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Abstract

In this paper, we employ a fractional g-integral on the specific time scale,

T,, = {t:t=1tg",n a nonnegative integer} U {0}, where {r e Rand 0 < g < 1, to
establish some new fractional g-integral Griiss-type inequalities by using one or two
fractional parameters. Furthermore, other fractional g-integral inequalities are also
obtained.
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1 Introduction

In the past several years, by using the Riemann-Liouville fractional integrals, the frac-
tional integral inequalities and applications have been addressed extensively by several
researchers. For example, we refer the reader to [1-6] and the references cited therein.
Dahmani et al. [7] gave the following fractional integral inequalities by using the Riemann-
Liouville fractional integrals. Let f and g be two integrable functions on [0, oo) satisfying

the following conditions:

1 Sf(x) E @2, wl Sg(x) S 1//2, »1, P2, 1/’1: 1,[f2 € Rr X € [01 OO).

Forall£>0,« >0 and 8 > 0, then

a 2
J“(fg)(t) Jof@J° < <ﬁ> (2 — 1) (W2 — Y1)

s

and

2
B o o B B o
(F( ] (fg)()+mg 1)1 (o)) =T f )] g(t) - T f ()] g(t)>

t* o " e
S((‘sz—/f(t))</ft) (ﬂlr(ﬂ 1)>+<]f(t)—¢1m)
l3 1 /3
_ 7B g B
(wz = /f(t)))((%r(ml) ] g(t))(f e~ 1))
[ P
+<]“g(t) 1/f1 e )><1/f2 N fﬂg(t)>>-
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To the best of authors’ knowledge, only some fractional g-integral inequalities have been
established in recent years. That is, only Ogiinmez and Ozkan [8], Bohner and Ferreira [9]
and Yang [10] obtained some fractional g-integral inequalities. With motivation from the
papers [7, 11, 12], the main purpose of this article is to establish some new fractional g-
integral inequalities. First of all, by using one or two fractional parameters, we establish
some new fractional g-integral Griiss-type inequalities on the specific time scale T, = {¢:
t = toq", n a nonnegative integer} U {0}, where ¢y € R and 0 < g < 1. In general, a time scale
is an arbitrary nonempty closed subset of real numbers [13]. Furthermore, other fractional

q-integral inequalities are also obtained.

2 Description of fractional g-calculus
In this section, we introduce the basic definitions on fractional g-calculus. More results
concerning fractional g-calculus can be found in [14-17].

Let £y € R and define Ty, = {t: t = foq", n a nonnegative integer} U {0}, 0 < g < 1. For a
function f : T,, — R, the nabla g-derivative of f

S(qt) - f(5)

Vo (0= (g-Dt

for all t € Ty, \{0}. The g-integral of f is

[ ro9s=a-ar3y i)

i=0

The g-factorial function is defined in the following way: if # is a positive integer, then

(692 = ¢t g9t ~9) (6= ¢")

If n is not a positive integer, then

[e¢]

1-(s/t)g*
(t—s)?=¢"
9 1_! 1 (s/t)g"*"

The g-derivative of the g-factorial function with respect to ¢ is
1-4"
V,(t—s)" = — 1 (t —s5)D,
(=92 =T -9
and the g-derivative of the g-factorial function with respect to s is
1 "
V,(t—s)® = -l—q (t - gs)=L.
-9

The g-exponential function is defined as

oo

egt)=[](1-4"%), e 0)=1.

k=0
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Define the g-gamma function by

1 t v-1
r,(v)= —q (ﬂ) e,(q)Vt, veR".
Note that

L v+1)=[v];Ty(v), velR",

where [v], := (1-¢")/(1 - g). The fractional g-integral is defined as

-V _ 1 _ (V—l)
v, f(e) = w0 s ( Y=f (s)Vs.
Note that
oy L og-1 (u) 1w
vV>'Q1) = g
1 ) Fq(‘)) q’ - q(V + 1)

3 Fractional g-integral Griiss-type inequalities
To state the main results in this paper, we employ the following lemmas. For the sake of
convenience, we use the following assumption (A) in this section:

o1 <f(x) < ¢, Y < g(x) < vy, oLEL YL Y eR, xeTy.

