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1 Introduction

The notion of ideal convergence was introduced first by Kostyrko et al. [1] as a generaliza-
tion of statistical convergence [2, 3], which was further studied in topological spaces [4].
More applications of ideals can be seen in [5-9].

The concepts of fuzzy sets and fuzzy set operations were first introduced by Zadeh [10].
Subsequently, several authors have discussed various aspects of the theory and applica-
tions of fuzzy sets such as fuzzy topological spaces, similarity relations and fuzzy ordering,
fuzzy measures of fuzzy events, and fuzzy mathematical programming. In particular, the
concept of fuzzy topology has very important applications in quantum particle physics,
especially in connection with both string and > theory, which were given and studied by
El Naschie [11]. The theory of sequences of fuzzy numbers was first introduced by Matloka
[12]. Matloka introduced bounded and convergent sequences of fuzzy numbers, studied
some of their properties, and showed that every convergent sequence of fuzzy numbers
is bounded. In [13], Nanda studied sequences of fuzzy numbers and showed that the set
of all convergent sequences of fuzzy numbers forms a complete metric space. Different
classes of sequences of fuzzy real numbers have been discussed by Nuray and Savas [14],
Altinok, Colak, and Et [15], Savas [16—20], Savas and Mursaleen [21], and many others.

The study of Orlicz sequence spaces was initiated with a certain specific purpose in
Banach space theory. Lindenstrauss and Tzafriri [22] investigated Orlicz sequence spaces
in more detail, and they proved that every Orlicz sequence space /;; contains a subspace
isomorphic to /, (1 < p < 00). The Orlicz sequence spaces are the special cases of Orlicz
spaces studied in [23]. Orlicz spaces find a number of useful applications in the theory of
nonlinear integral equations. Although the Orlicz sequence spaces are the generalization
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of /, spaces, the [,-spaces find themselves enveloped in Orlicz spaces [24]. Recently, Savas
[19] generalized ¢(A) and [ (A) for a single sequence of fuzzy numbers by using the Orlicz
function and also established some inclusion theorems.

In the later stage, different classes of Orlicz sequence spaces were introduced and studied
by Parashar and Choudhary [25], Savas [26—29], and many others.

Throughout the article, w¥' denotes the class of all fuzzy real-valued sequence spaces.
Also, N and R denote the set of positive integers and the set of real numbers, respectively.

The operator A" : wg — wr is defined by (A°X)x = Xi; (AXX)x = AXk = Xk — Xps1s
(A"X); = A" X = A" 21X — A" 1X;,1 (n > 2) for all # € N. The generalized difference has

the following binomial expression for n > 0:

n

Anxk = Z <:l> (_l)vxkﬂw (1)

v=0

In this paper, we study some new sequence spaces of fuzzy numbers using /-convergence,
the sequence of Orlicz functions, an infinite matrix, and the difference operator. We es-
tablish the inclusion relation between the sequence spaces w'(!)[4, M, A”, p], W/ D[4, M,
A", plo, W [A,M, A, ploo, and W'D [A, M, A™, p].,, where p = (p;) denotes the sequence
of positive real numbers for all kK € N and M = (M) is a sequence of Orlicz functions. In

addition, we study some algebraic and topological properties of these new spaces.

2 Definitions and notations
Before continuing with this paper, we present some definitions and preliminaries which
we shall use throughout this paper.

Let X and Y be two nonempty subsets of the space w of complex sequences. Let A = (a,x)
(n,k=1,2,...) be an infinite matrix of complex numbers. We write Ax = (A4, (x)) if A,,(x) =
> i @iy converges for each n. (Throughout, ), denotes summation over k from k =1 to
k=00).Ifx = (xx) € X = Ax = (A,(x)) € Y, we say that A defines a (matrix) transformation
from X to Y and we denoteitby A: X — Y.

