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Abstract
In this article, we deduce a new family of upper bounds of n! of the form

(]
n! < 2nn(nfe)"eM  neN,

m

[m] 1 1 2m — 2k +2 _ok

MM = 2 2k,n+1/2 m=1,2,3,..
" 2m+3|:4n+k2_1: 2k +1 ( +1/2)

We also proved that the approximation formula Jznn(n/e)ngML"" for big factorials
has a speed of convergence equal to n?™ for m = 1,2,3,., which give us a
superiority over other known formulas by a suitable choice of m.
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1 Introduction
Stirling’ formula

n! ~ «/2nm (nfe)" (1)
is one of the most widely known and used in asymptotics. In other words, we have
nle"
lim =1. (2)

n—oco /27n nt

This formula provides an extremely accurate approximation of #! for large values of
n. The first proofs of Stirling’s formula was given by De Moivre (1730) [1] and Stirling
(1730) [2]. Both used what is now called the Euler-MacLaurin formula to approximate
log 2 + log 3 + ... + log n. The first derivation of De Moivre did not explicity deter-
mine the constant /2. In 1731, Stirling determine this constant using Wallis’ for-

mula

22"(n!)? 1
g (2n)! anJn'

Over the years, there have been many different upper and lower bounds for n! by
nle”
various authors [3-10]. Artin [11] show that w(n) =In lies between any two
n"y/2mn

successive partial sums of the Stirling’s series
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B By Bg

o 3
120" 34m " 56m5 " ®
where the numbers B; are called the Bernoulli numbers and are defined by
n—1
Bo=1, > (})Bt=0, nx=2. (4)
k=0

We can'’t take infinite sum of the series (3) because the series diverges. Also, Impens
[12] deduce Artin result with different proof and show that the Bernoulli numbers in
this series cannot be improved by any method whatsoever.

The organization of this article is as follows. In Section 2, we deduce a general dou-
ble inequality of !, which already obtained in [9] with different proof. Section 3 is
devoted to getting a new family of upper bounds of #! different from the partial sums
of the Stirling’s series. In Section 4, we measure the speed of convergence of our

approximation formula \/27m(n/e)"eMLml for big factorials. Also, we offer some numer-

ical computations to prove the superiority of our formula over other known formulas.

2 A double inequality of n!

In view of the relation (2), we begin with the two sequences K, and f, defined by

fre g =1 ®
where

lim K, 0. ©
Then we have

At =1 @

Now define the sequence g, by

fn+1 K,—K, 1( 1)”1/2
- =¢e'n n+1t 1+ , (8)
gﬂ fn n

which satisfies

Jim g =1 )
and
, d 1
8 =8n Ky —Kp1—(n+1/2)In( 1+ 0 (10)

There are two cases. The first case if K,, = a,, such that

di <an —apy1 — (n+1/2)1n (1 + ;)) >0 (11)
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then we get g, > 0 and hence g, is strictly increasing function. But g, — 1 as n —

fns

oo, then g, < 1. Hence ' <1 which give us that f,,,; <f,. Then f, is strictly decreas-

fn
ing function. Also, f,, & 1 as n — o, then we obtain f,, > 1. Then
nle"
o LD 1z)
or
V2rn (nfe)"e™ <n! n>1. (13)

1
The condition (11) means that the function a,, - a,..1 -(n+ 1/2) In (1 + ) is strictly
n

increasing function also it tends to -1 as # — 0. Then

1

ay — apy1 — (n+ 1/2)ln(1 + ) < -1
n

or

1

dp — Apil <(n+1/2)1n(1+ )—1. (14)
n

The second case if K,, = b,, such that

d’i (bn —bpet — (n+1/2)In (1 + rll)) <o0. (15)

Similarly, we can prove that f, < 1. Then

M b1 p=1 (16)
em<1 n>
2mn nt
or
n! <~/ 2wn(nfe)"e™ n>1. (17)

1
The condition (15) means that the function b, - b,,,; - (n + 1/2) In (1 + n) is

strictly decreasing function also it tends to -1 as n — . Then
1
bp — by — (n+ l/2)ln<l + > > -1
n
or
1
(n+l/2)ln(1+ )—1 < by —bpy1. (18)
n