Lemma 1 Let ¢1,¢, € R and f be a function defined on Ty,. Then, for all t >0 and v > 0,

we have
[0) 0 (=10 A0) ) - A0)
oV PO (5107 = (e -5 10) (0o )
W)
- WV‘;V (02 —f @) (f(8) - @1). (1

Proof Let ¢1,¢, € R and f be a function defined on T,,. For any t > 0 and p > 0, we
have

(02 =f () (f (1) = 1) + (02 =f (D) (F(0) = @1) = (02 = f(D)) (f () — 1)
— (2 =f(P) () — @1) =f*(x) +1*(p) = 2f ()f (p). (2)

Multiplying both sides of (2) by (t — g7)=2/ I';(v) and integrating the resulting identity
with respect to 7 from 0 to ¢, we get

W v
(92 =f(0)) (Vq_vf(t) - ¢1m> + (Qﬂzm - V;Uf(t)) (f(p) - ¢1)

()

5 e SO0 - 0) = (o2 =F D))= ) s
q

)

_xo-vge2 2
ARGy

~2/(0)9,"f ). 3)
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Multiplying both sides of (3) by (¢ — gp)*2/ I'4(v) and integrating the resulting identity
with respect to p from 0 to ¢, we obtain

£ . . £
(Qﬁzm -V, f(t)> (Vq f(o- ¢1m>

£ . ~ £
* (‘” OESVRAL f(t)) <Vq FO-emoy 1))

—v t@ - tM
-V, (‘/’2 —f(f)) (f(t) - <ﬂ1)m -V (902 —f(t)) (f(t) - §01) m
(u) (U)
= V—sz(t) _vfz(t) ) =2V, f(OV,f (@),
which implies (1). d

Lemma 2 Let f and g be two functions defined on Ty,. Then, forall t >0, u >0 and v > 0,
we have

()

Ul _ ) N B ) B 2
(THI ,R)@) + Tis e ")) - VU f )V, g (t) - V()Y g(t))

) ) t@ o » »
<r e SO gy Ve O -2V 0, f(t))

(w)

)
( (t T m*ﬁ v, 'g0 - 2V;”g(t)vq-“g(t)>. @)
q

Proof In order to prove Lemma 2, we firstly prove that the following inequality (i.e.,
Cauchy-Schwarz inequality for double g-integrals) holds. Let f(x, ), g(x,y) and /A(x,y) be
three functions defined on ']I‘f0 with 4(x,y) > 0. Then we have

t t 2
( / f hix, y)f (%, 9)8(%,7) dqxdqy)
0 JO
t t ) ‘ . )
([ [rursai) [ [rurciurmess

According to the definition of g-integral, it is easy to obtain that double g-integral is

/:/Otf(x,y)dqxdqy

= /0 ((1 - q)thif(tqi,y)) dgy
i=0
=(l-qt) ¢ ((1 —qt Y qf(td, td))

j=0 i=0

=(1-q’f ) ) df(td tq).

i=0 j=0
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Due to discrete Cauchy-Schwarz inequality with weight coefficient, we have

t t 2
( /0 /0 e, )f ()3, 7) dqxdqy)

o0 [o¢] 2
= ((1 —q* ) Y qh(td, 1) (id' td)e(tq' 1 ))

i=0 j=0

< ((1 —q )Y g h(td', 1) (tq', t#))

i=0 j=0

x ((1 -q’2 Y > qh(tq,tq)g (tq', tqf))

i=0 j=0

:(/ / h(x,y)fz(x,y)dqxdqy></ f h(x,y)gz(x,y)dqxdqy).
o Jo o Jo

Next, we prove that Lemma 2 holds. Let H(z, p) be defined by

H(T’IO): (f(f) —f(P))(g(T)—g(P))y t>017:>0’/0>0' (5)

