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1 Introduction
Let C be a closed convex subset of a real Hilbert space H with the inner product 〈·, ·〉
and the norm ‖ · ‖. We denote weak convergence and strong convergence by notations ⇀

and →, respectively. A mapping A is a nonlinear mapping. The Hartmann-Stampacchia
variational inequality [] for finding x ∈ C such that

〈Ax, y – x〉 ≥ , ∀y ∈ C. (.)

The set of solutions of (.) is denoted by VI(C,A). The variational inequality has been
extensively studied in the literature [, ].
Let f : C → C be called a ρ-contraction if there exists a constant ρ ∈ [, ) such that

∥∥f (x) – f (y)
∥∥ ≤ ρ‖x – y‖, ∀x, y ∈ C.

A mapping T : C → C is said to be nonexpansive if

‖Tx – Ty‖ ≤ ‖x – y‖, ∀x, y ∈ C.

A point x ∈ C is a fixed point of T provided Tx = x. Denote by F(T) the set of fixed points
ofT ; that is, F(T) = {x ∈ C : Tx = x}. IfC is bounded closed convex andT is a nonexpansive
mapping of C into itself, then F(T) is nonempty [].
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We discuss the following variational inequality problem over the fixed point set of a
nonexpansive mapping (see [–]), which is called a hierarchical problem. Consider a
monotone, continuous mapping A : H → H and a nonexpansive mapping T : H → H .
Find x* ∈ VI(F(T),A) = {x* ∈ F(T) : 〈Ax*,x – x*〉 ≥ ,∀x ∈ F(T)}, where F(T) 
= ∅. This
solution set is denoted by �.
We introduce the following variational inequality problem over the solution set of the

variational inequality problem over the fixed point set of a nonexpansive mapping (see
[–]), which is called a triple hierarchical problem. Consider an inverse-stronglymono-
tone A :H → H , a strongly monotone and Lipschitz continuous B :H → H and a nonex-
pansivemappingT :H →H . Find x* ∈ VI(�,B) = {x* ∈ � : 〈Bx*,x–x*〉 ≥ ,∀x ∈ �}, where
� := VI(F(T),A) 
= ∅.
A mapping A :H →H is said to bemonotone if

〈Ax –Ay,x – y〉 ≥ , ∀x, y ∈H .

A mapping A : H → H is said to be α-strongly monotone if there exists a positive real
number α such that

〈Ax –Ay,x – y〉 ≥ α‖x – y‖, ∀x, y ∈H .

A mapping A : H → H is said to be β-inverse-strongly monotone if there exists a positive
real number β such that

〈Ax –Ay,x – y〉 ≥ β‖Ax –Ay‖, ∀x, y ∈H .

A mapping A : H → H is said to be L-Lipschitz continuous if there exists a positive real
number L such that

‖Ax –Ay‖ ≤ L‖x – y‖, ∀x, y ∈H .

A linear bounded operator A is said to be strongly positive on H if there exists a constant
γ̄ >  with the property

〈Ax,x〉 ≥ γ̄ ‖x‖, ∀x ∈H .

In , Iiduka [] introduced an iterative algorithm for the following triple hierarchi-
cal constrained optimization problem. The sequence {xn} defined by the iterative method
below, with the initial guess x ∈ H , is chosen arbitrarily,

⎧⎨
⎩
yn = T(xn – λnAxn),

xn+ = yn –μαnAyn, ∀n≥ ,
(.)

where αn ∈ (, ] and λn ∈ (, α] satisfy certain conditions. Let A :H →H be an inverse-
strongly monotone, A : H → H be a strongly monotone and Lipschitz continuous and
T : H → H be a nonexpansive mapping, then the sequence converges strongly to the set
solution of (.).
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In , Yao et al. [] studied new algorithms. For x ∈ C chosen arbitrarily, let the
sequence {xn} be generated iteratively by

xn+ = βnxn + ( – βn)TPC
[
I – αn(A – γ f )

]
xn, ∀n≥ ,

where the sequences {αn} and {βn} are two sequences in [, ]. Then {xn} converges
strongly to x* ∈ F(T) which is the unique solution of the variational inequality:

Find x* ∈ F(T) such that
〈
(A – γ f )x*,x – x*

〉 ≥ , ∀x ∈ F(T). (.)

Let A : C → H be a strongly positive linear bounded operator, f : C → H be a ρ-
contraction and T : C → C be a nonexpansive mapping satisfying some conditions. The
solution set of (.) is denoted by 	 := VI(F(T),A – γ f ).
Very recently, Marino and Xu [] generated a sequence {xn} through the recursive for-

mula

xn+ = λnfxn + ( – λn)
(
αnVxn + ( – αn)Txn

)
, ∀n≥ ,

where f is a contraction on C, the initial guess x ∈ C is arbitrary and {λn}, {αn} are two
sequences in (, ) and T ,V : C → C are two nonexpansive self mappings. Strong conver-
gence of the algorithm is proved under different circumstances of parameter selection.
In this paper, we introduce iterative algorithms and prove a strong convergence theorem

for the following variational inequality over the triple hierarchical problem (.) below. Let
B : C → C be a β-strongly monotone and L-Lipschitz continuous. Find x* ∈ 	 such that

〈
Bx*,x – x*

〉 ≥ , ∀x ∈ 	, (.)

where 	 := VI(F(T),A – γ f ) 
= ∅, T is a nonexpansive mapping, A : C → H is a strongly
positive linear bounded operator and f : C → H is a ρ-contraction. This solution set
of (.) is denoted by ϒ := VI(	,B) := VI(VI(F(T),A – γ f ),B). Then the sequence {xn}
strongly converges to the unique solution of (.) in Section  and we shall denote the set
of such solutions by � := VI(ϒ , I – φ).