From the well-known expansion
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. . . 1 L+y 1
in which we substitute y = , SO =1+ . Then
2n+1 1—-y n
1 — 1 1
1/2)In (1 —1= .
(n+1/ )n( +n> sz+1(2n+l)2k (19)
k=1
Now we obtain the following result
Theorem 1.
V2mn (nfe)"e™ < n! < ~/2mn (nfe)"e" n>1, (20)

where the two sequences a,, b, — 0 as n — oo and satisfy

o]

1 1
ap — dp+1 < k_Zl k41 (2n . l)zk < by — by (21)

A g-analog of the inequality (20) was introduced in [13].

3 A new family of upper bounds of n!
1 1

By manipulating the series Zk L2k 1 (2n4 1)
n+

o, to find upper bounds, we get

> et s
— 2k +1 (2n+1)*

m

1 1 1

< o T 2k
o (2k+1)(2n+1) 2m+3 ~ (2n+1)

- 1
<y ot oy M=1,2,3, ...
w1 (2 + 1)(2n+1) 42m+3)n(n+1)(2n+1)
Let’s solve the following recurrence relation w.r.t n
NEEv O Xm: 1 . ! m=1,2,3 (22)
n nel = ’ =L12,5..

~ (2k+1)(2n+ 1) 4(@2m+3)n(n+1)(2n+ 1)*"

which give us

n—1 m
[m] _ \ Iml 1 + !
M= Mo Z<Z (2k+1)(2i+ )™ 4(2m+3)i(i+ 1)(20 + UM)

i=1 \k=1

m

- 1 n—1 1 1 n—1 1
=My — — .
0 ;2k+1 (; (2i+1)2k) 4(2m +3) ;i(i+l)(2i+l)2m

But
n—1

o 4 4 4
Zl(l+1)(2l+1)2m =21:(z i+l @is1)? i+t (2i+1)2"’>

1=
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Then
m n—1
[m] [m] n—1 1 1 1
My =My — - - .
" 0 4n(2m +3) ;<2k+1 2m+3 g(zﬂ.l)zk
The series

> o +11)2k @R —27) -1,

i=1

where {(x) is the Riemann Zeta function. By using the relation [14]

where Bs are Bernoulli’s numbers. Then

00 k=1 (~2k
1 -1 2% —1
UL A G P
~ (2i+1) 2(2k)!
Hence, we can ChOOSC
m k—17~2k
[m] 1 1 1 )" (@2*-1) 2%
MM = - B -1},
0 4(2m+3)+k§:<2k+1 2m+3)< 2(2k)! 27 (23)
which satisfies
lim M™ =0, m=1,2,3,...
n—oo
Then
NI 1 & 2m—2k+2 (—1)’“(22’*—1)3 % = (24)
" T 2m+3 4n+k2=1: 2k+1 2(2k)! 2 *;(2“1)% :
By using the relation
n—1 1
=—1-(2=-%*-1)¢k)— 2722k n+1/2
;(zm)ﬂz ( )¢ (2k) ( /2)
D=2
=—1- B -2 2k, 1/2),
2(2k)! 27 ¢(2kn+1/2)
we get
m
[m] 1 1 2m — 2k +2 ok
M, = 2 2k, 1/2) . 25
" 2m+3[4n+kz=: 2+ 1 ¢(2kn+1/2) 25)

In the following Lemma, we will see that the upper bound M)’ will improved with
increasing the value of m.
Lemma 3.1.

