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Abstract

In this paper, we introduce some new inequalities with a best constant factor. As an
application, we obtain a sharper form of Hilbert’s inequality. Some inequalities of
Carlson type are also considered.
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1 Introduction
If f(x),g(x) > 0,0 < [ f*(x) dx < 00, and 0 < [~ g*(x) dx < 0o, then (see [1])

0% f(x)g(y) { <, H >, }5
— 2 dxd d. d. . .
/0 /0 e xy<ﬂ/0f(x)x f0g<x>x 11)

Inequality (1.1) is called Hilbert’s integral inequality, which has been extended by Hardy
M]as:ifp>1, }7 + %1 =1,f(x),g(x)>0,0 < [;°fP(x)dx < 00, and 0 < [~ g?(x) dx < o0, then

/oo/oofi(x)g(y) dxdy < nﬂ {/oofp(x)dx}ﬁ {/"qu(x)dx}? (1.2)
o Jo p Lo 0

xX+y sin
The corresponding inequalities in the discrete case are (a,,, b, > 0):
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p

provided that the series on the right-hand side of (1.3) and (1.4) are convergent. The con-

stant factor 7 is the best possible in both (1.1) and (1.3), and the constant 7+ is the best
p

possible in (1.2) and (1.4). The following general inequality was given in [2]:
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where k(pA,) = f0°° K(1,t)t P42 dt is the best possible constant, K(x,y) > 0 is a homoge-
neous function of degree - (A > 0), A; € (1 2 1) Ay € (2 ’\ 1) and pA; + gA; =2 — ).

Moreover, in [3] the following is proved:
1
q

[anq*‘z-lbg] : (1.6)

n=1

=

iil((m, Vb, <k(pA2){im”qA1_lafn}
-1

n=1 m n=1

here K(x,y) > 0 is a homogeneous function of degree —A (A > 0) strictly decreasing in both
parameters x and y, A; € (max{ﬂ 0}, l) A, € (max{ﬂ 0}, l) and pA; +qA;1 =2 -X. In
and K (m,n) =

particular, if we set K(x,y) =
(1.6) for A =1, we have
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(o, B > 0) respectively in (1.5) and

ax+ﬁ am+ﬁn

1 1
b, B(PAz,l PA3) padil p L iyt 7
Z Z am + /3}/1 al- quﬁl -pAy Z Ay ;Vl bn » (1.8)

n=1 m=1

where B(s, t) is the beta function, A; € (0, ) A, € (0, ) and pA; + gA; = 1. We need the

following formula for the beta function:
t
B(s,t +1) = —B(s, t). (1.9)
S+t

For the sequence of real numbers (a,), Carlson’s inequality is given as

1

i“” < ﬁ(i ai) (i nzai) , (1.10)
n=1 n=1 n=1

the constant /7 is the best possible. The continuous version of (1.10) is

/Oof(x)dxf Jﬁ(/oofz(x)dx)I </Oox2f2(x)dx)z, (1.11)
0 0 0

the constant /7 is sharp. Regarding these inequalities and their extensions, we refer the
reader to the book [4].

In this paper, we introduce two new inequalities with a best constant factor which
gives an upper estimate for the double series Y - Y>> 0, and the double integral
fo /0 y) dx dy, where o, is a double sequence of positive numbers and G(x, y) is
a positive functlon on (0,00) x (0,00). As an application, we obtain a sharper form of the
Hilbert inequality. Some examples of Carlson type inequalities are also considered. The
proof of the inequalities depends on inequalities (1.7), (1.8) and Hardy’s idea in proving

Carlson’s inequality.
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2 Discrete case
Theorem 2.1 Letp > 1, l l =1, a, and b, be two sequences of positive numbers such that
0<Y > mhi-lgh < oo 0 < Yoo nP271pl < 0o, Let 0y, be a double sequence of positive

numbers such that y .o, > ma’”" <ooand Y 2 ¥ m’”” < 00, then the following

m=1 g, m=1 a,,
inequality holds:
2 1 1
o0 0 o0 p S q
>3] {zm} {zb}
n=1 m=1 m=1 n=1
© 0 52 41 (00 oo mo? pA2
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{n:l m=1 ﬂmbn n=1 m=1 ﬂml’)n

1 1 _ _ _BlpArl-pAy)
here A, € (0, 5), Ay € (0, ;), PAs + qA1 =1, and the constant L = (p,axz)w%z—(qu)zq/‘l is the best
possible.