Multiplying both sides of (5) by (¢ — g7)“=2(¢ — qp)ﬂ/(Fq(v)Fq(u)) and integrating the
resulting identity with respect to r and p from 0 to ¢, then applying the Cauchy-Schwarz
inequality for double g-integrals, we obtain (4). O

Lemma 3 Let ¢1,¢, € R and f be a function defined on Ty,. Then, for all t >0 and v > 0,
we have

£) W

— 2 t— _ 2 _y _
Lo 1 O TG e S O 2V SOV

0l N i )
= (‘sz -V, f(t)> <Vq AOKS §01m)

£ » ., W
+ (‘sz -V f(f)> (Vq O §01W)
o
- qu_“ (o2 =fO)(F(®) — 1)
O
- qu (02 =f @) (f(8) — @1). (6)

Proof Multiplying both sides of (3) by (t — gp)®“=2/ I';(1) and integrating the resulting
identity with respect to p from 0 to ¢, we obtain

) . y )
(‘sz -V, f(t)) (Vq f@®) - <ﬂ1m)

v) . » H)
+ (‘sz -V, f(t)) (Vq AOES Qﬂlm)

-V, (p2-fO)(f®) - 1)

)
Fg(n+1)
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=V, (02 =1 O) (0= 0) s
q
) ()
=V,'f? (t) VA 71) 2V, f(OV, S @),
which implies (6). O

Theorem 1 Let f and g be two functions defined on Ty, satisfying (A). Then, for all t > 0
and v > 0, we have

o i y ) \2
P I)Vq (fo)(t) - V f(t)V g(t)’ (W) (2 — 1) (Y2 — Yn1). (7)

Proof Let f and g be two functions defined on T;, satisfying (A). Multiplying both sides
of (6) by (¢ —grt )= (g — qp)(";”/ l";(v) and integrating the resulting identity with respect
to T and p from O to £, we can state that

1 /t/t 1 1
— (t - q0) 2t — gp)PBH(z, p)V,TVyp
7w Jo Jo o

)
:2< (t D v, ()(e) - ,;”f(t)V,;”g(t)). (8)

Applying the Cauchy-Schwarz inequality for double g-integrals, we have

t(L) —v —v —-v ?
(qu (0 -V, fO)V, g(t))
(V) Vg2 - 2 (V) -v_2 -V 2
< (a0~ 107 ) (g S PO - (eoy). o

Since (@2 — f(%))(f () — ¢1) = 0 and (Y, — g(x))(g(x) — Y1) = 0, we have

t(V)
SOES)) Vi (02 =f @) (f®) - 1) 2 0,
£0)

qu (V2 —g))(g(x) —v¥1) = 0

Thus,
A0 )
ﬁ LA = (Y, f (8))
W W
< (Sl?z o V,;”f(t)> (V;”f(t) o m)
" (10)

ﬁvg”gz(t) - (V;Ug(t))2
61

(V) -v -v t@
(w2 Ly(v+1) ~Va g(t)) (Vq g - L v+ 1))'
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Combining (9) and (10), from Lemma 1, we deduce that

(v) 2
( (t Y v, (fe)®) -V, f (t)V;“g(t))
q

) )
< <¢2m - v;f(ﬂ) (V;Vf(t) - ¢1m)
po) ) y A0)
(Wz OESY -Vy g(t)> (Vq 26— e +1)) (1)

Now by using the elementary inequality 4xy < (x + y)?, x,y € R, we can state that

t(") . ) )
(orre0) (W0 -y

ul 2
=< (m((/’z - §01)> ’

12)
) )
4<W2—Fq(v ) V;‘@(ﬂ)( g(t)—yn e +1))
) >
=< (m(lﬂz - Wl)) .
From (11) and (12), we obtain (7). O

Theorem 2 Let f and g be two functions defined on Ty, satisfying (A). Then, for all t > 0,
>0 andv >0, wehave