2 Preliminaries
Let H be a real Hilbert space and C be a nonempty closed convex subset of H . Recall that
the (nearest point) projection PC from H onto C assigns, to each x ∈ H , the unique point
in PCx ∈ C satisfying the property

‖x – PCx‖ =min
y∈C ‖x – y‖.

The following characterizes the projection PC . We recall some lemmas which will be
needed in the rest of this paper.

Lemma . The function u ∈ C is a solution of the variational inequality (.) if and only
if u ∈ C satisfies the relation u = PC(u – λAu) for all λ > .
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Lemma . For a given z ∈H , u ∈ C, u = PCz ⇔ 〈u – z, v – u〉 ≥ , ∀v ∈ C.
It is well known that PC is a firmly nonexpansive mapping of H onto C and satisfies

‖PCx – PCy‖ ≤ 〈PCx – PCy,x – y〉, ∀x, y ∈H . (.)

Moreover, PCx is characterized by the following properties: PCx ∈ C and for all x ∈H , y ∈ C,

〈x – PCx, y – PCx〉 ≤ . (.)

Lemma . The following inequality holds in an inner product space H :

‖x + y‖ ≤ ‖x‖ + 〈y,x + y〉, ∀x, y ∈H .

Lemma . [] Let C be a closed convex subset of a real Hilbert space H and let T :
C → C be a nonexpansive mapping. Then I – T is demiclosed at zero, that is, xn ⇀ x and
xn – Txn →  imply x = Tx.

Lemma. [] AssumeA is a strongly positive linear bounded operator on aHilbert space
H with the coefficient γ̄ >  and  < ρ ≤ ‖A‖–, then ‖I – ρA‖ ≤  – ργ̄ .

Lemma . [] Each Hilbert space H satisfies Opial’s condition, that is, for any sequence
{xn} ⊂H with xn ⇀ x, the inequality

lim inf
n→∞ ‖xn – x‖ < lim inf

n→∞ ‖xn – y‖

holds for each y ∈H with y 
= x.

Lemma . [] Let {xn} and {yn} be bounded sequences in a Banach space X and let
{βn} be a sequence in [, ] with  < lim infn→∞ βn ≤ lim supn→∞ βn < . Suppose xn+ =
( –βn)yn +βnxn for all integers n ≥  and lim supn→∞(‖yn+ – yn‖– ‖xn+ – xn‖) ≤ . Then
limn→∞ ‖yn – xn‖ = .

Lemma . [] Let B : H → H be β-strongly monotone and L-Lipschitz continuous and
let μ ∈ (, βL ). For λ ∈ [, ], define Tλ :H → H by Tλ(x) := x – λμB(x) for all x ∈H . Then,
for all x, y ∈H ,

∥∥Tλ(x) – Tλ(y)
∥∥ ≤ ( – λτ )‖x – y‖

holds, where τ :=  –
√
 –μ(β –μL) ∈ (, ].

Lemma . [] Assume {an} is a sequence of nonnegative real numbers such that

an+ ≤ ( – γn)an + δn, ∀n≥ ,

where {γn} ⊂ (, ) and {δn} is a sequence inR such that
(i)

∑∞
n= γn = ∞,
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(ii) lim supn→∞
δn
γn

≤  or
∑∞

n= |δn| < ∞.
Then limn→∞ an = .

3 Strong convergence theorem
In this section, we introduce an iterative algorithm for solving the monotone variational
inequality over a triple hierarchical problem.

Theorem. Let H be a realHilbert space,C be a closed convex subset of H . Let A : C →H
be a strongly positive linear bounded operator, f : C → H be a ρ-contraction, γ be a positive
real number such that γ̄–

ρ
< γ < γ̄

ρ
. Let T : C → C be a nonexpansive mapping, B : C → C

be a β-strongly monotone and L-Lipschitz continuous. Let φ : C → C be a k-contraction
mapping with k ∈ [, ).Assume thatϒ := VI(VI(F(T),A–γ f ),B) is nonempty set. Suppose
{xn} is a sequence generated by the following algorithm x ∈ C arbitrarily:

⎧⎪⎪⎨
⎪⎪⎩
zn = TPC[I – δn(A – γ f )]xn,

yn = (I –μβnB)zn,

xn+ = αnφ(xn) + ( – αn)yn, ∀n≥ ,

(.)

where {αn}, {δn} ⊂ [, ]. If μ ∈ (, βL ) is used and if {βn} ⊂ (, ] satisfies the following con-
ditions:
(C):

∑∞
n= |δn+ – δn| < ∞,

∑∞
n= δn = ∞;

(C):
∑∞

n= |βn+ – βn| < ∞;
(C):

∑∞
n= |αn+ – αn| < ∞, limn→∞ αn = ;

(C): δn ≤ βn and βn ≤ αn.
Then {xn} converges strongly to x* ∈ ϒ , which is the unique solution of the variational in-
equality:

Find x* ∈ ϒ such that
〈
(I – φ)x*,x – x*

〉 ≥ , ∀x ∈ ϒ . (.)