Proof Let a, B > 0, using Cauchy’s inequality and then applying (1.8), we get
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Set T =) 2 > i G =) "im ¢ _ @ and consider the function h(t) =

m=1 a,,b, ’ m=1 amb ’ B
AT + P42, Since W' (¢t) = 7 —i5 (A T - pdaS 2 ), we conclude that the minimum of this func-
pAzS . Therefore, if we let a =pAsS and B =qA; T, we get (2.1).

It remains to show that the constant L in (2.1) is the best possible. To do that, suppose
that there exists a positive constant C < L such that (2.1) i is still valid if we replace L by C.
For 0 < & < q(1 — pA,), setting @, and b, as @, = m H1” b, b, = n P42 7, and &, o,,m = “y;”f;,
we have Y 7m0 = N s =14+ ) ) s <1+ [T a  dx =1+ 3 similarly,
we obtain anl nPi1pl <1 4 1, Moreover,

tion attains for ¢ =

00 00~ o0 00 —gA1-£
noy, ., 1-pAy-£ m i
Gy -+ )

n=1 m=1 amb” n=1 1 m+n

°° ~qA1-§

1-pAy-£ “x
< Zn q ——dx
0 (Vl +x)2

n=1
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qu-%

Z -1-¢ / (1 +uU )2 du = [B(l - qA1,1 + qu) + 0(1)] HXZI:n_l_S

— [B(l —qA1;,1+qA) + 0(1)].

Similarly,
~ o N
et G n=1 (m +n)? =1 o (m+x)?
oo ) [od] M—pAZ_5 N
_ e uwta
= Zm /(; (1+ u)2 [B(l pAZ;I +pA2) +0 1) Zm
m=1 2
+1
< ET[B(I - pAz, 1+ pAy) +0(1)].
On the other hand
»3 o KM, pA-
P~ m 17 n q py q
S Y= s [ [
n=1 m=1 ol ol

> =[B(pA,1-pA;) +0(1)] - O(1).

Substituting the above inequalities in (2.1), we get

2
{ %[B(PAZ, 1-pAs) +o(1)] - o<1)}

e+1 ah

<Cc— { £ : 1 [B( - gA11+qA) + 0(1)]}

e+1 pha
X { . [B(l PA2, 1+ pAj) + 0(1)]} . (2.2)

Multiplying inequality (2.2) by &2 (¢ = £%41£P42) and then letting ¢ — 0*, we have
B*(pAz,1 - pAs) < CB™1(1 - gA1, 1 + gA1)BP*2 (1 - pAg, 1 + pAy). (2.3)
Using (1.9), we find

BI1(1 - gA;,1 + qA;) = (gA) ™1 B¥™1(1 - gAy, qA;)

= (gA) ™M B™ (pAy,1 - pA,), (2.4)
and

BP2(1 - pAs, 1 + pAy) = (pAy)P2BP2 (1 — pA,y, pA,). (2.5)

B(pAz,1-pAr)

Substituting (2.4) and (2.5) in (2.3), we obtain the contradiction C > L = PR
O

The theorem is proved.
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2.1 Some applications

1.If oy = ‘i;”f’; in (2.1), then we have the following form of Hilbert’s inequality:

0o oo

I
+

n=1 m=1 m+n

00 % ( %
\/Z:Zmqul‘lafn] !anw—lbz}

m=1 n=1

9]

na, oy, ma, Dy 2
{Zz(m+n)2} {Zz(m+n)2} ’ (2.6)

Inequality (2.6) is a sharper form of (1.8). To see that, let us rewrite (2.6) in the following

form:

) 1 1
> - ambn B(pA27 1- pAZ) pgA1-1_p " e PpgAs-1 ! A A
p1l gadirAz
{Z Z m+n } (pA2)P42 (A1) Z o ;n !

n=1 m=1

where § = Y00 3% samby qnd T = 3 3% m”’”bg'. Since we may write

m=1 (m+n)? (m-+n)

S0 S amba _ 74§, dividing both sides of the last inequality by 300, 50 dmbn

m=1 m+n m=1 m+n’
we get
1 1
00 00 A q
ZZ <B(pA2,1 pAz){Zmqul 1,0 } {anqu_le}
n= 1 m=1 n=1
(S (e
x 47 phal 2.7)
T+S
Applying Young’s inequality (xPy* < Ox + juy, @ + u = 1) to the product (qu )qA1(pA2 w2
with x = —=- and Y= oa We obtain
(qu )qu (PAZ )pA2 T+S

