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Abstract

A Hilbert space operator T belongs to class A if |[T?| = |T|? > 0. Let dys denote either
84 O Aag, Where 845 and A »g denote the generalized derivation and the elementary
operator on a Banach space B(H) defined by 845X = AX — XB and ApgX = AXB-X
respectively. If A and B* are class A operators, we show that dyg is polaroid and
generalized Weyl's theorem holds for f(dag), generalized a-Weyl's theorem holds for
f((dag)*) for every f € H(o (dag)) and f is not constant on each connected component
of the open set U containing o (dug), where H(o (dug)) denotes the set of all analytic
functions in a neighborhood of o (dag).
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1 Introduction

Let H be a complex Hilbert space and C be the set of complex numbers. Let B() and
K(#H) denote the C*-algebra of all bounded linear operators and the ideal of compact
operators acting on 7 respectively. For operators A,B € B(H), let 45 € B(B(H)) de-
note the generalized derivation on a Banach space B(H) defined by §45X = AX — XB;
let Asp € B(B(H)) denote the elementary operator on a Banach space B(#) defined by
Agp = AXB — X. Let dap denote either §45 or Ayp. dag has been studied by a number of
authors [1-4]. Also let «(T) = dimker T, 8(T') = dimker T*, and let o (T'), 0,,(T) denote the
spectrum and approximate point spectrum of 7. An operator T' € B(#) is called upper
(resp. lower) semi-Fredholm if ran T is closed and «(T) < oo (resp. (T) < 00). In the se-
quel, let SF, () denote the set of all upper semi-Fredholm operators. If both «(7) and
B(T) are finite, then T is called a Fredholm operator. An operator T € B(H) is called Weyl
if it is Fredholm of index zero and Browder if it is Fredholm of finite ascent and descent.
Let 0.(T), 0w(T) and 0,(T) denote the essential spectrum, the Weyl spectrum and the
Browder spectrum of 7' € B(H). Let iso KC denote the isolated points of IC C C. We write
700(T) = {A €i800(T): 0 < (T — &) < 00}, w§y(T) = {A €is00,(T) : 0 < (T — A) < 0},
and poo(T) = o(T) \ 0p(T). 1t is evident that 0.(T) C 0,,(T) C 04(T) = 0.(T) | Jacco (T)
and poo(T) € moo(T) € 7§y (T), where acco (T) = o (T) \ isoo (T).

We say that Weyl’s theorem holds for T' € B(H) if

o(T)\ 0y(T) = moo(T),
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and that Browder’s theorem holds for T € B(H) if

o (T)\ 0w(T) = poo(T).

By definition, 0.,(T) = ({o.(T + K) : K € K(#)} is the essential approximate point spec-
trum of T, and 0,,(T) = ({0.(T + K) : K € K(H) and KT = TK} is the Browder approxi-
mate point spectrum of 7.

We say that a-Weyl’s theorem holds for T € B(H) if

Ua(T) \ aea(T) = ngo(T)r
and that a-Browder’s theorem holds for T’ € B(H) if
Gea(T) = Uab(T)-

For a bounded linear operator T and a nonnegative integer #, define T}, to be the re-
striction of T to ran 7" viewed as a map from ran 7" into ran 7" (in particular Ty = T)).
If for some integer 7, the range space ran 7" is closed and T}, is a Fredholm operator,
then T is called a B-Fredholm operator. If T is a B-Fredholm operator of index zero, then
T is called a B-Weyl operator. The B-Fredholm spectrum opp(7’) and B-Weyl spectrum
opw(T) of T are defined by opp(7T) = {A € C: T — A is not a B-Fredholm operator} and

opw(T) ={A € C: T — X is not a B-Weyl operator}. An operator T € B(H) satisfies gener-
alized Weyl’s theorem [5, Definition 2.13] if

opw(T) =0 (T) \ mo(T),

where 77o(T) is the set of all isolated eigenvalues of T, and T € B(#) satisfies generalized
Browder’s theorem [5, Definition 2.13] if

osw(T) =0 (T)\ po(T),

where po(T) is the set of all poles of the resolvent of T.
Let SBF, () be the class of all the upper semi-B-Fredholm operators and SBF_(#) be
the class of all T € SBF,(#) such that ind(7T) < 0. Let

osge; (T) = {1 € C: T - A ¢ SBF,(H)}

be called the semi-B-essential approximate point spectrum of 7. We say that 7 € B(H)
satisfies generalized a-Weyl’s theorem [5, Definition 2.13] if

ospe; (T) = 04(T) \ 75 (T),

where 7§ (T) is the set of all eigenvalues of T which are isolated points of o,(T).
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The following implications are known to hold:

generalized a-Weyl’s theorem
=> generalized Weyl’s theorem = Weyl’s theorem
=  Browder’s theorem;

generalized a-Weyl's theorem
= a-Weylstheorem = a-Browder’s theorem

=—> Browder’s theorem.

