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Abstract

For analytic functions f (z) in the open unit disk ¢/, subclasses

T(B1,B2,B3: 1), P, ), and K(0,«) are introduced. The object of the present
article is to discuss some interesting properties of functions f (z) associated with
classes T(B1, B2, B3 : ), P(6, ), and K(0,a).
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1. Introduction and Definitions
Let A denotes the class of the normalized functions of the form

f(z)=z+ Z anz", (1.1)
n=2

which are analytic in the open unit disk U = {z € C : |z] < 1}. Also, a function f (2)

belonging to A is said to be convex of order o if it satisfies

" (2)
f'(=)

for some (0 < & < 1). We denote by () the subclass of A consisting of func-

Re {1+ }>a (zeld) (1.2)

tions which are convex of order o in ¢/ (see, [1,2]). Further, a function f (z) belonging
to A is said to be in the class P(«) iff

Re (zf"(2) +f'(2)) > a, (z€U). (1.3)

for some (0 < o < 1).
For analytic functions f (z), Uyanik and Owa [3], obtained some interesting properties
for analytic functions in the subclass A(B1, B2, B3; 1) defined by

o)1) )

(B1,B2, B3 €C; A > 0;z€ld),

<A

associated with close-to-convex functions and starlike functions of order o

In this article, we define the following subclass of analytic functions.

Definition 1.1. A function f (z) belonging to 4 is said to be in the class
T (B1, B2, B3; 1), if it satisfies
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Bizf"(2) + B2’ () + B3 f (=) <& (zel), (1.4)

for some complex numbers B, B,, B3, and for some real L > 0.
Example 1.2. Let us consider the function f, (z), y € R, given by

fy(z) =z(1 +2)".

Then, we observe that

Bizf, @) + Ba2'f, () + B0 (2)|

o0

= Zzn(n—l) <nz1>(ﬂ1+(n—2),82+(n—2)(n—3),33)zn—1 ,
where

( y )_y(y—l)(y—2)---(y—n+2)

n—-1) (n—1)! '

Therefore, if y = 1, then
B @) + B2 (D) + 520 (2)| = 12812 < 2B .
This implies that f1(z) € T(B1, B2, B3; 1) for L > 2 |By]. If ¥ = 2, then
B13f1(2) + Bo2fy (@) + o1V @) = |41z + 6(B1 + )2 | < 1018+ 61al.

Therefore, f2(z) € T(B1, B2, B3; 1) for L > 10 |B;]| + 6 |B|. Further, if ¥ = 3; then we

have

13t} (2) + Bo2f (@) + B2 ()
= ’6ﬁ1z +18(B1 + B2)z + 12(B1 + 2B + 2ﬁ3)z3‘
=36(B1l+42|Bo| +241B3].

Thus, f3(z) € T(B1, B2, B3 A) for k=36 |By1] + 42 |Ba| + 24 |Bs]-
Now, let A, denotes the subclass of A consisting of functions f (z) with

ay = |ay| Ai(n=1)0+m) (n=2,3,..).

Also, we introduce the subclasses P (6, «) and (6, ) of Ay as follows:

P(0,0) = A4y N P(e) and K(0, ) = Ay N K(c).

2. Properties of the class 7 (81, 82, B83; 1)
We first prove
Theorem 2.1. If f(z) € A satisfies

oo

> on(n—1)(1Bil + (n—2) |Bal + (n — 2)(n — 3) 1B5]) lan| <2 (2.1)

n=2
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for some complex numbers B, Pa, Bs and for some real . > 0, then

f(z) € T(B1, B2 B3i 1).
Proof. We observe that

Bl @) + B2 (D) + B2 2)

> n(n—1)(B1+ (n—2)Ba + (n— 2)(n — 3)B3)an""

n=2

<Y n(n=1)(1A1] + (n—2)|Bal + (n — 2)(n = 3) |Bs]) lan] 2"~

n=2

oo
<Y n(n=1)(IA]+(n—2) 1Bl + (n— 2)(n — 3) 1Bs]) anl .
n=2
Therefore, if f (z) satisfies the inequality (2.1), then f(z) € T(B1, B2, B3; 1).-
Next, we prove
Theorem 2.2. if f(z) € T (B, B2, B3; A)with arg By = arg B, = arg 3 = ¢ and a,, = |
an|ei((”'1)ﬁ’q’)(n =2, 3,..), then we have

o0

> n(n—1)(1B1] + (n = 2) |Bal + (n — 2)(n — 3) |B3]) lan| < A.