Let X be a nonempty set, then a family of sets I C 2% (the class of all subsets of X) is
called an ideal if and only if for each A,B € I, we have A U B € I, and for each A € I and
each B C A, we have B € I. A nonempty family of sets F C 2X is a filter on X if and only if
® ¢ F, for each A,B € F, we have AN B € F, and for each A € F and each A C B, we have
B e F. Anideal ] is called non-trivial ideal if I # ® and X ¢ I. Clearly, I C 2% is a non-trivial
ideal if and only if F = F(I) = {X — A: A € I} is a filter on X. A non-trivial ideal I C 2% is
called admissible if and only if {{x} : x € X} C I. A non-trivial ideal / is maximal if there
cannot exist any non-trivial ideal / # I containing / as a subset. Further details on ideals
of 2% can be found in Kostyrko et al. [1].

Let D denote the set of all closed and bounded intervals X = [x1,%,] on the real line R.
For X,Y € D, we define X < Y if and only if x; <y; and x; <y,

dX,Y) = max{|x1 =l %2 —y2|}; where X = [x1,%2] and Y = [y1, 3]
Then it can be easily seen that d defines a metric on D and (D, d) is a complete metric

space (see [30]). Also, the relation ‘<’ is a partial order on D. A fuzzy number X is a fuzzy
subset of the real line R, i.e., a mapping X : R — J (= [0,1]) associating each real number
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t with its grade of membership X(¢). A fuzzy number X is convex if X(£) > X(s) A X(r) =
min{X(s), X(r)}, where s < t < r. If there exists £, € R such that X(¢) =1, then the fuzzy
number X is called normal. A fuzzy number X is said to be upper semicontinuous if for
each e >0, X71([0,a +¢)) forall a € [0,1] is open in the usual topology in R. Let R(J) denote
the set of all fuzzy numbers which are upper semicontinuous and have compact support,
i.e., if X € R(J), then for any « € [0,1], [X]* is compact, where

[(X]* = {reR:X(¢) = o,if« € [0,1]},
[X1° = closure of({t eR: X(t) >a,ifa = 0})

The set R of real numbers can be embedded in R(J) if we define 7 € R(J) by

1, ift=r;
0, ift#r.

7(f) =

The additive identity and multiplicative identity of R(J) are defined by 0 and 1 respec-
tively.
The arithmetic operations on R(J) are defined as follows:

X Y)(t)—sup{X(s ANY(t-5)}, teR,

}
XoeY)(i)= sup{X(s A Y( s—t)}, teR,

XRY)()= sup{X(s) A Y<§> }, teR,
X
(?)(t) = sup{X(st) A Y(s)}, teR.

Let X,Y € R(J) and the a-level sets be [X]* = [x§,x5], [Y]* = T, ¥5], @ € [0,1]. Then the
above operations can be defined in terms of «-level sets as follows:

(X @ Y]* = [af + 95,45 +95 ],

[X© Y1 =[x - 55,25 -],

X®Y) [n{llm} X; Vi max 27} ]

[x]" = [(xg)_l, (x‘f)_l], x¢ >0, foreachO <o <1.
For r € R and X € R(J), the product rX is defined as follows:

X ), ifr#0;
0, ifr=0

rX(t) =

The absolute value |X| of X € R(J) is defined by

max{X(t),X(-t)}, ift>0;
0, ift<0.

1X1(2) =
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Define a mapping d:R(J) x R(J) = R* U {0} by

dX,Y) = sup d([X]%[Y]).

0<a<l

A metric d on R(J) is said to be a translation invariant if d(X + Z,Y + Z) = d(X, Y) for
X,Y,ZeR().

Proposition 2.1 If d is a translation invariant metric on R(J), then
(i) d(X +Z,0) <d(X,0) +d(Y,0),
(i) d(rX,0) <[Ald(X,0), |A]>1.

The proof is easy and so it is omitted.

A sequence X = (Xi) of fuzzy numbers is said to converge to a fuzzy number X, if for
every € > 0, there exists a positive integer ¢ such that c_i(Xk,Xo) <€ forall n > ny.

