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1 Introduction
Let us consider the following inverse problem for a pseudo-parabolic equation:

n
ut—aAut—Au+Zbiuxi —ufPu=f(t)glx), xe€Q,t>0, (1)
i=1
ulx,t)=0, xe€dQt>0, (2)
u(x’ O) = uO(x)’ X € Q) (3)
/ ulx,t)gx)dx=1, ¢>0, (4)
Q

where Q C R" is a bounded domain with a sufficiently smooth boundary 0€2, p and a are
positive constants, g(x) and b;(x) are given functions satisfying

w € HX(Q) N Hy(Q) N LF2(Q), / o(®- Aw)dx =1, (A1)
Q

with weight function g(x) = w — aAw, and a constant

" 1/2
_ 2 @
By = max (21: b? (x)) , xeQbeC(Q). (A2)
The inverse problem consists of finding a pair of functions (u(x, t),f(£)) satisfying (1)-(4)
when
Ug € H(l)(Q) NLP*2(Q) and / uo(w— Aw)dx =1. (A3)
Q

Additional information about the solution to the inverse problem is given in the form of
the integral overdetermination condition (4). From the physical point of view, this condi-
tion may be interpreted as measurements of the temperature u(x, t) by a device averaging
over the domain  [1].
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This type of equations arises from a variety of mathematical models in engineering and
physical sciences; for example, inverse scattering problems in quantum physics, an inverse
problem of interest in geophysics [2].

Existence and uniqueness of solutions to an inverse problem for parabolic and pseudo-
parabolic equations are studied in [3—6]. Stability of solutions is investigated by several
authors [1, 7]; but less is known about blow-up solutions. Eden and Kalantarov [8] studied
the same problem without a strong damping term —Au,. Meyvaci [9] established a blow-

|u|2m

up result for the pseudo-parabolic equation u; — Au, — Au + u, u? = u, where p > 1

is a given integer and m > 1 is a number.

Here, we used the following notations:
llll = ll2ellzy ), (u,v) =[ uvdzx, lllp = lluellzr ()
Q
are the arithmetic-geometric inequality and Young’s inequality for a, b > O respectively;
€ 2. 1.9
ab < Ea + 2—b , ab < Ba? + C(p, B)bY, (5)
€

with1l/p+1/g=1,C(p,B) = W and the Poincare-Friedrich inequality

dallull® < I Val?, (6)
where 1; is the first eigenvalue of the eigenvalue problem
-Au=\u, x€; u=0, xedQ.

Multiplying both sides of (1) by w and integrating the resulting equation over 2 lead to
the following relation:

f@t) =—(u, Aw) + (w, Z biuxi) — (o, [ulPu), (7)
i=1

where conditions (2), (3) and (Al) are used. Substituting (7) into (1), problem (1)-(3) yields
a direct problem given by [4].

2 Blow-up result

Firstly, let us note the following lemma known as ‘generalized concavity lemma’ or
‘Ladyzhenskaya-Kalantarov lemma’ It is an important tool to obtain the blow-up solutions
to parabolic- and hyperbolic-type equations.

Lemmal Leta >0,Cy, Cy > 0and Cy+C, > 0. Suppose that a positive, twice differentiable
function F(t) satisfies the inequality

FOF"(£) - (1 +a)(F (1))’ = =2CF(t)F (£) - C,F2(t), V&> 0. ®)
If

F(0)>0 and F'(0)+ya tF(0)>0, (9)
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then F(t) goes to infinity as

st <ty - 1 VIF( ) + oF'(0) 10)
1<t =
2,/C}+ Cy VzF 0) +aF'(0)
Here, yy = -Cy + ,/Cl2 +aCyand y, =-Cy — ,/Cl2 +aC,.
Proof See [10]. O

Theorem 1 Assume that (Al)-(A3) are satisfied and suppose that the initial condition u,
satisfies the following condition:

(2p + 3) 9 4 2(p+1)?
————luollb; > 2,/ = + ———5— (2B} + K3) (luoll* + all Vuol|*)
a ap
— (L +B})lluoll* - Dy, (A4)

where Ko > 0 and Dy = |Aw|?* + B ||lo|?* + ﬁna)”ﬁﬁ. Then the solution of the problem

(1)-(4) with the weight function g(x) = (w — aAw)(x) blows up in a finite time.