T+S =T+S

Therefore, inequality (2.6) is a sharper form of (1.8). In particular, if we set p = g = 2,
A= i = A, in (2.6), we obtain the following sharper form of the classical Hilbert inequal-

ity (1.3):

Pt 0 ot P

Note that we may obtain the Hilbert inequality from (2.8) by applying the AG inequality
VST < S*TT to the right-hand side of (2.8).
2. The more accurate Hilbert inequality is given as

Z;X; +n+1 sinZ {Z“p} {sz}' (2.9)
n=1
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If we put oy, = ambn_ (11 0) in (2.1), then we have

MmN+

n=1 m=1
. 5 o
na
<L mP g nPaA2-1p1 mzn
> 2: Dy P
m=1 n=1 m=1
oo o0 @
ma,,b,
X —_—— .
i;;(m+n+,u)2}
Since
DI
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0o 00 manb 00 00 na SN (L
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D) B rrerren D D) DY rwwrran AP D) DY ey
2 2
i (mtn+p) A (mntp)? = (m+n+p)?
= Sl + Sz + Sg,
we obtain
1 1
oo oo p o0 q
ZZ < B(pAj,1 - pAy) :Zmpqm 1,p } {anqu—le}
m+n+
n=1 m=1 m=1 n=1
qA1 A
()R
Sl + Sz + Sg
AGEP? s
Applying Young’s inequality, we get -2 e S; 523 <3 +ls+2 +st <1, thus we arrive at

Q=

n=1 m=1 m=1 n=1

In particular, if u =1, A; = — = A,, then we have (2.9).

3.Fora>1,seta,, =m" P,b —— andAl—Az_ 1n(21) then we get

S5

n=1 m=1

1 1
11 oo 00 p o0 0 q
p q
prqini(a) @ ey, ¢ ay
<_7n mrni O'nm name O'nm »
sin = i i
p

where ¢ (o) is the Riemann zeta function. In particular, if « = 2 and if 0,,,, = ¢;,,¢;, then we

get the following Carlson type inequality:

T

oo 7T3 I o0 é o0 %
Zcm<(?> :chil} {Zm%i,}
m=1 m=1 m=1

a 00 }9 0 q
mn A1-1 Ag -1
B(pA,y,1-pA paA1-1p pada-lpa l
zzmmwswz sl St | {5
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4. Ifweleto,,, =ana, and b, =a,, p=q=2,A1=A; = i, we get

iam < (271)% !imam} {
m=1 m=1

hgk
&N
i,—a

3 Integral case
Theorem 3.1 Ifp > 1, }7 + % =1, f(x),g(x) > 0 such that 0 < [~ xP14171fP(x) dx < 00, 0 <
fooo xP14171g4(x) dx < 00, suppose also that the function G(x, y) is positive on (0,00) x (0, 00)

and that [;° foo G ” ;- dxdy < o, I foo i (” ¢ dxdy < 00, then the following inequality
holds:

00 e} 2
|:/ / G(x,y)dxdy]

o Jo

L ooqurlp d)p< * qA2-1 g d>q

<(/Ox 7(3) dx fyp F0)dy

00 sz(x,y) }PAZ{ sz(x’ }qu
dxd s .
g {/o [ 7g0) [ F@0) 3D

1 1 _ _ _BlpAy1-pAy)
where A; € (0, E)’ Ay € (0, E)’pAZ +qA;1 =1, and the constant L = o3 Al 1S the best
possible.

Proof By Cauchy’s inequality, taking into account (1.7), we get (¢, 8 > 0)

[/waooo G(x,y)dxdy]2

00 wf(x)g(y ax+ By ,

S/o /(; otx+,3y / / Fx )g(y)G(x,y)dxdy
B(pAs,1 - pA o .
<W([ D L x)dx) (/ y”"A“gq(y)dy)

[/ / ﬁ;{y) drdy+ ’3/ / ﬁj);(yy)) xd }

— B(pAy,1 - pAz)( / AT () dx)p ( / Al () dx> !
0
[( )q/*l / / G (xy) ( )I’AZ / / G @y) }
F@e0) o) P
As in the proof of Theorem 2.1, if we set I; = [ foo xG dx dy, I = [;° foo yG xy) dx dy,
t= g and consider the function h(f) = 9411, + ¢ pAZIZ, we ﬁnd that the minimum of this
function attains for ¢ = ‘222? Thus, if we let « = pAyI; and B = qA111, we get (3.1). If the

constant factor L is not the best possible, then there exists a positive constant M (with
M < L), thus (3.1) is still valid if we replace L by M. For 0 < € < g(1 — pAs), setting:]? and

