linear functionals defined by (M;)-(Ma). For distinct
positive real numbers | and r different from one, there exists &; € [0, a] such that

L rr=DLi)
S= (1 - 1)Li(x7) (85)

holds fori=1,...,4.

Proof Taking ¢(x) = x/ and v (x) = ™ in (33), for distinct positive real numbers / and r
different from one, we obtain (35). O

Remark 2.13 Since for fix i = 1,...,4 the function & — &/, [ #r is invertible, then from
(35) we get

- (r(r ~1L;(H

=
m) SM, 7’7-/1,1”,17-/1. (36)

3 Cauchy means
In this section we deduce Cauchy means from Theorem 2.11. Suppose that ¢”/v" has
inverse. Then (33) gives

(e -l(ciw))
5“(1#//) L) (37)

We conclude that the expression on the right-hand side of the above equation is also a

mean. For r,/ € R*, we define the Cauchy means

. r(r—1)Li(x%)
M (l(l—l)ﬁi(x’)

Lr —

)ﬁ, r#lrl+#1. (38)
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Also, we have continuous extensions of these means in other cases. Therefore, by limit,
we have the following:

1o CTHI(f.@)In(CHL(f.g))-CKL(f.0)
o xXp(ony + —CH o T r#1 (39)
nr= exp(] + CHI(f,g)(ln(CHll(f,g)))2+CH%(f»g)—CK12(fvg)) -1
p 2(CHL(f,9) In(CHL(f.9)-CKl(fg) ’
1.1 1 15r 171
1-2r , cKr(fg)-arHi(fg)In(cHi(fg)
e exp(oy + (LH(f9)- & H] (f.0)) ) r#h 40
rr —LH(F9+ KR (9~ L HI(F.)(n(EH] (f,)? o
exp(-1+ T e, =1,
ALK (F.)-LHL(F.9) In(EH (F.9)
12r . CTH{(f.9)In(CHL(f,6)-CRL(f )
M3 exp(ip + (CH] (f.9)-CHL(f.9) ) r#l (41)
rr = exp(<1 + cﬁl(/,g)(ln(cﬁ}(f,g)>)2+C1711(ﬁg)—C1~<12(ﬁg)) 1
P 2(CH](fg) n(CHl (f,0)-CKl(f.0) ’
171 17 L 7yl
1-2r ?Krva)_ﬁHl(f’g)ln(?Hl(f’g))
M= X * T AR S Fve ) r#l 42
rr ~LAl .o+ R (9~ LN .9 (2 HL(F.0)? )
exp(—1+ S et paC L e —ee), r= 1
A &KL (f.g)- ¢ H(f.9) In(L HL (f.0))

We also need the following result (see, e.g., [5]).

Lemma 3.1 If ® is a convex function on an interval  CR and ifr <u, I <v,r #L, u#v,
then the following inequality is valid:

(43)

() - d(r) - d(v) - dD(u)'

l-r - v—u

Now, we deduce the monotonicity of means defined by (38) in the form of Dresher’s
inequality as follows.

Theorem 3.2 Let Mf,r be given as in (38) and r,l,u,v € R* be such that | <v,r < u. Then

M, <M., i=1..,4 (44)

Proof By Theorem 2.6, L; is log-convex. We set ®(/) =log L;(¢;) in Lemma 3.1 and get

log Li(¢1) —log Li(¢r) _ log Li($y) —log Li(¢u)

l-r v—u

. (45)
By using the properties of a log function, we get immediately (44). g

Corollary 3.3 For distinct positive real numbers [, r and. s, there exist §; € [0,al,i=1,...,4
such that the following identities hold:

L 1r=s)(C'"H!(f,9) - C'H[(f,2))

= , 6

Y II-s)(CTH(f,g) - C*HL(f,g)) (46)
L, rr=s)(&H](f,9) - ZHL(f.g)

5 = 1 T , (47)
Il -s)(H/(f.8) - H!(f,8))

vy _ 1 =9)(C'H(f.9) - CH|(f.9) (48)
* T I-s)(CTH!(f.g) - C:HI(f.g))
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L rr=s)(&H(f.9) - GHI.9) @9)
Y- s)(GH(f.9) - SHI(f.9)

Proof For i = 1, making substitutions f — f*, g — ¢°, C — C*, ¢(x) = x/%, and ¥r(x) = x"/*
in (33), we get (46).

Similarly, for i = 2,3, 4, making substitutions as above in (33), we get (47), (48) and (49)
respectively. O

Remark 3.4 Since the function & — ., 4, from (46)-(49), we
can again formulate the corresponding Cauchy means for distinct positive real numbers

g/ is invertible forall i = 1,
[, rands.

They are given as follows:

s)(C'HL(f.0)-C*H|(f.g)

r(r— 1
( (l—s) C'H (f.9)-CHJ (f.9)) )’ I#r#s,
e e e Lfr=s
M} _ I(1-s)(CSHS (f.) In(CS HS (f g))~sCSKi (f.g) T 7 =S, 50)
IS
v s=2r | (CCHI(f))"* In(C*H(f.))-sC*K}(f g) B
exp( r(r—s) + s((CSHsr(f,g))r/s—CSHrr(f,g)) ): l— r #S,
_1 | CSH(f@)(n(CSHS(f,9))2 +CoHS (f,)-s2 C*K2 (f ) o
eXp( s + 2s(CSH; (f,g) ln(CSHSS(f,g))—sC-‘I(Sl(f,g)) )’ l=r= S,
- i Hire
= l
(o éHy’(fyg)—%Hs’(ﬁg))) ’ #Ar#s,
lsHl(/g L (f.0) .
( s(g cl )E, ) I

1-5)( &5 K2(f.@)~(&s HE(f.9)) In( s HE (f.0)))
MIZ,V,S = s Cf rCS r/s s (51)
2r €1<r (f’g)_ ﬁHs (fvg ln ﬁHx (fvg))

exp(3= (EHTO—Cmle ) I=ris,
S 2 s &
L
Ll 77l
s roiss
) 7l
3 _ (za—s)(csIigff,gsl(x{fc)s_l{c;ggi))631<é(ﬂg)))l%s’ #r=s (52)
" | g, 1
o BT 1
(LAl e)- L RS,
(Vz((rzs)s()(c%cﬁféf(;iga?;ﬁ;?)ﬁ’ r#l#s
((l_s) S Klésﬁl(fg Slzﬁ’(fg) S )71_5’ Lr_s
Mirs = g)—KC : )ﬂfg_llr;rf;ffff/sgm S ) (53)
xR+ géﬁc(f@/g cxﬁf(?,sg»x =), L=rds
exp(L + el (fg)+csl<2(fg cHTOIGHRYOP)

255 K (.0)~( s H3 (.0 In( s S (f )

Corollary 3.5 LetMl”, i=
r<u. Then

..,4 be given as above and r,l,u,v;s € R* be such that [ <v,

i i
Ml,r,s M

VU,

i=1,...,4. (54)

Page 10 of 11


http://www.journalofinequalitiesandapplications.com/content/2012/1/301

Butt et al. Journal of Inequalities and Applications 2012, 2012:301 Page 11 of 11
http://www.journalofinequalitiesandapplications.com/content/2012/1/301

Proof By Theorem 3.2,

M, <M., i=1..,4

= vu’

Fors>0,wesetf — 5, g — g°,C— C°, [ — l/s,r — r/s,u — v/sand r — v/s in the above
inequality for means and get (54). d
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