: : 2
(% 0 % Vo ) =V F 0V, "8 (0) - V;"f(t)V;”g(t)>
i ) A0)
= <(‘P2m—v;f(t))< /‘f(t) o1 i )) + (V;Vf(t)_(plm>
£ o)
A
£
X (V{;Mg(t) !01 G 1))

o ) £ -
+ (Vq g6 - Wl e 1))<l/f2 S \2 g(t)))

Proof Since (g2 — f(x))(f(x) — ¢1) > 0 and (¥ — g(x))(g(x) — ¥1) > 0, then we can write

t(”) t@
B m 2 (02 =) (F )~ 1) - WV;” (02 —f ) (Fx) - 1)
<0,
(13)
- m q (Wz -gx ))( (x) - Wl) - WV;” (Wz —g(x)) (g(x) _ wl)

<0.
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Applying Lemma 3 to f and g, then by using Lemma 2 and the formula (13), we obtain
Theorem 2. O

4 The other fractional g-integral inequalities
For the sake of simplicity, we always assume that V¢ denotes V,¢(¢) and all of fractional
q-integrals are finite in this section.

Theorem 3 Letf and g be two functions defined on Ty, and «, B > 1 satisfyingl/a+1/p = 1.
Then the following inequalities hold:

@ 29,771 + $V,"(lgl?) = SV, (D, (g

(o) 1 (e )vq (Igi) + 3 q“(lflﬂ)V;”(IgIﬂ)Z(V;“(lfgl))z.

© LYV, (gl?) + LV (AP (gl*) = 5 (1 11g" D)V (F gl ).

@ VA1)V (glP) = V(gD V(1 gAY,

Proof According to the well-known Young inequality,

1, 1 5 1 1
—x"+=y">xy, Vx,y>0,0,8>1,—+—=1
o B a B

Putting x = f(7) and y = g(p), 7, p > 0, we have

1

o 1
SO+ Zleo) =

vt,p > 0. (14)

Multiplying both sides of (6) by (£ — qt)@(t - qp)(”;l)/ F;(v), we obtain

1 (t — o)=Y (t — qr)=V o 1 =) ;
a Ty r,0) lf(f)| + B T,0) r,0) |g(P)|
—gr)D _ 1)
_ (t—q1) V(T)‘( <o)

ry(v) ()

Integrating the preceding identity with respect to T and p from 0 to £, we can state that

) )

rEerS AR UACIRA ,m Vi (@) = v (r@) v (@),

which implies (a). The rest of inequalities can be proved in the same manner by the next
choice of the parameters in the Young inequality:

(b) %= [f(D)llgo)l, ¥ = [F (P)]Ig(@)].

(©) %= (@)/Ig)l, y = [f()I/1g(p)l, (()g(p) #0).

() x=1f (/I ()], y = lglp)I/1g(@)], (f(x)g(p) #0).
Repeating the foregoing arguments, we obtain (b)-(d). O

Theorem 4 Letf and g be two functions defined on Ty, and o, B > 1 satisfyingl/a+1/8 = 1.
Then the following inequalities hold.:

@ LV 1V, (g + SV (PR (gl) = V0 (72D 9, (127 g2,

(b) LV;' ()Y, (Igl?) + 29, (F1P)V; (1g2) = Vi (F g 2) 0 (1f 1 gl#).

© V(PIV," (G lgl* + 51elP) = v (F1P=1g) v, (1 1P 1g).

Page 8 of 15
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Proof As a previous one, the proof is based on the Young inequality with the following
appropriate choice of parameters:

a) x = [f(O)llg(e)*, y = [f () P lg(0)].

(b) = [f(D)P“/f(p)l, ¥ = 1g(D)I*P1Ig(p)l, (f(p)g(p) #0).