Proof We will divide the proof into four steps.
Step . We will show {xn} is bounded. For any q ∈ ϒ , we have

‖zn – q‖ =
∥∥TPC

[
I – δn(A – γ f )

]
xn – TPCq

∥∥
≤ ∥∥[

I – δn(A – γ f )
]
xn – q

∥∥
≤ δn

∥∥γ f (xn) – γ f (q)
∥∥ + δn

∥∥γ f (q) –Aq
∥∥ + ‖I – δnA‖‖xn – q‖

≤ δnγρ‖xn – q‖ + δn
∥∥γ f (q) –Aq

∥∥ + ( – δnγ̄ )‖xn – q‖
=

[
 – (γ̄ – γρ)δn

]‖xn – q‖ + δn
∥∥γ f (q) –Aq

∥∥. (.)

By Lemma ., it is found that

‖yn – q‖ =
∥∥(I –μβnB)zn – (I –μβnB)q

∥∥
≤ ( – βnτ )‖zn – q‖
≤ ( – βnτ )

{[
 – (γ̄ – γρ)δn

]‖xn – q‖ + δn
∥∥γ f (q) –Aq

∥∥}
. (.)

http://www.journalofinequalitiesandapplications.com/content/2012/1/280
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From (.), we get

‖xn+ – q‖ ≤ αn
∥∥φ(xn) – φ(q)

∥∥ + αn
∥∥φ(q) – q

∥∥ + ( – αn)‖yn – q‖
≤ αnk‖xn – q‖ + αn

∥∥φ(q) – φ(q)
∥∥ + ( – αn)‖yn – q‖

≤ αnk‖xn – q‖ + ( – αn)( – βnτ )

× {[
 – (γ̄ – γρ)δn

]‖xn – q‖ + δn
∥∥γ f (q) –Aq

∥∥}
≤ αn‖xn – q‖ + ( – αn)( – βnτ )

[
 – (γ̄ – γρ)δn

]‖xn – q‖
+ ( – αn)( – βnτ )δn

∥∥γ f (q) –Aq
∥∥

= αn‖xn – q‖ + ( – αn)
[
 – (γ̄ – γρ)δn – βnτ + βnτ (γ̄ – γρ)δn

]‖xn – q‖
+ ( – αn)( – βnτ )δn

∥∥γ f (q) –Aq
∥∥

= αn‖xn – q‖ + ( – αn)
[
 –

{
(γ̄ – γρ)δn + βnτ – βnτ (γ̄ – γρ)δn

}]‖xn – q‖
+ ( – αn)( – βnτ )δn

∥∥γ f (q) –Aq
∥∥

= αn‖xn – q‖
+

[
 – αn –

{
(γ̄ – γρ)δn + βnτ – βnτ (γ̄ – γρ)δn

}
( – αn)

]‖xn – q‖
+ ( – αn)( – βnτ )δn

∥∥γ f (q) –Aq
∥∥

=
[
 – ( – αn)

{
(γ̄ – γρ)δn + βnτ – βnτ (γ̄ – γρ)δn

}]‖xn – q‖
+ ( – αn)( – βnτ )δn

∥∥γ f (q) –Aq
∥∥

=
[
 – ( – αn)

{
(γ̄ – γρ)δn( – βnτ ) + βnτ

}]‖xn – q‖
+ ( – αn)( – βnτ )δn

∥∥γ f (q) –Aq
∥∥

=
[
 – ( – αn)(γ̄ – γρ)δn( – βnτ ) – ( – αn)βnτ

]‖xn – q‖
+ ( – αn)( – βnτ )δn

∥∥γ f (q) –Aq
∥∥

=
[
 – ( – αn)(γ̄ – γρ)δn( – βnτ )

]‖xn – q‖ – ( – αn)βnτ‖xn – q‖
+ ( – αn)( – βnτ )δn

∥∥γ f (q) –Aq
∥∥

≤ [
 – (γ̄ – γρ)( – αn)( – βnτ )δn

]‖xn – q‖

+ (γ̄ – γρ)( – αn)( – βnτ )δn
‖γ f (q) –Aq‖

γ̄ – γρ

= ( – σn)‖xn – q‖ + σn
‖γ f (q) –Aq‖

γ̄ – γρ
,

where σn := (γ̄ – γρ)( – αn)( – βnτ )δn. Then the mathematical induction implies that

‖xn – q‖ ≤ max

{
‖x – q‖, ‖γ f (q) –Aq‖

γ̄ – γρ

}
, ∀n≥ .

Therefore, {xn} is bounded and so are {yn}, {zn}, {Axn}, {Bxn}, {φ(xn)} and {f (xn)}.

http://www.journalofinequalitiesandapplications.com/content/2012/1/280
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Step . We claim that limn→∞ ‖xn+ – xn‖ =  and limn→∞ ‖xn –Txn‖ = . From (.), we
have

‖zn+ – zn‖ =
∥∥TPC

[
I – δn+(A – γ f )

]
xn+ – TPC

[
I – δn(A – γ f )

]
xn

∥∥
≤ ∥∥PC

[
I – δn+(A – γ f )

]
xn+ – PC

[
I – δn(A – γ f )

]
xn

∥∥
≤ ∥∥[

I – δn+(A – γ f )
]
xn+ –

[
I – δn(A – γ f )

]
xn

∥∥
=

∥∥δn+
(
γ f (xn+) – γ f (xn)

)
+ (δn+ – δn)γ f (xn) + (I – δn+A)(xn+ – xn)

