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Abstract
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1 Introduction
Ifp>1, —+— =1,a,,b, > 0,suchthat0 <) 2 a}, < ooand0< Z bl < 0o, then we have
the followmg famous Hilbert-type integral inequality (cf [1

5y [T el (Sl

where the constant factor [/ sin( /p)]? is the best possible. The integral analogue of in-
equality (1) is given as follows (cf. [1]). If p > 1, }7 + % =1, f(x) and g(x) are non-negative real
functions such that 0 < [, f7(x) dx < 00 and 0 < [ g%(x) dx < 0o, then
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where the constant factor [77/sin(7r/p)]? is the best possible. We named inequality (2)

Hilbert-type integral inequality. In 2007, Yang proved the following more accurate

Hilbert-type inequality (c¢f [2]). If p > 1, 1% + é =1, % <a <1, a,b, > 0, such that

0<Y 2 ah<ooand 0< Yy o2 bi < 0o, then

Sy ), [(LWHZ sz}, ®

n=0 m=0 n=0

where the constant factor [7r/sin(r/p)]? is still the best possible. Inequalities (1)-(3) are
important in mathematical analysis and its applications [3]. There are lots of improve-
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ments, generalizations, and applications of inequalities (1)-(3); for more details, refer to
[4-17].

At present, the research into half-discrete Hilbert-type inequalities is a new direction
and has gradually heated up. We find a few results on the half-discrete Hilbert-type in-
equalities with the non-homogeneous kernel, which were published earlier (cf. [1], Th. 351
and [18]). Recently, Yang has given some half-discrete Hilbert-type inequalities (cf [19—
25]). Zhong proved a half-discrete Hilbert-type inequality with the non-homogeneous
kernel as follows (cf [26]). If p > 1, }7 +1-1,0<1<2 a,f() >0, f(x) is a measurable
function in (0,00) such that 0 < 352, # 15147 < 50 and 0 < I xq(l‘%)‘lf‘?(x) dx < 00,
then

- o ln(nx)
n2=1:/0 (mx)* — f(x)“ndx

N :
Y (el

where the constant factor (%)2 is the best possible.

In this paper, by using the way of weight functions and the idea of introducing parame-
ters and by means of Hadamard’s inequality, we give a half-discrete Hilbert-type inequality
with a best constant factor as follows:

1
e’} 2

Zan/:ol ﬁf(x)dx<7r (Za/ £ x)dx) . (5)

n=1

The main objective of this paper is to consider its more accurate extension with parame-
ters, equivalent forms, operator expressions as well as some reverses.

2 Some lemmas
Lemmal Ifr>1, % + % = 1, define the following beta function (cf. [1]):

00 2 2
[ (2] ()
o u-1 s r sin <

Lemma 2 Suppose that r > 1, —+ L-1,0<B8< —,ve( 00,00), 0 < A < 1. Define the
weight functions w(n) and @(x) as follows.

n(;=7) A

wy (1) := (n - ,3)/ m(x—v)?_ldx (neN), (7)
(n ) A

-} Y e (e e9) ®

Setting k; (r) := [m] , we have the following inequalities:

0 < ks (r)(1 - 6, (%)) < @3(x) < w3 (n) = ks (), ©)

0<9,\(x)::[ siny )] /0“ lnvlv%‘ldV:O(W) (xe(v,oo)). (10)

V-
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Proof Putting u = (3=3)" in (8), we have

L ®hu oy, 17 (11N

w,\(n)-ﬁ/() u—lu du = ﬁ[3<s r)]
ERSPYAIR AN U A 0
2] [ e o

For fixed x € (v, 00), setting

f(t)—w(t Bl (te(B,00) 12)
(V) = (- B T

in view of the conditions, we find f'(¢) < 0 and f”'(¢) > 0 (¢f [27]). By Hadamard’s inequality
(cf. [28]),