n=2

Proof. For f(z) € T (B1, B2, P3; 1), we see that

[B12f1(2) + 52221 (2) + B33 ()
> n(n—1)(B1+ (n—2)Ba + (n — 2)(n — 3)B3)an""
n=2

Y nn— 1)1+ (n—2) B2l + (n = 2)(n — 3) |B5]) lan| "2

n=2
<A

for all z € U . Let us consider a point z € ¢/ such that z = |z| ™.
Then we have

[ee]

> n(n—1)(1B1] + (n—2) |Bal + (n — 2)(n — 3) |B5]) lan| |2

n=2

<A

Letting |z| — 17, we obtain

o0

> n(n—1)(1B1] + (n = 2) B2l + (n = 2)(n — 3) |B5]) lan| < A.

Corollary 2.3. If f(z) € T(B1, B2, B3; A)with arg ; = arg B, = arg B3 = @ and a,, = |
a,| VO (n = 2, 3,.), then we have
A

[l = )+ (1= 2) 1Bl + (-2 —3) gty T
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Example 2.4. Let us consider the function f(z) € T(B1, B2, B3 M) with arg B, = arg [,
= arg B3 = @ and
Hei((m1)6-9)

an = ) (n=2,3..).
n?(n—1)°(1B1l + (n — 2) 1Bl + (n — 2)(n — 3) |B5])

Then, we see that

o0

Y n(n—1)(1B1] + (n = 2) |Bal + (n — 2)(n — 3) Bs]) |an]
n=2
ad 1 ad 1 1
=)LnZ:2:n(n—l) =)Ln2_2:<n—1 - n) =

Corollary 2.5. If f(z) € T(B1, B2, B3; A)with arg B1 = arg B, = arg B3 = ¢ and a,, = |
a,| VO (n = 2, 3,..), then we have

j j
j+1 j+1
2l = > lanllzl" = Ajlzl* < [f(2)] < Izl + Y lanllz]" + Ajlzl*

n=2 n=2
with
(A - éﬂ(ﬂ —1)(IB1l+ (n—2) B2l + (n—2)(n — 3) IB3]) Ianl)
4= jG+ DB + G = 1) 182l + (= 1) — 2) 1B5])
and
j , j ,
1- Z lan| 21" = Bjlzl < |f'(z)| < 1+ Z lanllzI"~" + Bjlz!
with
(A - ngn(n —1)(IB11+ (n=2) B2l + (n —2)(n —3) |B3l) Ianl)
B = }

jUprl+ G = 1) 1Bl + G — 1) — 2) |Bs])

Proof. In view of Theorem 2.1, we know that

o0

Y n(n—1)(1B1l + (n — 2) |Bal + (n — 2)(n — 3) 3]) lau|

n=j+1

IA

j
a=> "n(n=1)(1B1l + (n —2) |Bal + (n = 2)(n — 3) |Bs]) lax.
n=2
Further, we note that

jG+ DB+ G = D) 182l + G — 1) = 2) 1B51) Y la]

n=j+1

< > n(n—1)(1B1] + (n = 2) B2l + (n — 2)(n — 3) |B5]) lanl,

n=j+1
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which is equivalent to

. A — én(n —1)(IB1]+ (n = 2)1Bal + (n — 2)(n — 3) IB3]) |an|>
2 lanl < i+ 1B+ G — 1) 1Bl + (G — 1) — 2) 1831)

n=j+1

= Aj.

Thus, we have

j 0 j
f@)] < Izl + ) lanllzl" + D lanl 12" < Izl + Y lan] la]" + Ajlf*!
n=2

n=j+1 n=2
and
j oo j
j+1
f(2)] = Izl = Y lanl l2I" = Y lanl 2" = |2l = Y lan 2" — Ajlz/*.
n=2 n=j+1 n=2

Next, we observe that

jUB1+ G = 1) 1Bal + GG = 1) = 2) 1Bs]) Y nlanl

n=j+1

< Y n(n=1)(1B]+ (n—2) Bl + (n = 2)(n — 3) Bs]) |an]

n=j+1
j

<A n(n—1)(1Bil+ (n—1)|Bal + (n = 2)(n — 3)B5]) lau|,
n=2

which implies that

n=2

> nlan < iUB1l+G—1)1Bal+ (G —1)G = 2)183])

n=j+1

o ()v - i n(n—1)(1B1l+ (n—2) 12| + (n — 2)(n — 3) |Bs]) Ian|>

- B;.