A sequence X = (Xj) of fuzzy numbers is said to be bounded if the set {X : k € N}
of fuzzy numbers is bounded. A sequence X = (Xi) of fuzzy numbers is said to be I-
convergent to a fuzzy number X if for each € > 0 such that

A={keN:dX;,Xo) =€} €l

The fuzzy number X, is called /-limit of the sequence (X) of fuzzy numbers, and we write

I-lim X = X.
A sequence X = (Xi) of fuzzy numbers is said to be I-bounded if there exists M > 0 such
that

[keN:d(X,0)>M} el

Example 2.1 Ifwetakel =Ir = {A C N : A is a finite subset}, then I is a non-trivial admis-
sible ideal of N, and the corresponding convergence coincides with the usual convergence.

Example 2.2 If we take / = Iy = {A € N : §(A) = 0}, where §(A) denotes the asymptotic
density of the set A, then I is a non-trivial admissible ideal of N, and the corresponding
convergence coincides with the statistical convergence.

Lemma 2.1 (Kostyrko, Salat, and Wilczynski [1], Lemma 5.1) IfI C 2N is a maximal ideal,
then for each A C N, we have either AcIorN—-A el.

Recall in [23] that the Orlicz function M : [0, 00) — [0, 00) is a continuous, convex, non-
decreasing function such that M(0) = 0 and M(x) > 0 for x > 0, and M(x) — oo as x — o0.
If convexity of the Orlicz function is replaced by M(x + y) < M(x) + M(y), then this function
is called the modulus function and characterized by Ruckle [31]. An Orlicz function M is
said to satisfy the A,-condition for all values of 4, if there exists K > 0 such that M(2u) <
KM(u), u > 0.

The following well-known inequality will be used throughout the article. Let p = (px) be
any sequence of positive real numbers with 0 < py < sup, px = G, H = max{1,267!}, then

|ax + bilP* < H(Jax|P* + i)

for all k € N and ay, by € C. Also, |ax|’* < max{l,|a|®} foralla € C.
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3 Some new sequence spaces of fuzzy numbers

In this section, using the sequence of Orlicz functions, an infinite matrix, the difference
operator A", and I-convergence, we introduce the following new sequence spaces and
examine some properties of the resulting sequence spaces. Let I be an admissible ideal
of N, and let p = (px) be a sequence of positive real numbers for all k € N and A = (a,)
be an infinite matrix. Let M = (M) be a sequence of Orlicz functions and X = (Xj) be a

sequence of fuzzy numbers. We define the following new sequence spaces:

wO[A,M, A", p|

= i(xk) GWF:V8>0,{neN:Za,,k[Mk<w>]pk 28} el
k=1

for some p >0 and X, € R(])},

M/I(F)[A,M,Am,p]o

= i(xk) ewF:V8>0,{neN:Zank[Mk<@>]pk zs} el

k=1
for some p > 0},
w [A,M, A", p]_

o 7 AmX,_ Pk
= {(Xk)ewpzsup E ank|:Mk<M>:| <oo,f0rsomep>0},
P

" k=1

and

wO[4,M, A", p]_

= i(Xk) ewl 3K >0 s.t. ineN:Zank[Mk(W)]pk zK} el,

k=1

forsomep>0}.

Let us consider a few special cases of the above sets.
(i) If m =0, then the above classes of sequences are denoted by w!F)[A,M, p],

W O[A,M, plo, W' [A, M, poo, and W' D[4, M, p].,, respectively.

(ii) If My (x) = x for all k € N, then the above classes of sequences are denoted by
wlO[A, A", p], WD [A, A™, plo, wE[A, A™, plso, and W) [A, A™, p].,, respectively.

(iii) If p = (px) = (1,1,1,...), then we denote the above spaces by w!©)[4, M, A”™],
wO[A,M, Ao, wF [A,M, A5, and WO [A,M, A™] .

(iv) If we take A = (C,1), i.e., the Cesaro matrix, then the above classes of sequences
are denoted by w/)[M, A, p], w/E)[M, A™, plo, W' [M, A, p]s, and
w!E)[M, A, p], respectively.
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(v) If we take A = (a,x) is a de la Valée Poussin mean, i.e.,

i, ifkel,=[n-x,+1,n],
Ank =
0, otherwise,

where (1,) is a non-decreasing sequence of positive numbers tending to co and
Ans1 < Ay + 1, A1 =1, then the above classes of sequences are denoted by

wf\(F) [A, M, A™, p], wf\(F) M, A™, plo, W [M, A™, ple, and wf\(F) M, A™, ploos
respectively (see [32]).