< / 12 fO)dt (neN), (13)

and putting v = (fc%*g))‘, we obtain

o= <Y [ wae= [
n=1 n=1Y""2 2
< [ roa 5 [Tt de ko

o [ 00 1
o0 = 10> [T rod- [0 [ roa
n=1

1 (G v
= ko (r) - —/ 11/?’1 dv =k, (r)(1-6,(x)) >0,
0

A2 V-
where,
in(Z)72 G
Sin x—v 1
0<0(x):= |: (’)] ﬂv%_ldv (xe(v,oo)).
T 0 v—1

1v2r = hmvﬁool—lvv =0and 1""sz ly=1=1, in view of the bounded prop-

erties of a continuous function, there exists M > 0 such that 0 < 1“—"1/2r <M (v €(0,00)).

Since lim,_, g+ 2

For x € (v, 0), we have

ﬂ lﬁ

( (=
O<f hwv%_ldl/: Inv ¥ .v3ldy
0 v-1 0 v-1
(HEy 1 2Mr(1 - IB)A/Zr
14 _
SM/ var dV— W. (14')

Hence, we proved that (9) and (10) are valid. a
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Lemma 3 Suppose that r > 1, % + % =1, % + é =1(p#0,1),0<8< %, v € (—00,00), 0 <
A <1,a, >0, and f(x) is a non-negative real measurable function in (v,00). Then

(i) for p > 1, we have the following inequalities:

00 N 0o In(2%) p 5
. _ 21 n-p
]{Z(" el (x—v)k—(n—ﬂ)kf(")dx”
< [k(] { f T B o) dx}’;, (15)
e E-nt S G ok
Ll"[/v & () [Em—v)k—(n—mk“” o
< i/q(r) > - gy a } ; (16)
n=1

where w; (n) and @, (x) are defined by (7) and (8).
(ii) for p <1 (p # 0), we have the reverses of (15) and (16).

Proof (i) By (7)-(10) and Holder’s inequality [28], we have

o In(Z=2 ﬂ) LT
===l
e n(ﬁ) (x — v)1-5)a (n— B)1-7)p p
B {/\) (x—v)* = (n-p> |:(n - ﬁ)ﬂ‘ﬁ)/l’f(x)] |: (x - v)1-$)a ] dx}
00 ln(% (x - v)(l—%)(p—l)
<
_-/v (-}t —(n-p)* (n_ﬁ)k%

00 ]n(% (n— B)4-7)a-1 p-1
XU = == BV (x— )} d"]

o fP(x)In(G=5 _ =31 ) )
) / (x v; - (n ’ By (x( 2 P dx[(n - B, ()]
v n— 7

fPEOIG)  (x—v)-De-D .,
= =(n=BY  (n-p)-7 g

-fP(x) dx

) / 17)

By the Lebesgue term-by-term integration theorem [29] and (9), we obtain

fo)ln ) (x — )~ L)p-D)

()Z/ - B> (n—ﬁ)l‘F
&, (- ,,lln( )
0 [ e s

= kf_l(l’)/ @ (%) (x — v)p(l_%)_lfp(x) dx. (18)



http://www.journalofinequalitiesandapplications.com/content/2012/1/260

Wang and Yang Journal of Inequalities and Applications 2012, 2012:260 Page 50of 13
http://www.journalofinequalitiesandapplications.com/content/2012/1/260

Hence, (15) is valid. Using Holder’s inequality, the Lebesgue term-by-term integration the-
orem, and (9) again, we have

< In(Y) ‘
S

n

00 In(% P =) (x - 1))(1—5.)/41 (n— ﬁ)(l_%)/p q
_ ﬁ
B {HX_; (x=v)* = (n-p) [(n £)1-%) }[(x V)1-5)g a”]
o0 ln( x—v ( ﬂ) q—l)ﬂ

~ _yyp-2)-174-1
< [@()(x - ) ] ,,le:(x—v) —(n- B> (x—V)l’?

o In(;=5) (n—p)-»a-D
1-Z -B
=3 @) ';(x—v)k TR A 19)
o0 00 ln(x (n— B)(-7a-1)
q qd
Llf/u Zl (x—vy - ﬂ)* TR
00 ( ——11 (x v .
:Z[(n— )7 / (x_:)k " ﬁ)xd"}(” B)11-H)-1
= > @) - B el = k() Y (n - B, (20)