Proof Multiplying (1) by u and integrating over Q2 give

N | =
S..|&,

(Il + all Vull?) + V2 +<u,2bux,) el = £ (2). (11)

i=1

Also, multiplying (1) by #, and integrating over €2, we obtain

Jual? + @l Vae? =~ vug? - ( Zb u) o (12)
Now, let us consider the following function:

F(t) = |ul® + al|Vu|* + Dy, 13)
where Dy is a nonnegative parameter to be chosen later. It is clear that

F'(t) = 2(u, uy) + 2a(Vu, Vuy). (14)
Using the Cauchy-Schwarz inequality, we have

(F®)" = 4F@(luel + all Vi ). (15)

Substituting (11) into (12), we obtain

2(p 2) ”()_2(19 2)d

d = 1 d
<ut,2buxl) pye dt( Zbiux,) Py e G

i=1

d
IIVMII2

2 2
loee|l” + all Vue||” =
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We take the derivative of (7) with respect to ¢

%f(t) = —(uy, Aw) + (a), Zbiutxi) - (p+ 1) (0wt u,). a7)

Rewrite (16) in view of (17)

1 p+1
2 2 _ 1/ 2
el + al Vis | = 5= F'(0) - 2(!) ) E” ul <ut,2bux,)

t o ( Zb utx,) S (e, Aw)
1 - +1
- P (w, Zbi”txi> + 5 (a), |u|put). (18)
i=1

After applying the arithmetic-geometric inequality to estimate the terms on the right-hand
side of (18), we obtain

d
— I Vul? 52/ Vu - Vu,dx,
dt o

19)
4 2, 4 2
2| | Vu-Vurdx| < —||Vul*+ = Vu|*,
Q a 4
" 2
2Bj(p+1
wo Y ity ) = <22+ 22D g (20)
— 8(p+1) p
< Zbutx) < —|| I+ 21 vul?, (1)
i=1
P 2 2 2
(e, Aw)| < Cllue)? + = Ao, (22)
8 p
n
B2 a
0,3 bty )| = 22 f0ll” + V) (23)
i=1 ap 4
For g = -*%, n > 3, the following inequality is satisfied for some Kj > 0:

1/q 1/2
(/ Iulqu) 51<1</ |Vu|2dx) ) (24)
Q Q

We apply the Holder inequality, with g1 = n, g2 = 2, g3 = }127”2, to the last term in (18),

1Un 172 o n2
‘/ olulPu, dx| < (/ |w|”dx) (f |u¢|2dx) (/ |2 dx) . (25)
Q Q Q Q

It follows from (24) and (25) with |||, < K3

K Vul| <
ollaell u||_4(p D

p+1
lluge 1> + TKSIIWIIZ, (26)
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where K = K K;. Substituting the estimates (19)-(23) and (26) into (18), we write

p+4
2(p +2)

232
2 2 1" 0 2
u +al|Vu < F'(t)+ ————||lu

2pat + pH(p +1)2(2B3 + K2)
+
alp+2)

BZ
(2||Aw||2 + ;° ||w||2). (27)

2
al|Vul

1
plp+2)

+

Since coefficients of the term a||Vu|? are greater than those of || on the right-hand
side of (27), multiplying both sides of (27) by 2(p + 2), we get

B+ 4 (luel® + all Viae1?)

4p 2(p+1)2(

<F'(8) + (—2 + 2B2 +1<§)>(||u||2 +al|Vul?) + D, (28)
a

where D, = fJIIAwH2 + % lw|?. From (15) and (28), we have
(1 . ’g)rlm (F(©)) <F'(t) + BE(®) + (Ds — BDy), (29)

where 8 = 2—5 + @(233 +K2). We choose Dy = 871D, in the last inequality and multiply

a

both sides of (29) by F(¢), which gives

F)F'(¢) - (1 + g) (F©)’ = -B(F®)". (30)

So, inequality (8) is satisfied with o = {f >0, C; =0, C; = 8 >0. Thus, the desired result is
obtained by applying Lemma 1. O