Therefore, we obtain that

j 00 j
@] <1+ nlanllzl"™" + Y nlallel™" <1+ lagllz"" + Bjlz/
n=2 n=2

n=j+1
and
j 00 j '
@] = 1= nladle™" = Y nlag 2" = 1= lay| lz""" — Bjlzl’.
n=2 n=j+1 n=2

3. Radius problem for the class P (0, «)

To obtain the radius problem for the class P(6,«), we need the following lemma.
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Lemma 3.1. If f(z) € P(6, @), then
inz lanl <1 —a. (3.1)
n=2
Proof. Let f(z) € P(6, ). Then, we have
Re {(zf"(z) +f'(z))} =Re {1+ inzanzn_l}
n=2

o0
=Re {11+ an |an| ei(("1)9+n)zn1}

n=2

o0
=Re {1— an |an ei(("l)e)z"ll >«
n=2

for all z € U . Let us consider a point z € ¢/ such that z = |z| ™.
Then we have

[o¢]
1= 1 lan| 2" > @
n=2

Letting |z| — 17, we obtain the inequality (3.1).
Corollary 3.2. If f(z) € P(0, ), then

lay| < (n=23,..).

n2

Remark 3.3. By Lemma 3.1, we observe that if f(z) € P(6,«), then

o0 o0
Zn(n— 1) lan| < an la,] <1 —a.
n=2 n=2

Applying Theorem 2.1 and Lemma 3.1, we derive
Theorem 3.4. Let f(z) € P(0,a), and 6 € C (0 < |J| < 1). Then the function

;f((Sz) € T(B1, Bz, Bs; A)for (0 < |0] < |do(M)|, where |0o(N)| is the smallest positive root

of the equation

BlV2(1—a)  181/(6+18181)(1 — & — 2lasl?)
1Bl St |82 53502
(1-181) (1-181) 52
43151 /(1+ 81817 + 6181*) (1 — & — 2)laz” — 6las|?)
+1B3 - = A
(1—181%)
in0<|[d] <1

Proof. For f(z) € P(6,«), we see that

1 o0
8z) =z + 8" la,z"
N

n=2
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and

oo

Zn(n —1la)?* <1—a.

n=2

Thus, to show that ;f(az) € T(B1, B2, B3; 1), from Theorem 2.1, it is sufficient to

prove that

o0

Y n(n— 1)1+ (n=2) B2l + (n = 2)(n = 3) IB))ISI" " lan| < 2.

n=2

Applying Cauchy-Schwarz inequality, we note that

> n(n=1)(1B1] + (n = 2) |Bal + (n = 2)(n — 3) |Bs])I8]" " |anl
n=2
1 1
00 2 (> 2
< |'€;|| (Z n(n — 1)|8|2") (Z n(n — 1)|“"|2)
n=2 n=2
1 1
s (Z nn— 1)(n - z)2|a|2") ’ (Zntn - 1)|an|2) ’
n=3 n=3
1 1
. |€;|| (Z n(n—1)(n—2)*(n — 3)2|8|2"> ’ (Z n(n — 1)|an|2> e
ned n=4
1
< 'ﬁ;" (Zn(n —~ 1)|a|2") V-
n=2
1
+'f;|'< n(n — 1)(n_z)2|8|2">2\/1 —o =2l
n=3
1
’ |/|§3|| ( n(n—1)(n—2)*(n— 3)2|5|2n> 2\/1 — o — 2|y |* — 6las|’.
n=4
We note that
Y= <),
n=0
thus, we have
o) . 2x2
ngn(n_ 1) = (1w (3.4)
Since