+ (δn – δn+)Axn
∥∥

≤ δn+γ
∥∥f (xn+) – f (xn)

∥∥ + ( – δn+γ̄ )‖xn+ – xn‖
+ |δn+ – δn|

(∥∥γ f (xn)
∥∥ + ‖Axn‖

)
≤ δn+γρ‖xn+ – xn‖ + ( – δn+γ̄ )‖xn+ – xn‖

+ |δn+ – δn|
(∥∥γ f (xn)

∥∥ + ‖Axn‖
)

=
[
 – (γ̄ – γρ)δn+

]‖xn+ – xn‖ + |δn+ – δn|
(∥∥γ f (xn)

∥∥ + ‖Axn‖
)

(.)

and

‖yn+ – yn‖ =
∥∥(I –μβn+B)zn+ – (I –μβnB)zn

∥∥
≤ ∥∥(I –μβn+B)zn+ – (I –μβn+B)zn

∥∥
+

∥∥(I –μβn+B)zn – (I –μβnB)zn
∥∥

≤ ( – βnτ )‖zn+ – zn‖ +μ|βn+ – βn|‖Bzn‖. (.)

Using (.) and (.), we get

‖xn+ – xn+‖ =
∥∥αn+φ(xn+) + ( – αn+)yn+ – αnφ(xn) – ( – αn)yn

∥∥
≤ αn+

∥∥φ(xn+) – φ(xn)
∥∥ + |αn+ – αn|

∥∥φ(xn+)
∥∥ + ( – αn+)‖yn+ – yn‖

+ |αn+ – αn|‖yn‖
≤ αn+k‖xn+ – xn‖ + |αn+ – αn|

(∥∥φ(xn+)
∥∥ + ‖yn‖

)
+ ( – αn+)‖yn+ – yn‖

≤ αn+k‖xn+ – xn‖ + |αn+ – αn|
(∥∥φ(xn+)

∥∥ + ‖yn‖
)

+ ( – αn+)
{
( – βnτ )‖zn+ – zn‖ +μ|βn+ – βn|‖Bzn‖

}
= αn+k‖xn+ – xn‖ + |αn+ – αn|

(∥∥φ(xn+)
∥∥ + ‖yn‖

)
+ ( – αn+)( – βnτ )‖zn+ – zn‖ + ( – αn+)μ|βn+ – βn|‖Bzn‖

≤ αn+‖xn+ – xn‖ + |αn+ – αn|
(∥∥φ(xn+)

∥∥ + ‖yn‖
)

+ ( – αn+)μ|βn+ – βn|‖Bzn‖
+ ( – αn+)

{[
 – (γ̄ – γρ)δn+

]‖xn+ – xn‖
+ |δn+ – δn|

(∥∥γ f (xn)
∥∥ + ‖Axn‖

)}

http://www.journalofinequalitiesandapplications.com/content/2012/1/280
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≤ αn+‖xn+ – xn‖ + |αn+ – αn|
(∥∥φ(xn+)

∥∥ + ‖yn‖
)

+ ( – αn+)μ|βn+ – βn|‖Bzn‖
+ ( – αn+)

[
 – (γ̄ – γρ)δn+

]‖xn+ – xn‖
+ ( – αn+)|δn+ – δn|

(∥∥γ f (xn)
∥∥ + ‖Axn‖

)
≤ [

 – (γ̄ – γρ)δn+( – αn+)
]‖xn+ – xn‖

+ |αn+ – αn|
(∥∥φ(xn+)

∥∥ + ‖yn‖
)

+μ|βn+ – βn|‖Bzn‖ + |δn+ – δn|
(∥∥γ f (xn)

∥∥ + ‖Axn‖
)

≤ [
 – (γ̄ – γρ)δn+( – αn+)

]‖xn+ – xn‖
+

{|αn+ – αn| + |βn+ – βn| + |δn+ – δn|
}
M,

whereM is some constant such that

sup
n≥

{∥∥φ(xn)
∥∥ + ‖yn‖,μ‖Bzn‖,

∥∥γ f (xn)
∥∥ + ‖Axn‖

} ≤ M.

From (C)-(C) and the boundedness of {xn}, {yn}, {Axn}, {Bzn}, {φ(xn)} and {f (xn)}, by
Lemma ., we have

lim
n→∞‖xn+ – xn‖ = . (.)

On the other hand, we note that

‖zn – Txn‖ =
∥∥TPC

[
I – δn(A – γ f )

]
xn – Txn

∥∥
=

∥∥TPC
[
I – δn(A – γ f )

]
xn – TPCxn

∥∥
≤ ∥∥[

I – δn(A – γ f )
]
xn – xn

∥∥
≤ δn

∥∥(A – γ f )]xn
∥∥,

by (C)-(C) and it follows that

lim
n→∞‖zn – Txn‖ = . (.)

From (.), we compute

‖xn+ – zn‖ =
∥∥αnφ(xn) + ( – αn)yn – zn

∥∥
=

∥∥αnφ(xn) + ( – αn)(I –μβnB)zn – zn
∥∥

≤ αn
∥∥φ(xn) – zn

∥∥ + ( – αn)
∥∥(I –μβnB)zn – zn

∥∥
≤ αnk‖xn – zn‖ + αn

∥∥φ(zn) – zn
∥∥ + ( – αn)μβn‖Bzn‖.