© x=f(OP/1glp)l. y = [f(P) P /1g(2)], (g(x)g(p) #0). O

Theorem 5 Let f and g be two positive functions defined on Ty, such that forall t > 0,

f(7) f(1)

"= orgrnslt@’ M= Orgr<t g(r)’ (15)

Then the following inequalities hold:
(@) 0=V, ()V,"(¢?) = G- (v-“(ﬁg))2
(b) 0= /V"(FAOV (g2) V() < w— SV (o).
(©) 0=V, (F)V ”(g2 Y, () = Y (9, (1))

Proof 1t follows from (15) and

(). o=e=

Multiplying both sides of (15) by (t — g7)*=2/T",(v) and integrating the resulting identity
with respect to 7 from O to ¢, we can get

V. (f?) + mMV,* (%) < (m+ M)V, (fg). 17)

On the other hand, it follows from mM > 0 and (\/V;"(fz) - \/mMV,;” (g%))? > 0 that

2,/ V2 (£2),/mMV; (82) < V;" (%) + mMY," (). (18)
According to (17) and (18), we have

4mMV" (f*)V,"(¢%) < (m+ M)* (V" (fg) )
which implies (a). By a few transformations of (a), similarly, we obtain (b) and (c). a

Corollary 1 Under the conditions of Theorem 5, if «, 8 € (0,1), a + B =1, then it follows

from the arithmetric-geometric mean inequality that

o B
(év;”(fz)) (%V;”(gﬂ) < V;"(fz) + mMV;”(gz) < (m+ M)V, (fg),

which implies that

(V)" (% (@) =ap’ M),j v, ().
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Theorem 6 Let f and g be two positive functions on Ty, and
0< P <f(r) <Dy <00, 0<W; <g(r) <Yy <o0. (19)

Then the following inequalities hold.:

2
() 0< V,;”(fz)Vq‘”(gz) < (<Zl¢‘lil\ljr:1;22‘1\;22) (Vq"”(fg))z.

_ 2

(b) 0= /Y, (FV;"(€2) - V" (fo) < WSR2tV (fe).
_ 2

(©) 0=V, (V" (")~ (V" (1)) < S5 3L(V, " (f)*.

Proof Under the conditions satisfied by the functions f and g, we have

P _JO) _ D
W, Tg(t) T W

Applying Theorem 6, we get the inequality (a) and using it, we have (b) and (c). O

Corollary2 Letf bea positive function on Ty, satisfying (19). Then the following inequality
holds:

Fq(l) + 1)((1)1 + @2)2
4tV D,

v, () = (V")

Theorem 7 Let f and g be two positive functions on Ty, and
7)
O<cm<=Z-—-<M< (20)
T

and p 7 0 be a real number, then the following inequality holds:

mM(MP! — P 1)
M—-m

—v - —v MP —mP )
V() + Vo' ) = S Ve )
for p ¢(0,1), or reverse for p € (0,1). Especially, for p = 2, we have

V,;" (gz) + mMV;” (fz) <(m+ M)V;”(fg).

Proof The inequality is based on the Lah-Ribaric inequality [18, p.9] and [19, p.123]. O

Theorem 8 Letf and g be two positive functions on Ty, and p # 0 be a real number. Then
the following inequality holds:

(V") = (V")) v (P e)
for p ¢(0,1), or reverse for p € (0,1).

Proof The above inequality is obtained via the Jensen inequality for the convex func-
tions. 0
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Corollary 3 Let f be a positive function on Ty, and p # 0 be a real number. Then the
following inequality holds:

(va(f))p - ( W )plVU (fp)
q T\ (v+1) 1

for p ¢ (0,1), or reverse for p € (0,1).

Theorem 9 Letp, f and g be three positive functions on Ty, satisfying (19). If0 <o < <1
a + B =1, then the following inequalities hold:

. L (P\\" _ a®i+BDy_
(Vs (Pf))ﬁ<vq (])) < (chT”anq ®), (21)
—v 21\ B —v 21\ O5q)1"ljl+ﬂcl)2"112
(V"' (ef*)" (V" (pg*)) e AL , fR)- (22)
Proof Since (Bf(t) —a®;)(f(r) — $3) <0 on Ty, we have

BfH(T) — (a®y + BD2)f (1) + ad Py < 0. (23)

Multiplying both sides of (23) by p(t)/f(t), we get

Bp()f(z) + a<I>1<I>2f§ )) (a®1 + BDy)p(T).