3 Stability of problem

In this part, we consider the following inverse source problem:

ut—Aut—Au—Zb,’uxi +ulfu=fHowkx), xe€,t>0, (31)
i=1
ulx,t)=0, xe€dQt>0, (32)
u(x,0) = up(x), x€9, (33)
/ u(x, Ho(x) dx = ¢(t), (34)
Q

where Q C R” is a bounded domain with a sufficiently smooth boundary 92 and w, u,

and ¢(¢) are given functions, p > 0. Assume that w satisfies the conditions

/w2 dx=1, o € Hy(Q) NLP2(Q) (A5)
Q
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and u satisfies
uo € Hy(Q) N IP*2(Q) and / uo(x)w(x) dx = ¢(0). (A6)
Q

Theorem 2 Suppose that the conditions (A5) and (A6) are satisfied and assume that ¢
and ¢’ are continuous functions defined on [0, 00) which tend to zero as t — 0o. Then

. 2 2
Jim ([ Vae]® + lull}13) = 0
with a constant By < 2(7%11_1), where A1 is constant in (6).

Proof We multiply (31) by w, integrate over 2 and use (34) to obtain
F)=¢' ) + (Vo, Vi) + (Vo, Vi) — (w, Zbiuxi> + (o, ul’u). (35)
i=1
Inserting (35) into (31), we obtain

n
Uy — Ay — Au— E biuy, + |ulPu
i=1

= <¢/(t) +(Vo,Vu,) + Vo, Vi) — (a),Zbiuxi) + (o, |u|pu)>a)(x). (36)
i=1

Now, let us multiply (36) by « + u; and integrate over :

+2 2 +2 2 2
IIuII§+2]+IIWII + el + Nlaell? + 1 Vot |

arr. ., , 1
—[§IIMII +[[Vul Y P2

dt +2

= ((p’(t) + (p(t)) |:¢/(t) +(Vw,Vu) + (Vo,Vu) — (a), Z biuxi) + (a), |u|”u):|
i=1

+ (u + Uy, Z biuxi). (37)
i=1

Using Cauchy, Poincare and Young inequalities on the right-hand side of (37), we have

n
B
<u,;bl~uxi) < 7%||Vu||2, (38)
- 2 B(Z) 2
uZlbu < Nl + 2NVl (39)
1
(Voo, Vi) (¢ +9)| < IIVaie|? + Enw)nz(!wf +loP), (40)
1
(Yo, V(¢ +9)| < SIVulP + = IVol(|¢' [ +1¢P). (a1)
" &€ B2 2
(a),Zbiuxi)(w/w) < SIVul + 2ol (¢'[* +1oP), (42)
i=1

(@, [ulPu) (¢ + ¢)| < ellullly + Cle, Dl (¢ + 1p*?). (43)
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Rewriting (37) with estimates (38)-(43), we obtain the following inequality:

d +2
E[—Ilull + (| Vall* + 2IIuII§+2]
Bo(4+30v 1) 2
+(1—s— ™ IVul® + (1 - &) llulb; < D),
where

712 2 1 2 1 2 B(z) 2
D) = (¢ +1eP) (S IVl + 1Yol + 2 o]
(@) + ¢ @) + Ce DIt (¢ + 1912).

We choose gy >0 such that g <g<1- 44+5°—‘r and take

4+Bo¢—)) _80}

2
Kz=min{ —[1-¢9—
3 {3( )

So, (44) follows

d
—[—Ilu||2+ IVul® +

1
- 5 ||u||’;1§] Ks(—IIVu||2 + ||u||§1§) D().

The last term on the left-hand side of (45) can be written

2 +2 A 2 2 +2
—IIVMII +IIMII,IZ+2_ el + IVael® + flully?s

1 1
> Kol =Nu)? + | Vul® + pr2 ,
> 4(2” 1=+ [IVull P 2

where K3 = min(Aq,1). It follows from (45) and (4.6)

d
2 10) + Ksn() = D().
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(44)

(47)

Here, K5 = K3Ky and n(2) = 5 [lull* + || Vu|* + Iﬁ |22, After solving first-order differen-

p+2
tial inequality (47), it follows that

2
[Vull® + lullysy; = 0 ast— oo.
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