By (C) and (C), it follows that

lim
n→∞‖xn+ – zn‖ = . (.)

http://www.journalofinequalitiesandapplications.com/content/2012/1/280
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Since

‖xn – Txn‖ ≤ ‖xn – xn+‖ + ‖xn+ – zn‖ + ‖zn – Txn‖.

By (.), (.) and (.), we obtain

lim
n→∞‖xn – Txn‖ = . (.)

From (.), we compute

‖xn+ – yn‖ =
∥∥αnφ(xn) + ( – αn)yn – yn

∥∥
=

∥∥αnφ(xn) + yn – αnyn – yn
∥∥

≤ αn
∥∥φ(xn) – yn

∥∥. (.)

By (C), it follows that

lim
n→∞‖xn+ – yn‖ = . (.)

Since

‖xn – yn‖ ≤ ‖xn – xn+‖ + ‖xn+ – yn‖.

From (.) and (.), we obtain

lim
n→∞‖xn – yn‖ = . (.)

Step . First, lim supn→∞〈un–x*,γ f (x*)–Ax*〉 ≤  is proven. Choose a subsequence {xni}
of {xn} such that

lim sup
n→∞

〈
xn – x*,γ f

(
x*

)
–Ax*

〉
= lim

i→∞
〈
xni – x*,γ f

(
x*

)
–Ax*

〉
.

The boundedness of {xni} implies the existences of a subsequence {xnij } of {xni} and a point
x̂ ∈ H such that {xnij } converges weakly to x̂. We may assume, without loss of generality,
that limi→∞〈xni ,w〉 = 〈x̂,w〉,w ∈ H . Assume x̂ 
= T(x̂). limn→∞ ‖xn–Txn‖ =  with F(T) 
= ∅
guarantees that

lim inf
i→∞ ‖xni – x̂‖

< lim inf
i→∞

∥∥xni – T(x̂)
∥∥

= lim inf
i→∞

∥∥xni – T(xni ) + T(xni ) – T(x̂)
∥∥

= lim inf
i→∞

∥∥T(xni ) – T(x̂)
∥∥

≤ lim inf
i→∞ ‖xni – x̂‖,
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which is a contradiction. Therefore, x̂ ∈ F(T). From x* ∈ VI(F(T),A – γ f ), we find

lim sup
n→∞

〈
xn – x*,γ f

(
x*

)
–Ax*

〉
= lim

i→∞
〈
xni – x*,γ f

(
x*

)
–Ax*

〉

=
〈
x̂ – x*,γ f

(
x*

)
–Ax*

〉
≤ .

Setting un = [I – δn(A – γ f )]xn, by (C)-(C), we notice that

‖un – xn‖ ≤ δn
∥∥(A – γ f )

∥∥ → .

Hence, we get

lim sup
n→∞

〈
un – x*,γ f

(
x*

)
–Ax*

〉 ≤ . (.)

Second, lim supn→∞〈x* – xn+,Bx*〉 ≤  is proven. limn→∞ ‖xn+ – xn‖ =  guarantees the
existences of a subsequence {xnk+} of {xnk } and a point x̄ ∈ H such that lim supn→∞〈x* –
xn+,Bx*〉 = limk→∞〈x* –xnk+,Bx*〉 and limk→∞〈xnk ,w〉 = limk→∞〈xnk+,w〉 = 〈x̄,w〉,w ∈H .
By the same discussion as in the proof of x̂ ∈ F(T), we have x̄ ∈ F(T). Let y ∈ F(T) be
fixed arbitrarily. Then it follows that T : C → C is a nonexpansive mapping with F(T) 
= ∅,
A : C → H is a strongly positive linear bounded operator and f : C → H is a contraction
for all n ∈N. From (.),

‖zn – y‖ = ‖TPCun – TPCy‖
≤ ‖un – y‖. (.)

By (C)-(C), we observe that

‖un – y‖ =
∥∥[
I – δn(A – γ f )

]
xn – y

∥∥
≤ ‖xn – y‖ + δn

∥∥(A – γ f )xn
∥∥

≤ ‖xn – y‖. (.)

Using (.) and (.),

‖un – y‖ =
∥∥[
I – δn(A – γ f )

]
xn – y

∥∥

=
∥∥δn

(
γ f (xn) –Ay

)
+ (I – δnA)(xn – y)

∥∥

≤ ( – δnγ̄ )‖xn – y‖ + δn
〈
γ f (xn) –Ay,un – y

〉
≤ (

 – δnγ̄ + δnγ̄
)‖xn – y‖ + δnγρ‖xn – y‖‖un – y‖

+ δn
〈
γ f (y) –Ay,un – y

〉
≤ (

 – δnγ̄ + δnγ̄
)‖xn – y‖ + δnγρ‖xn – y‖ + δn

〈
γ f (y) –Ay,un – y

〉
=

[
 – δn(γ̄ – γρ)