In this paper, we shall study the generalized Weyl’s theorem for the elementary opera-
tor and the generalized derivation with class A operators as entries. Recall that T € B(H)
is called p-hyponormal for p > 0 if (T*T) — (TT*)? > 0 [6]; when p =1, T is called hy-
ponormal. And T is called paranormal if || Tx||? < || T%x| |lx|| for all x € # [7, 8]. In order
to discuss the relations between paranormal and p-hyponormal and log-hyponormal op-
erators (T is invertible and log 7*T > log TT*), Furuta, Ito and Yamazaki [9] introduced a
very interesting class of operators: class A defined by | T?| —|T|? > 0, where | T| = (T* T)%
which is called the absolute value of 7', and they showed that class A is a subclass of para-

normals and contains p-hyponormal and log-hyponormal operators.

Definition 1.1 An operator T € B() is said to have the single valued extension property
(SVEP) at X € C if for every open neighborhood G of A, the only function f € H(G) such
that (T — u)f (1) =0 on G is 0 € H(G), where H(G) means the space of all analytic functions
on G. When T has SVEP at each A € C, say that T has SVEP.

The single valued extension property dates back to the early days of local spectral theory;
see the recent monograph of Laursen and Neumann [10] or Aiena [11]. In addition to the
definition of SVEP, there are notions of property (8), property (§) and condition (C). The
interested reader is referred to [10] for more details.

2 The main results
For T € B(H), let LT and R7 denote the operators of left and right multiplication by T
respectively.

Cho and Yamazaki proved that class A operators have property § in [12] Theorem 3.1;
unfortunately, there are some mistakes in the proof of this theorem; see details in [13]. So,
Theorem 3.1 in [12] is still an open problem.

Lemma 2.1 Let A and B* be class A operators satisfying property (8), then dp has SVEP.

Proof By assumption and [10] Theorem 2.5.5, A satisfies property (8) and B satisfies prop-
erty (8). Hence, both L4 and Rjp satisfy condition (C) by [10] Corollary 3.6.11. Clearly, L4
and Rp commute. By Theorem 3.6.3 and Note 3.6.19 on p.283 of [10], L4 — R and L4Rp
have SVEP, which implies that d4p has SVEP. O

It is well known that the isolated points of the spectrum of a class A (indeed, paranormal)
operator T are poles of the resolvent of the operator (hence, eigenvalues of the operator),
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the restriction of T to an invariant subspace is again of class A (resp., paranormal), and
that if T has countable spectrum then 7 is normal. (We shall use this information freely
in the following without any further reference.)
Recall, [14], that 0(84) = {A: L € 0(A) —o(B)} and 0(Agp) = {A: L € o(A)o(B) —1}. If
A € iso0(dag), then we have one of the following two cases:
(1) A #-1ifdyp = Agp. Then there exist finite sequences {«;}?, and {B;}/,, where
a; €800 (A) and B; € isoo (B) respectively, such that A = o; — B; if A € iso o (845) and
A=a;Bi—1if L €isoo(Agp), foralll <i<m.
(2) A=-1and dsp = Aap. Then either 0 €isoo(A) and 0 € isoo (B) or 0 € isoo(A) and
0¢o(B)or0cisoo(B)and 0 ¢ o (A).

Theorem 2.2 Let A and B* be class A operators, then Hyo(dag — A) = ker(dap — A) for all
A €isoo (dyp).

Proof We consider the case dap = 845 and dap = A 4p respectively.

(1) We consider the case dg = §45. The idea comes from [1]. If A € iso o (§45), then there
exist finite sets {o, o0, ..,a,,} and {B1, B2, ..., Bm}, where «; € isoo(A) and B; € isoo (B)
such that A =, — §B; forall1 <i <m. Let

M1 = \/ker(A - Ol,‘), M2 =H @Ml
i=1

and

N = \/ker(B* - Bi)s N, =HON,.

i=1

Then A and B have representations A = (A(;l :Z) onM; ®M, and B = (g; Bgz) on N1 ® N,

respectively, where A;; and By; are normal, 0 (A) = 0(An) Uo (A2), 0(B) = 0(B11) Uo (Baa)
and A ¢ o((SAil.B/./.) foralll <i,j <2otherthani=j=1.Consider an X € Hy(545—X). Letting
X : Ny & N, — M, & M, have the matrix representation X = [Xij]l‘z,j=1’ we have