From (24) and arithmetric-geometric mean inequality, we obtain

L PPN Pl ot ) )a
(rq(v) /0 (t-q7) p(r)f(r)Vr> (Fq(v) /0 (t-q7) Ve

f(@)

(e (22 [ gty
(q)lq’z)“(F(V)/o(t P Ve rq(v)/ == VT
1
(cbl@z)a( 0,00 Jo P (E)Ve + S q() / (¢- E))V’)
A o)
which implies (21).

Replacing p and f by pfg and f/g in (25), respectively, and ®1/W, < f(7)/g(r) < P2/ W4,
we get

1 t ~ (1) )/3( 1 t ~
(757 /) = me2pteyowe) (5 [ e-am

Olq)lqjl + ﬁ@zlllz 1 t B (v-1)
X B CAAY (rq(v)/o g q’)P(f)f(ﬂg(r)Vr),

(”_Dp(‘[)g(‘r)V‘E)a

which implies (22).
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Corollary4 Letp, f and g be three positive functions on Ty, satisfying (20).If0 <a < B <1,
a + B =1, then the following inequality holds:

aV[;” (ng) + ﬂmMV;” (pfz) < (am+ ,BM)V;”(pfg). (26)

Proof Replacing ®;, ®, and f(t) by m, M and g(t)/f () in (24), and multiplying both sides
by (¢ — q7)¥=Y/ I';(v) and integrating the resulting identity with respect to v from 0 to ¢,
we get (25). d

Theorem 10 Let p, f and g be three functions on T, with p(t) > 0.

(a) If there exist four constants O, Py, W1, Vs € R such that (Pog(t) — Wif (7)) (Vof (7) -
®1g(7)) = 0 forall T >0, then

cblqazv;”(pgz) + WV, (pf?) < (P19 + W)V, " (pf2)

< @101 + @0 (V" (pf ) + V" (p2”))- (27)
Moreover, if ©10,W1 WV, > 0, then
D10y __ W, D, DW\
\V/ v 2 Ikl v/ v 2 < \vj v , 28
W, (pg)+\/ O D, (pf)—( o @zwz) . B (28)

q)llpl + @2‘1’2
20,0, 0,0,

2
v, )5, ) = ) it 29)

(b) If there exist four constants @1, Py, W1, Uy € R such that (Pog(t) — Wif (0))(WVaf (0) —
®1g(7)) =0 forall T,p >0, then

D10,V (P)V," (pg°) + MWLV, ()Y, (of)

< (@1 + ©2W) V" ()Y, (P2). (30)
(¢) If 1D > 0 and V1V, > 0, then
©10,(V,"(pg)” + Wi (V" (2))” < (@191 + §W0)V, " () V" (pf). (31)
(d) If 19, > 0 and V1V, > 0, then
D103V () + W10 (V2 () < (910 + D00) V- (o) V" (). (32)
Proof Case (a). It follows from the assumption that
p(r)(228(7) - Wf (1) (¥af (7) - Pug(r) 2 0
for all T > 0, which implies that

<I>1d>2p(t)g2(t) + \Ill\llzp(r)f2(r) < (D1W1 + P Wo)p(7)f(7)g(T). (33)
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Multiplying both sides of (33) by (¢ — g7)“=2/T 4() and integrating the resulting identity
with respect to T from 0 to ¢, we obtain the left-hand side of (27). Furthermore, by Cauchy’s
inequality, we get the right-hand side of (27).