]‖xn – y‖ + δnγ̄
‖xn – y‖ + δn

〈
γ f (y) –Ay,un – y

〉
,
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which implies that

 ≤ (‖xn – y‖ – ‖un – y‖) – δn(γ̄ – γρ)‖xn – y‖ + δnγ̄
‖xn – y‖

+ δn
〈
γ f (y) –Ay,un – y

〉
=

(‖xn – y‖ + ‖un – y‖)(‖xn – y‖ – ‖un – y‖)
– δn(γ̄ – γρ)‖xn – y‖ + δnγ̄

‖xn – y‖

+ δn
〈
γ f (y) –Ay,un – y

〉
≤ M‖xn – un‖ – δn(γ̄ – γρ)‖xn – y‖ + δnγ̄

‖xn – y‖ + δn
〈
γ f (y) –Ay,un – y

〉
,

whereM := sup{‖xn–y‖+‖un –y‖ : n ∈N} <∞ for every n ∈N. By the weak convergence
of {uni} to x̄ ∈ F(T), limn→∞ ‖un – xn‖ =  and (C)-(C), we get 〈(γ f –A)y, x̄ – y〉 ≤  for
all y ∈ F(T). A mapping A being a strongly positive linear bounded operator and f being
a contraction ensure 〈(γ f – A)y, x̄ – y〉 ≤  for all y ∈ F(T), that is, x̄ ∈ VI(F(T),A – γ f ).
Thus, x* ∈ VI(VI(F(T),A – γ f ),B), we have

lim sup
n→∞

〈
x* – xn,Bx*

〉
= lim sup

i→∞

〈
x* – xni ,Bx

*〉

=
〈
x* – x̄,Bx*

〉
≤ .

From (.), we notice that

lim sup
n→∞

〈
x* – yn,Bx*

〉 ≤ . (.)

Third, lim supn→∞〈xn – x*,φ(x*) – x*〉 ≤  is proven. Choose a subsequence {xng } of {xn}
such that

lim sup
n→∞

〈
xn – x*,φ

(
x*

)
– x*

〉
= lim

g→∞
〈
xng – x*,φ

(
x*

)
– x*

〉
.

The boundedness of {xng } implies the existence of a subsequence {xngh } of {xng } and
a point x̃ ∈ H such that {xngh } converges weakly to x̃. By limn→∞ ‖xn+ – xn‖ = , we
have limh→∞〈xngh+,w〉 = 〈x̃,w〉, w ∈ H . We may assume, without loss of generality, that
limi→∞〈xng ,w〉 = 〈x̃,w〉, w ∈ H . Assume x̃ 
= T(x̃). limn→∞ ‖xn – Txn‖ =  with F(T) 
= ∅
guarantees that

lim inf
g→∞ ‖xng – x̃‖ < lim inf

g→∞
∥∥xng – T(x̃)

∥∥
= lim inf

g→∞
∥∥xng – T(xng ) + T(xng ) – T(x̃)

∥∥
= lim inf

g→∞
∥∥T(xng ) – T(x̃)

∥∥
≤ lim inf

g→∞ ‖xng – x̃‖.
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This is a contradiction, that is, x̃ ∈ F(T). From x* ∈ VI(VI(VI(F(T),A – γ f ),B), I – φ), we
find

lim sup
n→∞

〈
xn – x*,φ

(
x*

)
– x*

〉

= lim
g→∞

〈
xng – x*,φ

(
x*

)
– x*

〉

=
〈
x̃ – x*,φ

(
x*

)
– x*

〉
≤ . (.)

Step . Finally, we prove limn→∞ ‖xn – x*‖ = . By Lemma ., we compute

∥∥xn+ – x*
∥∥ =

∥∥αnφ(xn) + ( – αn)yn – x*
∥∥

=
∥∥αn

(
φ(xn) – φ

(
x*

))
+ αn

(
φ
(
x*

)
– x*

)
+ ( – αn)

(
yn – x*

)∥∥

≤ αn
∥∥φ(xn) – φ

(
x*

)∥∥ + ( – αn)
∥∥yn – x*

∥∥ + αn
〈
φ
(
x*

)
– x*,xn+ – x*

〉
≤ αnk

∥∥xn – x*
∥∥ + ( – αn)

∥∥(I –μβnB)zn – x*
∥∥

+ αn
〈
φ
(
x*

)
– x*,xn+ – x*

〉
= αnk

∥∥xn – x*
∥∥ + ( – αn)

∥∥(zn –μβnBzn) –
(
x* –μβnBx*

)
–μβnBx*

∥∥

+ αn
〈
φ
(
x*

)
– x*,xn+ – x*

〉
≤ αnk

∥∥xn – x*
∥∥ + ( – αn)

× {∥∥(zn –μβnBzn) –
(
x* –μβnBx*

)∥∥ + μβn
〈
x* – yn,Bx*

〉}
+ αn

〈
φ
(
x*

)
– x*,xn+ – x*

〉
≤ αnk

∥∥xn – x*
∥∥ + ( – αn)( – τβn)

∥∥zn – x*
∥∥ + μβn

〈
x* – yn,Bx*

〉
+ αn

〈
φ
(
x*

)
– x*,xn+ – x*

〉
≤ αnk

∥∥xn – x*
∥∥ + ( – αn)( – τβn)

∥∥un – x*
∥∥ + μβn

〈
x* – yn,Bx*

〉
+ αn

〈
φ
(
x*

)
– x*,xn+ – x*

〉
= αnk

∥∥xn – x*
∥∥ + ( – αn)( – τβn)

∥∥[
I – δn(A – γ f )

]
xn – x*

∥∥

+ μβn
〈
x* – yn,Bx*

〉
+ αn

〈
φ
(
x*

)
– x*,xn+ – x*

〉
= αnk

∥∥xn – x*
∥∥ + ( – αn)( – τβn)

× ∥∥(I – δnA)
(
xn – x*

)
+ δn

(
γ f (xn) –Ax*

)∥∥

+ μβn
〈
x* – yn,Bx*

〉
+ αn

〈
φ
(
x*

)
– x*,xn+ – x*

〉
≤ αnk

∥∥xn – x*
∥∥ + ( – αn)( – τβn)