I
—_

n n=1

Hence, (16) is valid.
(if) For 0 <p<1(g<0) or p<0 (0 < g <1), using the reverse Holder inequality, in the
same way, we obtain the reverses of (15) and (16). O

Lemma 4 By the assumptions of Lemma 2 and Lemma 3, we set ¢(x) := (x — v)p(l’%)’l,

) = (1-6,(®)p®), ¥ (1) := (n— B)I0-7)1,
oo 1/p
Ly,y(v,00) := {f, Wfllpe = |:f ¢(x)V(x)|p dx:| < oo},

00 1/q
gy = {a = {an); lallgy = [Z w(n)mﬂ < oo}.

(Note If p > 1, then Ly 4(v,00) and I, are normal spaces; if 0 < p <1 or p <0, then both
Ly s(v,00) and Iy, are not normal spaces, but we still use the formal symbols in the follow-
ing.)

ForO<e< 'pl , setting d = {d,}32,, andf(x) as follows:

0, x€(v,1+v),

G=(-p) Y F) = (21)

(x—v) Z , x€[l+v,00),

(i) if p > 1, there exists a constant k > 0 such that

R =
=3z, éf(x) dx < KI[f 1l 1l g5 (22)
Zl / (e V)" = (1= ) poitley
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then it follows

- a-py .
X e+1-p 1 /‘ Int t%+ﬁ_1dt
A-py] T Aa-py -1
1 [ Int 1_e_
_ tr qh ldt’ (23)
)\.2 (1_13))» t— 1

(ii) if 0 < p < 1, there exists a constant k > 0 such that

00 00 In(2=5) ~ d ~
1y / v e O LS P PR 24)

then it follows
_ 1Te+1-7"T (1 & 1 e\
r-con)” <5 T | B 25)

(iil) if p < 0, there exists a constant k > 0 such that

Z / —(lswf(x) dax > k|\f 11,6 12l g,p» 06)
then it follows
1 1 c+1-8 L e 1 e\
k|:(1_,3)8:| < )L2(1—13)8+1 |:B<;_a!;+p—)\'>i| . (27)

Proof We can obtain

- 9} o~ 1/p oo 1/p 1/p
uf||p,¢={ f (x—v)ﬁﬂ-x)-vp(x)dx} { / (x—v)-l-sdx} (%) . @)

+v

Nas, => (- p)1=r 1~‘I—Z(n B¢
n=1

<A-pyrs /1 (2~ )1 dx = %ﬁ‘)ﬁl (29)

~ = -1-¢ * -1-¢ 1
IIaIIZW:;(n—ﬁ)I >/1 (x-p)" dr= g (30)

(i) Forp>1,theng>1, % - % —1<0, by (22), (28), and (29), we find

Fel IN'"’T e+1-8 Uq_k e+1-p7"
“(E) [e(l—ﬂ)“l] _5[(1—/3)“1] ’
In(;=5)

- f{z( o (= ﬂ)*(”"ﬂ)i_;_l}dx

?7571 00 ln( %%1]
= [0 [ ot e

(31
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Setting ¢ = (%)*, z = x — v in the above integral, we have

~ 1 [> ©  Int 1_e_
127 Zl£|:/ —tr 1dt]dz=11+12,
A (%)k t-1

and by the Fubini theorem [30], it follows

1 [ W-A" Int 1_e _
L:=— Z1° / — ot | de
A2 1 (%)A t—-1

1 [0 Ing *° 1 e _
== — / it dz | w de
)\.2 0 t— 1 (l—ﬁ)t’l/)h

a-p> .
_ 1 / Int t%_,_ﬁ,ldt’
eA2(1-B) Jo t-1

1 [ ©  Int 1_e_
wed e[ )
A 1 (1_ﬂ)lt—1

1 © Int 1_e_
=—2/ — g
EA 1-B)* t-1

In view of (33) and (34), it follows that

N a-p? .
I > ;/‘ ln_tt%*ﬁ’l dt
- 8)»2(1—/3)8 0 t-1

1 ®© Int 1_e_
+— —— ¢ T e,
A 1-g)* t-1

Then by (31) and (35), (23) is valid.
(ii) For 0 < p <1, by (24) and (29), we find (notice that g < 0)