(vi) By alacunary 6 = (k,), r=0,1,2,... where ky = 0, we shall mean an increasing
sequence of non-negative integers with k, — k,_; as r — 00. The intervals
determined by 6 will be denoted by I, = (k,_1, k] and A, = k, — k,_1. As a final
illustration, let

L ifk,_1<k<k,

0, otherwise.

Then we denote the above classes of sequences by wé(F) M, A™, p],
Wé(l:) [M) Amrp]O! Wg[M; Am,p]om and W(IJ(F) [M? Am’p]oo’ respectively.
(vii) IfI = I, then we obtain

wf[A,M, A", p]

ind A(A™ X, Xo) \ TP%
- {(Xk) ewf : lim Zank[Mk<M>] -0,
n—0o0 k:l IO

for some p > 0 and X, € R(])},
WF[A,M,A”’,p]O

00 - _
d(A" Xy, 0)\ 7%
= {(Xk) ewl: lim E ank[Mk(M>:| =0, for some p > 0},
n—00 1%

k=1

w [A,M, A", p]_

> d(A"X;,0)\ TP
= {(Xk)eWF:supZank[Mk(M)} < 00, for some p >0 ¢.
n P
k=1

If X = (Xg) € wF[A, M, A™, p], then we say that X = (X}) is strongly A-convergent
with respect to the sequence of Orlicz functions M.
(viii) If I =I5 is an admissible ideal of N, then we obtain

wB[A,M, A", p]

o T(AM p
= {(Xk) ewF:V8>0,[neN:Zank[Mk<M):| ' Zs} els,

k=1 P

for some p >0 and X, € R(])},

Page 6 of 13
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wO[4,M, A", p],

= {(Xk) EWF:V8>0,{neN:Zank[Mk(@>]pk 28} els,

k=1

for some p > 0},

and
wO[A,M, A", p]

= {(Xk)ewF:EIK>0

> d(A" X, 0)\ 1P
s.t.[neN:Zank[Mk(M>] zl(}els,forsome,o>0].
0

k=1

4 Main results
In this section, we examine the basic topological and algebraic properties of the new se-

quence spaces and obtain the inclusion relation related to these spaces.

Theorem 4.1 Let (py) be a bounded sequence. Then the sequence spaces w'F'[A,M, A™, p],
WO A, M, A™, plo, and w'F)[A,M, A™, pl., are linear spaces.

Proof We will prove the result for the space wé(F) [M, A™, p]o only and others can be proved
in a similar way.
Let X = (X;) and Y = (Y%) be two elements in wé(F) [M, A™, plo. Then there exist p; > 0
and p, > 0 such that
} el

0 7 m N p
Ag = ireN:Zank[Mk(M)] ‘ >

nd d(A™Y;,0) TP
Biz{reN:;ank[Mk(M>] zg}el.

N | ™

1 L1
P2

Let «, B be two scalars. By the continuity of the function M = (My), the following in-

equality holds:
= d(A™ (@X; + BY1,0)) \ P
> | Mi
pa |t o1 + B2

o0
d(A™X;,0)\ T7*
SDZﬂnk[ lot| Mk( ( k ))]
P la|pr + 1Bl 2 o1

s T(AmM 0 Pk
+Dzank|: 18I Mk<d(A Ykﬁ))]
k=1

le| o1 + | Bl o2 02
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> d(A"X;,0)\ TP
DI Y| (2R
1

k=1

i A(A"Y,,0) TP
+DKZa,,k[Mk<7( pk )>] ,
2

k=1

_ ol \G el \G
where K = max{L, (551575, (g, ) -

From the above relation, we obtain the following:

~ d(A™ (X + BY1, 0))\ 1
{"eN'Z“”"[Mk< alpr + 1Blos )} 28}

k=1

it Zz’(Aka,@))Tk £
CineN:DK ani| Mx| —— >
N { Z k|: k( 01 2

k=1

> c_i(AmYk,(_))>:|”’< e
U{neN:DK Y au| M| ——= >—tel
{ Z k|: k( 02 2

k=1
This completes the proof. d

Theorem 4.2 w'O[A,M, A”, p], W'D [A,M, A™, plo, and W' [A,M, A™, pl., are linear
topological spaces with the paranorm g defined by

o - _ 1/H
i d(A" Xy, 0)\ 7%
en(X) = iﬂf{/ﬁ{ : (Zank[Mk<M>i| ) <1,
k=1 L
forsome,o>0,n:1,2,3,...},

where H = max{1, sup; px}.

Proof Clearly, ga(—X) = ga(X) and ga(0) = 0. Let X = (X) and Y = (Yx) be two elements
in w/¥)[A,M, A™, p]... Then for every p > 0, we write

clpoo (S )

and

oo (e (B0 o)

Let p1 € A1 and py € Ay. If p = p1 + pa, then we get the following:

(Eefr (32 < (Bl

k=1
02 i d(A™X;,0)
+Pl+,02 (Zﬂnk[Mk( P )])

Page 8 of 13
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Hence, we obtain

Zank[Mk< A pXk’O))]pksl

and

gl +y) = inf{(o1 + p2) T < p1 € AL, 2 € 4s)

<inf{(p) # : p1 € Ar} +int{(02) 7 : pr € As} = () + 2.

Let u]! — t,whereu}', u € C,andlet g(X}" — X;) — 0 as m — oc. To prove that g(u]' X} —
uXy) — 0 as m — oo, let uy — u, where u, u € C and g(X}" — Xi) — 0 as m — oo.

We have

As = ipk >0: Zank[Mk(wﬂpk < 1}

o1 Pk

and

o Ffu(B2)

If px € As and p;, € A4 and by continuity of the function M = M, we have that

d(A"™ (" X} - uX),0)
My ;
[ — ulpx + [ul o
AA" WX — uX;),0 A(A™(uX; — uX),0
SMk(( (u" X} ”k), )>+M(( (Mk”)/)>
|t — u| px + |l oy lu™ — ulpx + |l py,
P Y (&(AMX;",()))
T |u™ — ul o + |ul oy, Pk
|ul p} M (EZ(Am(X;"—Xk),G))

’ ’
| — u| pr + || oy Pk

From the above inequality, it follows that

Zﬂnk |:M/<( (A X7 MX)’,())):rk <1,

| — ulpx + [u p;

and consequently

Pn

g(u,’(”xk - uxk) = inf{(’u;" - u‘pk +ulpy) © < pr € As, oy eA4}

’uk —u| ¢ mf{(,ok) G €A3} + |ul & mf{(pk) : Pk eA4}

< max{|u|, |u|? }g(x,i” —xk).

Note that g(x™) < g(x) + g(x™” —x) for all m € N.

Page9of 13
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Hence, by our assumption, the right-hand side tends to 0 as m — oo. This completes

the proof of the theorem.

Theorem 4.3 Let I be an admissible ideal and M = (M) be a sequence of Orlicz functions.
Then the following hold.:
wO[A,M, A", ply C WO [A,M, A™, plo; W'D[A,M, AL, p] c W D[A,M, A™, p];
wEA,M, A", ploe € WA, M, A™, po for m > 1 and the inclusions are strict.
In general, forall i =1,2,3,...,m -1, the following hold:
BNA,M, AL plo € WO[A,M, A™, plo; WO [A,M, AL p] C W'D[A,M, A™, p];
WO [A,M, AL plo € WD[A,M, A", plo and the inclusions are strict.