× {
( – δnγ̄ )

∥∥xn – x*
∥∥ + δn

〈
γ f (xn) –Ax*,un – x*

〉}
+ μβn

〈
x* – yn,Bx*

〉
+ αn

〈
φ
(
x*

)
– x*,xn+ – x*

〉
≤ αnk

∥∥xn – x*
∥∥ + ( – αn)( – τβn)

{(
 – δnγ̄ + δnγ̄

)∥∥xn – x*
∥∥

+ δn
〈
γ f (xn) – γ f

(
x*

)
,un – x*

〉
+ δn

〈
γ f

(
x*

)
–Ax*,un – x*

〉}
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+ μβn
〈
x* – yn,Bx*

〉
+ αn

〈
φ
(
x*

)
– x*,xn+ – x*

〉
≤ αnk

∥∥xn – x*
∥∥ + ( – αn)( – τβn)

{
( – δnγ̄ )

∥∥xn – x*
∥∥

+ δnγ̄
∥∥xn – x*

∥∥ + δnγρ
∥∥xn – x*

∥∥∥∥un – x*
∥∥

+ δn
〈
γ f

(
x*

)
–Ax*,un – x*

〉}
+ μβn

〈
x* – yn,Bx*

〉
+ αn

〈
φ
(
x*

)
– x*,xn+ – x*

〉
≤ αn

∥∥xn – x*
∥∥ + ( – αn)( – τβn)

[
 – δn(γ̄ – γρ)

]∥∥xn – x*
∥∥

+ ( – αn)( – τβn)δnγ̄
∥∥xn – x*

∥∥ + δn
〈
γ f

(
x*

)
–Ax*,un – x*

〉
+ μβn

〈
x* – yn,Bx*

〉
+ αn

〈
φ
(
x*

)
– x*,xn+ – x*

〉
= αn

∥∥xn – x*
∥∥

+ ( – αn)
[
 – δn(γ̄ – γρ) – τβn + τβnδn(γ̄ – γρ)

]∥∥xn – x*
∥∥

+ ( – αn)( – τβn)δnγ̄
∥∥xn – x*

∥∥ + δn
〈
γ f

(
x*

)
–Ax*,un – x*

〉
+ μβn

〈
x* – yn,Bx*

〉
+ αn

〈
φ
(
x*

)
– x*,xn+ – x*

〉
= αn

∥∥xn – x*
∥∥

+ ( – αn)
[
 –

{
δn(γ̄ – γρ) + τβn – τβnδn(γ̄ – γρ)

}]∥∥xn – x*
∥∥

+ ( – αn)( – τβn)δnγ̄
∥∥xn – x*

∥∥ + δn
〈
γ f

(
x*

)
–Ax*,un – x*

〉
+ μβn

〈
x* – yn,Bx*

〉
+ αn

〈
φ
(
x*

)
– x*,xn+ – x*

〉
=

[
 – ( – αn)

{
δn(γ̄ – γρ) + τβn – τβnδn(γ̄ – γρ)

}]∥∥xn – x*
∥∥

+ ( – αn)( – τβn)δnγ̄
∥∥xn – x*

∥∥ + δn
〈
γ f

(
x*

)
–Ax*,un – x*

〉
+ μβn

〈
x* – yn,Bx*

〉
+ αn

〈
φ
(
x*

)
– x*,xn+ – x*

〉
=

[
 – ( – αn)

{
δn(γ̄ – γρ)( – τβn) + τβn

}]∥∥xn – x*
∥∥

+ ( – αn)( – τβn)δnγ̄
∥∥xn – x*

∥∥ + δn
〈
γ f

(
x*

)
–Ax*,un – x*

〉
+ μβn

〈
x* – yn,Bx*

〉
+ αn

〈
φ
(
x*

)
– x*,xn+ – x*

〉
=

[
 – ( – αn)δn(γ̄ – γρ)( – τβn)

]∥∥xn – x*
∥∥ – ( – αn)τβn

∥∥xn – x*
∥∥

+ ( – αn)( – τβn)δnγ̄
∥∥xn – x*

∥∥ + δn
〈
γ f

(
x*

)
–Ax*,un – x*

〉
+ μβn

〈
x* – yn,Bx*

〉
+ αn

〈
φ
(
x*

)
– x*,xn+ – x*

〉
≤ [

 – (γ̄ – γρ)( – αn)( – τβn)δn
]∥∥xn – x*

∥∥

+ ( – αn)( – τβn)δnγ̄
∥∥xn – x*

∥∥ + δn
〈
γ f

(
x*

)
–Ax*,un – x*

〉
+ μβn

〈
x* – yn,Bx*

〉
+ αn

〈
φ
(
x*

)
– x*,xn+ – x*

〉
. (.)

Since {xn}, {Axn}, {Bxn}, {φ(xn)} and {f (xn)} are all bounded, we can choose a constant
M >  such that

sup
n


γ̄ – γρ

{
δnγ̄




∥∥xn – x*

∥∥
}

≤ M.
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It follows that

∥∥xn+ – x*
∥∥ ≤ [

 – (γ̄ – γρ)( – αn)( – τβn)δn
]∥∥xn – x*

∥∥

+ (γ̄ – γρ)( – αn)( – τβn)δnςn, (.)

where

ςn = δnM +


(γ̄ – γρ)( – αn)( – τβn)
〈
γ f

(
x*

)
–Ax*,un – x*

〉

+
μβn

(γ̄ – γρ)( – αn)( – τβn)δn
〈
x* – yn,Bx*

〉

+
αn

(γ̄ – γρ)( – αn)( – τβn)δn
〈
φ
(
x*

)
– x*,xn+ – x*

〉
.