M oMM mn=1,2,3, )
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Proof. From (25), we get

m
[m+1] 1 1 2m —2k+2 __,,
M;, 2 2k, 1/2

2m+5|: k2—1: 2k+1 ¢(2kn+1/2)

m+1

1 1,
L > s 121 ke (2k, 0+ 1/2).
k=1

Then
(me1] _  ([m] 2 1
m+1] ml _ 2k
My, My, (2m+ 3)(2m + 5) [ + Zz c(2k,n + 1/2)}
2 —2k
= (2m+3)(2m+5) [ ;2 ¢(2kn+ 1/2)}
Now

22k

Mz

22 ke (2k,n+1/2) = i
=0

(n+7+1/2)%

k=1 k=1 T
0 2- 2k
B ;; (n+r+ 1/2)2’z
o0
Z -1
r=0 )
(2n+2r+ 1)?
o0
= 4(n+r)(n+r+ 1)
1 1 1
B 4Z|:n+r_ n+r+1i|
r=0
_ 1
T 4n’
Then
iz—zk;(zk n+1/2) = ! (27)
’ 4n’
k=1
and hence
Ml pglml 2 22‘2k§(2k n+1/2)
(2m+3)(2m +5) =

2 —1 1
< +
(2m+3)(2m+5) [ 4n  4n
< 0.

1
The following Lemma show that ML” is an improvement of the upper bound 1
n
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Lemma 3.2.

(1] 1
M 28
" S qon (28)

Proof. From Eq. (25), we have ml!l = 2(1) + 3105(2,n+ 1/2). By using (27), we
n

obtain

o0

711 =Y 2272k n+ 1/2)

k=1

=¢(2n+1/2)+ Y 27¢(2k n +1/2).

k=2

Then
1
t(2,n+1/2) <
n

which give us that

1 1 1

1 1
c(2,n+1/2) + < + = .
30 20n  30n 20n 12n

4 The speed of convergence of the approximation formula /271 (n/e)eM:"
for big factorials

In what follows, we need the following result, which represents a powerful tool to mea-
sure the rate of convergence.

Lemma 4.1. If (w,,),=1 is convergent to zero and there exists the limit

lim n*(w, —wy,1) =1€R (29)

n—o0o

with k > 1, then there exists the limit:

l
li k—1 _
L L

This Lemma was first used by Mortici for constructing asymptotic expansions, or to
accelerate some convergences [15-21]. By using Lemma (4.1), clearly the sequence (w,)
#=1 converges more quickly when the value of k satisfying (29) is larger.

To measure the accuracy of approximation formula ,/27n (n/e)"eML'"]» define the

sequence (w,,),=1 by the relation
[m]
n! = V2nn(nfe)"eM e';n=1,2,3, ... (30)

This approximation formula will be better as (w,,),»1 converges faster to zero. Using
the relation (30), we get

wy =Inn! —Inv/27 — (n+1/2)Inn+n — M
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Then
Wy — Wny1 = (n+1/2)In(1 + 1/n) — 1+ M — gl

By using the relations (19) and (22), we have

i 1 1 1

Wy — Wy = k;}l 2k+1 (2n+ 1)2k - 4(2m+3)n(n+1)(2n + 1)
B I L S
_k:,m 2k +1 (2n+1)%* 4n(n + 1)(15 + 16m + 4m?)
Then
-1

lim 7202 (w, — wy,;) = i nm=1,2,3,.... 31
n—o (wn = ) (2m + 3)(2m + 5)22m+3 (31)

Theorem 2. The rate of convergence of the sequence w, is equal to n>", since

1
lim n?™3w, = ) .
n—00 (2m +3)°(2m + 5)22m+3

In 2011, Mortici [22] shows by numerical computations that his formula

1
(32)

12n +
n! ~ «/2mn(n/e)"e 51 = py,

is much stronger than other known formulas such as:

n+1/2
n! ~ «/27‘[ (n * 1/2> = Bn (Burnside [23])
e

2 —n,n+1
nl ~ Vametnt 5, (Batir [24)

Jn—1/6
n! ~ . /(2n+1/3) (n/e)" = yu (Gosper [25])
nl ~ J/m/8nm3 +4n2 + n+1/30 (n/e)" = py (Ramanujan [26])

The following table shows numerically that our new formula », , = /27n (n/e)"eML”

has a superiority over the the Mortici’s formula y,,.

n ! - [nt - A,
10 0.0252281 0.00641793
25 1.1 % 10" 28 % 10"
50 68 x 10° 17 x 10°?

100 6.5 % 10" 14 % 10'
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