%) 00 &) ! 2
; (n—2)}""1=x? (Z (n— 2)x"_3> =5’ (Z x"_2> = (1 ix)z,

n=3 n=3
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we see that
o 2 4 2 3 4 4
Z(n—l)(n—2)2x”=x3( * 2) ST i .
o (1—-x) (1—x)
and thus, we obtain
o0
6x> + 18x*
Y nm-1)m—27% = 08 (3.5)
n=3 (1 _x)
Furthermore, we have
Y (n—1)(n—2)°(n—3)x" =« (Z (n—1)(n—2)>*(n- 3)2x”4)
n=4 n=4
= x4< (n—2)(n— 3)x”1) ,
n=4
but
(n—2)(n—-3)x"1=x (n—2)(n—3)x"1) =
3
n=4 n=4 (1—-x)
thus, we have
oo
12x* + 72x° + 36x°
S n—1)m-2P (-3 = TN
s (1—-x)
which yields
> 48x*(1+8 2
3 n(n—1)(n—2)*(n—3)%" = 1+ X o ). (3.6)
n=4 (1 _x)

Therefore, from (3.3)-(3.6) with |6|* = x, we obtain

> n(n—1)(1B1] + (n = 2) B2l + (n — 2)(n — 3) |Bs])I8]" " |l
Bl V2(1—a)  16/(6+18181)(1 —a — 2lasl?)
< 1Bl s 1B s
(1-151%) (1-181%)
| 4J3|8|3\/(1 + 8|82 + 6/81*)(1 — a — 2ay|* — 6las|?)
3 (1- |8|2)7/2

Now, let us consider the complex number J (0 < |J] < 1) such that

CIZEE 1812,/(6 + 181812)(1 — @ — 2laz )
(1-181%)" (1- 1813

43181 /(1 + 81817 + 6181") (1 — & — 2la]? — 6las?) .

|8
3 (1- |5|2)7/2

Page 8 of 10



Frasin Journal of Inequalities and Applications 2012, 2012:24
http://www.journalofinequalitiesandapplications.com/content/2012/1/24

If we define the function %(|d|) by

h(181) = 1811 181 (1 = 1817)*v/2(1 — )
+ 12l 1817(1 — |6|2)\/(6 +18[81%)(1 — & — 2|az|?)

+4+/3 |85 |5|3\/(1 + 81817 + 6/8]*)(1 — @ — 2|az|* — 6las|?)
_ )\'(1 _ |8|2)7/2,

then we have /(0) = -A < 0 and k(1) = 124/5 85| /1 — a — 2|as|* — 6las|> > 0. This
means that there exists some dy such that /(|dy|) = 0 (0 < |do| < 1). This completes the

proof of the theorem.

4. Radius problem for the class K(0, )
For the class K(60, ), we prove the following lemma.
Lemma 4.1. If f(z) € K(6,a), then

o0

Zn(n —a)lay) <1 —a. (4.1)

n=2

Proof. Let f(z) € K(6, ). Then, we have

o0
1+ nfa,z"!
U
Re {1 ) (z)} =Re "2

+
/ o0
f'@) 1+ ) na,z™!
n=2

00
1— Z n? [an ei(nfl)eznfl
n=2

= Re o > o

1— Z nla) gi(n—1)0 zn—1
n=2

for all z € /. Let us consider a point z € I/ . such that z = |z|e"€.

Then we have

]

1— 3 n?lay| 2"

n=2

00 > o
1= nlanl 2"

n=2

Letting |z] — 17, we obtain the inequality (4.1).
Corollary 4.2. If f(z) € K(6, «), then

1l -«
lan| < n(n — ) (n=23,...).

Remark 4.3. If f(z) € K(0, ), then

o0 oo
Zn(n —1)an| < Zn(n —a)lag] <1—o.
n=2 n=2

Applying Theorem 2.1, Lemma 4.1 and using the same technique as in the proof of

Theorem 3.4, we derive
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Theorem 4.4. Let f(z) € K(0,a), and 6 € C (0 < |J| < 1). Then the function

6z) € 1, B2, B3; A) for (0 < < |og(M)|, where |0g is the smallest positive root
;()T(ﬁﬁﬁs)(éé(k)hé(mh llest p

of the equation

gy V201 =) 1812,/ (6 + 18181°)(1 — & — 2laz )
1 +

B2l 5
(1-18P)"" (1-16P)" @2)
, 43181,/ (1 + 81817 + 6151*) (1 — & — 2lerz? = 6las ) .
+ =
’ (1— 15272
in0< o] <1
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