- - oo . 1/p
1> k\fll,3 1l g,y =k{/ ¢(x)[f(x)]"dx} @l g,y

* 1 1 1/p
:k{/lw[l_o(m)](x—v) dx} [P
1 o0 1 1/p~
Aot Ya] s
& 1+v (x _ v)ﬂ+£+l

AL ou] [ "
&

e(1=p)1
_k Up e+1-8 Vq
Lo [ FEE ]

On the other hand, setting ¢ = (fl_;/‘;))\ in 7, we have

- 0 %_%_1 o0 In ﬁ) %_1%_1
=2 lnp) [ A

(33)

(34)

(36)

Page 7 of 13
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LS [T
n=1
e+1-p 1 e 1 = 2
B ) 7

By virtue of (36) and (37), (25) is valid.
(iii) For p < 0, then 0 < g <1, by (26) and (30), we find

o]

- 0 - 1/p 1/p
I>k{/ ¢(x)fp(x)dx} 14,0 =k{ 1 (x—v)1 dx} 1214,

k 1 Ve
>5[(1—ﬂ)5} ‘ (38)

Then by (37) and (38), (27) is valid. O

3 Main results and applications

Theorem5$upp03ethatp>1,§+§=1,r>1,%+%=1,0<)\§1,0§,B§%,
V€ (=00, +00), p(x) = (x — VP51 y(n) := (1 — ,3)q<1‘%)‘1,f(x),an > 0, satisfying f €
Lyy(v,00), a={a,};2; € lyy Iflpg >0, lallgy >0, then we have the following equivalent

inequalities:
o0

00 ln(%)
=Y | Gy g

n=1
00 o ln(ﬁ
=/ f(x)zmﬂndx</<A(V)|lf||p,¢||ﬂ||q,x/u (39)
v n=1
o T WERfE )
]=:Z(71—l3)’1|:/ mdx]} <k.(M)f Nl p65 (40)
n=1 v
o & mEe, )4
L:= {/ (x—v)T1|:Z M} dx} <k.Mlallgy (41)
v n=1

where the constant factor k; (r) = [ == l)]z is the best possible.

A sin(

Proof By the Lebesgue term-by-term integration theorem [29], we find that there are two
expressions of I in (39). By (9), (15),and 0 < ||f||,¢ < o0, we have (40). By Holder’s inequal-

ity, we find
> i1 o In(G=5)f (x) 1
- ;[(”"ﬁ) / G — (= p) d’“][("’ﬂ)p ]
9] 1/q
< /{Z[(m - ﬁ)qﬂ-%“az} =Jllallgy- (42)
n=1

Then by (40), (39) is valid. On the other hand, assuming that (39) is valid, set

o 00 In(2= p-1
ani=(n—p)7 1[ / —ﬂwf(x) dx] (neN). (43)

(x—v)* —(n-
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Then by (39), we have
ad A
lalf, =3 1= B7-Dal = 7 = 1 < k() llpes Il (44)
n=1

By (9), (15), and O < ||f||,s < 00, it follows that J < co. If J = 0, then (40) is trivially valid;
if />0, then O < ||al| 4,y =¥ < 00. Thus, the conditions of applying (39) are fulfilled, and
by (39), (44) takes a strict sign inequality. Thus, we find

J = llal®y <& ()If llpg- (45)

Hence, (40) is valid, which is equivalent to (39).
By (9), (16), and 0 < ||a|l4, < 00, we obtain (41). By Holder’s inequality again, we have

o A ad 1 (x:‘) 1 A
- f [(’““’)" 2 Mﬁ”"]ﬂx—vwﬂxw

n=1

Q=

0 1/,
< L{ / (= 01D () dx} Ll (46)