Proof Let X = (X;) be an element in w/()[4, M, A", p]... Then there exists K > 0, and

for given € > 0, p > 0, we have

> d(A™1X;,0) ) ]Pk
N: k| M| ————— >Ktel
in € Za k|: k< P > } €

k=1

Since M = (M) is non-decreasing and convex, it follows that
> d(A" X, 0)\ TP
Do (557
2p
o0 - -
d Am—IX _ Am_IX(, 0 Pk
SZ%k[Mk( ( kel X )):|

2p

— [, (A" Xk, 00\ T*
D E k| = _
= ¢ k[ZMk( o )]
k=1
> 1 d(A™ X, 0)\ 1P
D k| = S
+ E a kl:sz( ) )
k=1
0 6_1 Am_IX ’(_) Pk 0 a Am—lx ’(_) Pk
S Gy | IOV Car]

k=1 k=1

Hence, we have

> d(Aka,O)
N: ”
{716 Zak[Mk< 2 }
k=1
(A" X4,1,0 K
clrenoBeu ()]
k=1
> (A1 X, 0N\ TP K
u{neN:DEank[Mk<T)} > (&l .

The inclusion is strict, it follows from the following example.


http://www.journalofinequalitiesandapplications.com/content/2012/1/261

Savas Journal of Inequalities and Applications 2012, 2012:261 Page 11 0f 13
http://www.journalofinequalitiesandapplications.com/content/2012/1/261

Example 4.1 Let M(x) = x, px =1 for all k € N and A = (C,1), i.e., the Cesaro matrix,
m = 3. Consider the sequence X = (X)) of fuzzy numbers as follows:

L _1, fork®-1<t<0;

B4
Xi(t) = —k3—t+1—1, forO<t<k®+1;
0, otherwise.

For a € (0,1], a-level sets of Xi, AXx, A>X, and A3X are

X = [1-a) (K -1),(L-a) (K +1)],

(AX;]Y = [(1 - a)(-3Kk* - 3k - 3),(1 — ) (-3k* = Bk + 1) ],
[A%X]" = [ - @) (6k +2),(1 - a)(6k +10)],

[A%X]" = [-140 - @), 20 - @),

respectively. It is easy to see that the sequence [A2X;]% is not I-bounded although [A3X;]*
is I-bounded.

Theorem 4.4 (a) Let 0 < infpy < py < 1. Then
wO[A,M, A™, p] C W O[A,M, A”]; W[4, M, A™, plo € W O[A,M, A™],.
(b) Let 1 < py < suppy < 00. Then
wE[A,M, A™] € WO [A,M, A™, pl; WO [A,M, A"y € WO [A, M, A™, pl,.

Proof (a) Let X = (X;) be an element in w/¥)[4,M, A™, p]. Since 0 < infp; < px <1, we

have
00 T(AmM 0 T(AM Pk
Zﬂnk[Mk(d(A Xk’X0)>]§Zunk[Mk(d(A Xk;XO)>] .
k=1 p k=1 p

Therefore,

~ d(A™ Xz, Xo)
:neN.Zank[Mk<—p ):|ZE}

k=1

= Zi(A’”Xk,Xo>)]"k
N: E k| M| ——— > 1.
- :n S a k[ k< p > g} c

k=1

The other part can be proved in a similar way.
(b) Let X = (Xi) be an element in /)[4, M, A™, p]. Since 1 < pi < sup pi < 00, then for
each 0 < € <1, there exists a positive integer #( such that

o -

d(A" X, X,
Zank[Mk(M>] <e<1 forallm> ng.
k=1 p

This implies that

= d(A™ Xy, Xo)
2_an [Mk< P )}

o a A" X, X, Pk
Zﬂnk[Mk( (A" X o))] <
k=1 p k

k=1
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Therefore, we have

o 7 A" X, X, Pk
neN:Zank[Mk<W):| >e

k=1

> A(A" Xy, X,
- neN:Zankl:Mk<M):|zs el.
P

k=1

The other part can be proved in a similar way.
The following corollary follows immediately from the above theorem.

Corollary 4.5 Let A = (C,1), i.e., the Cesaro matrix, and M = (M) be a sequence of Orlicz

functions.

(a) Let 0 < infpy < px < 1. Then

w O [M, A™, p] € WO [M, A™]; WO [M, A™, plo € wO[M, A™],.
(b) Let 1 < py < suppy < 00. Then

w/ B [M, A" € wEM, A™, p]; W/ EM, A™]y € w/E[M, A™, pl,.
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