By (.), (.), (.) and (C)-(C), we get lim supn→∞ ςn ≤ . Applying Lemma ., we
can conclude that xn → x*. This completes the proof. �

4 An example
Next, the following example shows that all the conditions of Theorem . are satisfied.

Example . For instance, let αn = 
n , βn = 

n and δn = 
n .We will show that the condition

(C) is achieved. Then, clearly, the sequence {δn}

∞∑
n=

δn =
∞∑
n=


n

= ∞

and

∞∑
n=

|δn+ – δn| =
∞∑
n=

∣∣∣∣ 
(n + )

–

n

∣∣∣∣

≤
∣∣∣∣ 
 ·  –


 · 

∣∣∣∣ +
∣∣∣∣ 
 ·  –


 · 

∣∣∣∣ +
∣∣∣∣ 
 ·  –


 · 

∣∣∣∣ + · · ·

=


.

The sequence {δn} satisfies the condition (C).
Next, we will show that the condition (C) is achieved. We compute

∞∑
n=

|βn+ – βn| =
∞∑
n=

∣∣∣∣ 
(n + )

–

n

∣∣∣∣

≤
∣∣∣∣ 
 ·  –


 · 

∣∣∣∣ +
∣∣∣∣ 
 ·  –


 · 

∣∣∣∣ +
∣∣∣∣ 
 ·  –


 · 

∣∣∣∣ + · · ·

=


.

The sequence {βn} satisfies the condition (C).
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Next, we will show that the condition (C) is achieved. We compute

∞∑
n=

|αn+ – αn| =
∞∑
n=

∣∣∣∣ 
n + 

–

n

∣∣∣∣

≤
∣∣∣∣ –




∣∣∣∣ +
∣∣∣∣  –




∣∣∣∣ +
∣∣∣∣  –




∣∣∣∣ + · · ·
= 

and

lim
n→∞αn = lim

n→∞

n
= .

The sequence {αn} satisfies the condition (C).
Finally, we will show that the condition (C) is achieved.


n

<

n

and

n

<

n
.

Corollary . Let H be a real Hilbert space, C be a closed convex subset of H . Let A : C →
H be inverse-strongly monotone. Let T : C → C be a nonexpansive mapping. Let B : C → C
be β-strongly monotone and L-Lipschitz continuous. Assume that VI(F(T),A) is nonempty
set. Suppose {xn} is a sequence generated by the following algorithm x ∈ C arbitrarily:

⎧⎪⎪⎨
⎪⎪⎩
zn = T(I – δnA)xn,

yn = (I –μβnB)zn,

xn+ = ( – αn)yn, ∀n≥ ,

(.)

{αn}, {δn} ⊂ [, ]. Ifμ ∈ (, βL ) is used and if {βn} ⊂ (, ] satisfies the following conditions:
(C):

∑∞
n= |δn+ – δn| < ∞,

∑∞
n= δn = ∞;

(C):
∑∞

n= |βn+ – βn| < ∞;
(C):

∑∞
n= |αn+ – αn| < ∞, limn→∞ αn = ;

(C): δn ≤ βn and βn ≤ αn.
Then {xn} converges strongly to x* ∈ VI(F(T),A), which is the unique solution of the varia-
tional inequality:

Find x* ∈ VI
(
F(T),A

)
such that

〈
Bx*,x – x*

〉 ≥ , ∀x ∈ VI
(
F(T),A

)
. (.)

Proof Putting PC is the identity and f ,φ ≡  in Theorem ., we can obtain the desired
conclusion immediately. �

Remark . Corollary . generalizes and improves the results of Iiduka [].

Corollary . Let H be a real Hilbert space, C be a closed convex subset of H . Let
A : C → H be a strongly positive linear bounded operator, f : C → H be a ρ-contraction,
γ be a positive real number such that γ̄–

ρ
< γ < γ̄

ρ
. Let T : C → C be a nonexpansive map-

ping. Assume that 	 is nonempty set. Suppose {xn} is a sequence generated by the following
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algorithm x ∈ C arbitrarily:

⎧⎪⎪⎨
⎪⎪⎩
zn = TPC[I – δn(A – γ f )]xn,

yn = (I –μβnB)zn,

xn+ = αn(xn) + ( – αn)yn, ∀n≥ ,

(.)

where {αn}, {δn} ⊂ [, ]. If μ ∈ (, βL ) is used and if {βn} ⊂ (, ] satisfies the following con-
ditions:
(C):

∑∞
n= |δn+ – δn| < ∞,

∑∞
n= δn = ∞;

(C):
∑∞

n= |βn+ – βn| < ∞;
(C):

∑∞
n= |αn+ – αn| < ∞, limn→∞ αn = ;

(C): δn ≤ βn and βn ≤ αn.
Then {xn} converges strongly to x* ∈ 	, which is the unique solution of the variational in-
equality:

Find x* ∈ 	 such that
〈
Bx*,x – x*

〉 ≥ , ∀x ∈ 	. (.)

Proof Putting φ is the identity in Theorem ., we can obtain the desired conclusion im-
mediately. �

Remark . Corollary . generalizes and improves the results of Marino and Xu [].
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