Hence, (39) is valid by using (41). On the other hand, assuming that (39) is valid, set

qr i ln(ﬂ) q_l
Fx) = (x— v)s-l[ —ﬂu:| x € (v,00)). (47)
;(x—V)*—(n—ﬁ)* ( )
Then by (39), we find
IFIE, = / (=00 @) dx = 11 =1 < k() g llal g (48)

By (9), (16), and 0 < ||z]| 4,y < 00, it follows that L < 0. If L = 0, then (41) is trivially valid;
if L>0,then0<|f|lye = L97! < 00, i.e., the conditions of applying (39) are fulfilled and by
(48), we still have

iy =L =1 <kIf Ipglallgy, ie.

L=flby <ku(r)lallgy.-

Hence, (41) is valid, which is equivalent to (39). It follows that (39), (40), and (41) are
equivalent.

If there exits a positive number k < k; (r) such that (39) is still valid as we replace & (r)
by k, then, in particular, (22) is valid (En,f(x) are taken as (21)). Then we have (23). By (11),
the Fatou lemma [30], and (23), we have

1 [ Int
— | Etar
A2, t-1

(a-py Int 1, 0 Int 1_e
/ lim —lt?Ule dt+/ lim trra T gy
0 (

e—0tf — l—IB))‘ e—0tt—1

ky(r) =
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" Int 1,6 _ ®  Int 1_e_
< lim [/ gt 1dt+/ Rkl 3 ldt]
e—0t 0 t—-1 (1-B)* t-1

_ 1/q
< lim k[u} k
e—0* (1_,3)Hl

Hence, k = k; (r) is the best value of (39). We confirm that the constant factor k; () in (4.0)
((41)) is the best possible. Otherwise, we can get a contradiction by (42) ((46)) that the
constant factor in (39) is not the best possible. O

Remark 6 (i) Define a half-discrete Hilbert operator T : L, 4(v,00) — [, ;1 as follows.
For f € Lpy4(v,00), we define Tf € 1, 1 satisfying

X—V

o 1 (ﬁ)

Then by (40), it follows | Zf||,,y1-» < ki(r)Ilfllpe, i.e., T is the bounded operator with
IT|| < k;.(r). Since the constant factor k; (r) in (40) is the best possible, we have || T'|| = k; (7).

(ii) Define a half-discrete Hilbert operator T : Ly — Ly g1-4(v,00) in the following way.
For a € [;,,, we define Tac L, s1-4(v, 00) satisfying

o] ln( x—

z)
:Zﬁ (x € (v,00)).

n=

Then by (41), it follows ”Td||q,¢l—q < k."lallgy, ie, T is the bounded operator with

I || < ki.(r). Since the constant factor ky (r) in (41) is the best possible, we have || T|| = k;.(r).

Theorem 7 Suppose that 0 <p<1, 1 +1=1,r>1,1+1=1,0<1<1,0<B<
4 q r s
Ve (—00, +OO) W) = (n - Y1, ) = (1 - 6(0))(x — v (0 () = [bl =

x— v) ——
fo l“" Fldye (0,1)), f(x),an > 0, satisfying f € L, 5(v,00), a = {an};2; € Ly, If I, >
0, ||a||q,¢ > 0, then we have the following equivalent inequalities:

1
2
)]2 X

( )
© In(E)
/ f Z—ﬁwanm/q(r)uf||p,5||a||q,¢, (49)
e mCERfEde )7
]=:Z(n—/3)7 U —(x_v)f_f o ﬁ)k” > k(M) If 7 (50)
n=1 v
- © (ot [ In(EY)a, 7 )4
Lz:{/ (- 6@)e T [Z T ﬁ)k} ) b o
v n=1

where the constant factor k; (r) = [ﬁ(l)]2 is the best possible.
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Proof By (9), thereverse of (15),and 0 < |||, 3 < 00, we have (50). Using the reverse Holder
inequality, we obtain the reverse form of (42) as follows:

I'=]lallgy- (52)

Then by (50), (49) is valid.
On the other hand, if (49) is valid, set a,, as (43), then (44) still holds with 0 < p < 1. By
(49), we have

ad A
lall?, = - BY=Dal = P = I = k(IIf I, 51l 4 (53)

n=1

Then by (9), the reverse of (18), and 0 < ||f]|, 5 < 0o, it follows that J = >0 (n —
B)1U-PLgd}lP 5 0.1f] = o0, then (50) is trivially valid; if / < oo, then 0 < [|all, = /7! < oo,
i.e., the conditions of applying (49) are fulfilled, and by (53), we still have

lall, =17 =1>k®Ifl,5lalqy, ie,]= Ilﬂllqw > K (DI 13-

Hence, (50) is valid, which is equivalent to (49).
By the reverse of (16), in view of @; (x) > k;, (r)(1 — 65 (x)) and g < 0, we have

~ 1 0 9
Lk (DL = k" () {/q(r) > - ﬁ)q“-%*laz} =k (1)l g

n=1

Then (51) is valid. By the reverse Holder inequality again, we have

Y (x—v)%_‘li > In(7=5 )
- [(1—@(@)} > }

< [(1-6,0) (e = )1~ £ ()] de = TIf 1, 5 (54)

Hence, (49) is valid by (51). On the other hand, if (49) is valid, set

- v) ) !
/@)= [1 03 (x)]4-1 [Z (x—v)* = (n-p)* d"} (v€ v,00).

Then by the reverse of (16) and 0 < |la|lg,y < oo, it follows that L= {foo[l - 0;.(x )]l(x _

p)Pa-=9) 1f”(x dx}q = |[f||p~1 > 0. If L = 00, then (51) is trivially valid; if Z < oo, then 0 <
If1l,3 = 10! <00, ie., the COIldlthIlS of applying (49) are fulfilled, and we have

105 =17 = 1> kOWflpglallqy, e, L=IfI03 > k)llallgy-

Hence, (51) is valid, which is equivalent to (49). It follows that (49), (50), and (51) are
equivalent.

If there exists a positive number k > k; (r) such that (49) is still valid as we replace k; (r)
by k, then, in particular, (24) is valid. Hence, we have (25). For ¢ — 0 in (25), we obtain k <
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%2 [B(%, % 12 = k;.(r). Hence, k = k;, (r) is the best value of (49). We confirm that the constant
factor k; (r) in (50) ((51)) is the best possible. Otherwise, we can get a contradiction by (52)
((54)) that the constant factor in (49) is not the best possible. O

Theorem 8 If the assumption of p > 1 in Theorem 5 is replaced by p < 0, then the reverses
of (39), (40), and (41) are valid and equivalent. Moreover, the same constant factor is the
best possible.

Proof In a similar way as in Theorem 7, we can obtain that the reverses of (39), (40), and
(41) are valid and equivalent.

If there exists a positive number k > k; (r) such that the reverse of (39) is still valid as we
replace k; (r) by k, then, in particular, (26) is valid. Hence, we have (27). For ¢ — 0% in (27),
we obtain k < ,\Lz [B(%, %)]2 =k, (r). Hence, k = k; (r) is the best value of the reverse of (39).
We confirm that the constant factor k; (r) in the reverse of (40) ((41)) is the best possible.
Otherwise, we can get a contradiction by the reverse of (42) ((46)) that the constant factor

in the reverse of (39) is not the best possible. O

Remark 9 (i) For 8 = v =0 in (39), it follows

Z /Oo ln() f(x) dx

2 ) . }j 00 %
< [ﬁ(z)] { /0 w1517 (x) dx} :21: n1t-7 ‘laZ} . (55)
In particular, for A =1, p = g =r =s =2, (55) reduces to (5).
(ii) For v = B8 in (39), we have
) 0 (x ﬂ
n (x)d.
;g /ﬁ f x) dx
[W] { f (2= B () dx} {Z(n pyi0- } (56)

which is more accurate than (55).
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