Multiplying both sides of the inequality

1D,V " (pg®) + W1 WV, (pf?) < (@11 + D2 ¥2)V, " (pf2)

by 1/\/ q)l(bzlpllIJZy we get (28)
On the other hand, it follows from ®;®,¥;¥; > 0 and (/CD1<I>2V(;”(pg2) —

W W, VU (pf2))? = 0 that

2,/ @102V, (pg?) | W19V (pf2) < 91929, (pg) + iU, (o). (34)
According to (27) and (34), we have
4010, W UL V" (pg) V' (pf?) < (@10 + <I>2\L’2)2(Vq‘”(pfg))2,

which implies (29).
Case (b). It follows from the assumption that

p(@)p(p)(P2g(7) = Wif (0)) (¥af (p) - P1g(7)) = 0

for all 7, p > 0, which implies that

D1 ®,p(0)p(p)g*(7) + W1 Wop(T)p(p)f* (p)
=< ©1Wp(0)p(p)f (0)g(T) + P2 Wap(T)p(p)f (0)g(T). (35)
Multiplying both sides of (35) by (£ — g7 )" 2(t —gp) =2/ F;(U) and integrating the resulting

identity with respect to t and p from 0 to ¢, respectively, we obtain (30).
Case (c) and (d). It follows from Cauchy’s inequality that

—v 2 —v —v —v 2 -v —v
(V' @) <V, "0V, (&f?),  (V,"02) <V;"()V;" (vg’)-
Combining (a), (b) and the preceding two inequalities, we see that

D,02(V,"(p))” + Wi (V,"(p))” < @102V, (0)V,” (pf ) + W1 W2V, (0)V,” (pg?)

< (P1¥1 + P U0)V, " (p)V, " (pf2),

which implies (31). Furthermore,

D105(V,"(pg)* + W1 (V" (1f))” < @102V, (0)V," (pf?) + WiWa V" () V" (pg?)
< (P1¥r + 9202V, " ()Y, " (p2);

which implies (32). O
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Theorem 11 Let p, f and g be three positive functions on Ty, with p(t) > 0. Then we have

(V" )V, @) + V; 0NV, (02))” < (V7" 0V, (of*) + (V" @)°)
x (V" 0V, (b)) + (V;"(02))")-  (36)

Moreover, under the assumptions of (a) and (b) in Theorem 10, the following inequality
holds:

40101 P05 (V" ()Y, (2f2) + (V")) ) (V," 0V, () + (V" (09))°)
< (@11 + P02 (V, (), (0f2) + V" ()Y, (pg)) . (37)

Proof First of all, we give the proof of (36). By Cauchy’s inequality and the element in-

equality 2xy/uv < x*u + y?v, for all x,y,u,v > 0, we have
(V" @)V, (0f0) + Y, B )V," (pg))”

= (V") (V" @) + (V" @N)* (9, @)’
+2V, ()Y, 0NV, (22)V," (0fe)

= (V" 0) (" @) + (" @) (V" (f))°
L2V ()Y, )Y () Vi (o) V(o)

< (V;'0))’;" (2f*)V;" (02) + (V" @) (V" @)
V0V (2f) (V5 (09) + V5" (8) (V" 0))

= (V" @V, () + (V" @N) ) (Y, 0) ;" (02) + (V" (02)").

which implies (36).
Next, we prove that (37) holds. It follows from (a) and (b) in Theorem 10 that
(@10 + D W)V, (P)V," (1f2) = 2192V, (p)V," (pg°) + W12V, OV, (pf?)
> 0,7, ()Y, " (p8%) + W19 (Y, (2))
(1) + Py W)V, " (pf)V," (pg) = ©10:V," D)V, " (pg*) + 1¥L V" (0)V," (pf )
> 010,(V,"(p9))” + VULV, ()V," (pf?).

Combining the preceding two inequalities and the element inequality (x + y)> > 4xy, we
see that

(@191 + D202 (V, ()Y, (pfe) + V" ()Y, ()
= ((CDI‘IJI + d>2\112)V;”(p)V;”(pfg) + ((Dl\yl + CDQ\I’Q)Vq_v(pf)V;V(pg))
> (0102, (0)V," (pg?) + W19 (V" (1))

+0105(V,"(pg)” + WiV, ()Y, (o))’

2
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= (©192(V, @)V, " (pg?) + (V" (v2))")
UL (V" PV, (o) + (V" 2)1))
> 40,01 00 (V" )V, () + (V,"0N)°) (V" @)V, () + (V" (v9))"),

which implies (37). O
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