2
G(x, y) dx dy]
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E as f(x) <?(x) =0 for x € (0,1), f(%) = x b, g(x) = xP42°4 for x € [1,00), and setting
(x y) = f ) we have

[ / / G(x,y)dxdy:|
() -lsdxf(/l ) [ )
AL )

= —(11)17'42 (L)*. (3.2)

Let y = ux, then we have

PG PG
L = ——dud ——dud
! /1 //x A+ u? . x</ / A +up? e

1
= E[B(l —pAs, 1+ pAy) + 0(1)].
Similarly,
1 pAz—— 00 o0 ul pAQ—tﬁl'
f / ———dudy< / x’l’gf ———dudx
e (1+u)? 1 o ([@1+u)?
[B(PA2,2 - pAs) +o(1)].

Finally,

00 . 00 M—PAZ—%
1= x ¢ dudx
1 x l+u

—_

> =[B(1 - pAz, pAsz) + 0o(1)] - OQ1).

™

Substituting the above estimates in (3.2) and then letting ¢ — 0%, we find M >

B(pAz,1-pAj)

1A gLy The theorem is proved. O

3.1 Some applications
1. Putting G(x,y) = f(i?Tgy(y) in inequality (3.1), we get

[ [ ]
<L</ A7 () dx)l% (/ooyqug—lgq(y) dy)é
[ [T g g

We may prove that inequality (3.3) is sharper than inequality (1.7) as we did in the dis-

crete case, or we may do that by using (1.5) in the following way: set K(x,y) = G and

x+y
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K(x,y) = o y)2 respectively in (1.5), then we have

f / xf(xg(y drd
(o0 + )2 4
<B(1-pA,1 +PA2)< /O Oox"qu‘lf"(x) dx)p ( /0 ooy""AZ“g" €l dy)

= pA>2B(1 — pA,, pAs) </oo quA1—1fP(x) dx) ’ (/ yquz—lgq(y) dy) 6,
0 0
and

// (x+y)2 axdy

< GAB(pAs 1 —pA2>( fo " i) dx) ’ ( /0 " yparaiga) dy) "

Using these two inequalities in (3.3), we get (1.7). In particular, if weset p = g =2, A; = i =
Aj in (3.3), we obtain the following sharper form of the Hilbert inequality (1.1):

[
< JE( / Oofz(x)dx)i( | oogz(y)dy)i
A ([ ]

2. Assuming G(x,y) = [tx20)

x+y+;¢
U"O * flxgy) did ]2
0 0o X+ty+u 4
L ooqu/\rlp d>p< = qA2-1 q d>q
<(/0 7(x) dx /y” 20 dy
¥ AW }”AZ { Y (®)gl) }q“l
X{fo /o (x+y+/¢c)2 // (x+y+p)? dudyy

Since we may write [~ Oof(xg(y) dxdy = [;° [5° SR0) 1 dy + I I A E0) 1 dy +

XYL (ac+y+p)? (e+y+u)?

fo Ooo gc{yw dxdy=1 +12 + I,

/ T[T L) dxdy
o Jo

X+Y+ [

(,u > 0) in inequality (3.1), we get

<B(- pAz,pA2)< / oox”‘ff“‘lfp(x) dx)p ( / Ooy"q"z‘lgq ) dy) ’
0
(A
X

)qu ( )PAZ

941 pA
11 + 12 + [3

’
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A ygAy (L2 ypAy
t qu) (Pﬂz)p
H+Ip+13

<B —pAz,pA2>( f " ey dx)” ( f " yparaiga) dy) "
0 0

the quotien <1, thus we have the following inequality:

3.Putf(x) =e*andg(y) =e” in (3.1), 4; = p—lq = A, then we get the following Carlson

type inequality for functions of two variables:

|:/000/000 G(x,y)dxa,’y]2

< = { f / xe"V G2 (x,y) dxdy} { / / ye*7 G (x, y) dxdy} . (3.4)
sin o Jo o Jo

T
p

Moreover, if we assume G(x,y) = ¢(x)¢(y) in (3.4), we get (p = 2)

/0 <p(x)dx<n%{/0 xexwz(x)dx}4{/0 e"goz(x)dx}4,

which is a sharper form of Carlson’s inequality (1.11).
4. Let G(x,y) = f(x)f (¥), f(x) = g(x) in (3.1), then we obtain the following Carlson type

inequality:
Y rwas<endl [T xrwal [T pwa
/o fx)dx < (2m) {/0 xf (x) x} {/0 fx) x}
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