(6 A)'X * *
AB — =
* (5A22322 - A)"Xa

for some yet to be determined entries .
Since

1
lim ||(845 - 2)"X|" =0,
n— 00
we have that
li ) "X n
n_linoo”( AgnByy — M) X2 ” =0.
Since A ¢ 0(84,,8,,), we have that 84,,5,, — A is invertible. Hence, X5; = 0. So, we have that

e )

((SAzzBu - )")nXZI 0
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Since

1
YI=O

nli_lfloo ” (8AiiBjj - )‘)nXil'

forall1 <i, j <2 other than i =j =1 and since A ¢ 0(84,,8,,) and A ¢ o (84,,5,,), we have
that Xi, = X351 = 0. Hence,
1) -A)"Xy 0
(8ap = 2)"X = <( i /X 0).

Since A1 and Bj; are normal,
. " 1
ngnoo || (aAuBu - )\) Xll H =0
if and only if
(8A11311 - )")Xll =0

by [15] Lemma 2. Hence, we have Hy(845 — ) € ker(845 — A). Since ker(845 — 1) € Ho(845 —

A) is always true, we have
Ho(8ag —A) =ker(845 — 1).

(2) We consider the case dgg = Ayg. When A # -1, the proof is similar to the proof of
the first part. We omit the proof. When A = —1, then either 0 € isoo (4) and 0 € iso o (B) or
0 ecisoo(A)and 0 ¢ o(B) or 0 €isoo(B)and 0 ¢ o (A).If 0 is both inisoo (A) and iso o (B),
then let M; = ker(A), My = H © M; and N; = ker(B*), N, = H © N;.

Then we have A = (82) onH =M; ® M, and B = (Co2 1302) on H = N; ® N, for some
operators Cj, A; and Cy, B; respectively. Here both A, and B, are invertible. So, we have
that A4,p, — A = Ly, Rp, is invertible. Let X : Ny @ Ny — M; @ M, have the matrix rep-
resentation X = [Xj; i2J’=1‘ If X € Hy(Aup — A) = Hy(L4Rp), it follows that Xy5 = 0 as in the
proof of the first part. Hence, L4RpX = 0 for every X € Hy(Aap — 1) = Hyo(LaR3). So, we
have Hyo(Aap — 1) C ker(Aap — A). Since ker(Axp — A) € Ho(Aap — A) is always true, we
have Hy(Axp — A) = ker(A 45 — 1). The proofs of the other remaining cases are similar, we
consider 0 € isoo (A) and 0 ¢ o (B). Here A — A = L4Rp. In the following, we shall prove

that Hy(LaRg) = Ho(L4). If X € Hy(L4Rp), then

|(LaY'X[[" = lim [(LaRs)'XB™|" < [B| lim |(LaRs)'X]" =o0.
n— 00 n—>00

lim
Hn— 00
On the other hand, if X € Hy(L4), then

1 1
lim [[(L4Rp)"X|" < IBIl lim [(L4)"X|" = 0.
n— 00 n— 00

Hence, Hy(LaRp) = Hy(L4). Next, we shall prove that Hy(Ls) = ker(L4). Let M; = ker A,
My =H © M. We have A = (82) on H = M; @& M,, where A, is invertible. Let X have

the following matrix representation: X = [Xi,-]l,z’j=1 onH =M &M, If X € Hy(Ly), as in
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the proof above, we have that X,; = X5 = 0. So, we have that L4 X = 0. Hence, Hy(L4) C
ker(Ly). Since ker(Ly) € Ho(Ly) is always true, we have that Hy(L,) = ker(L,). Since B is
invertible, we have ker(L4Rg) = ker(L4). Therefore, we have that

Ho(LaRp) = Ho(La) = ker(La) = ker(LaRp),
hence
Hy(LaRp) = ker(LsRp).
That is,
Ho(Agp —2) =ker(Agp —A).
This completes the proof. O

An operator T € B(H) is said to be isoloid if every isolated point of o (T') is an eigenvalue
of T and polaroid if every isolated point of o (T) is a pole of the resolvent of T In general,

if T is polaroid then it is isoloid.

Lemma 2.3 Let A and B* be class A operators, then dp and d),; are polaroid. In partic-

ular, dap and d},; are isoloid.

Proof We only need to prove that d4z is polaroid. Let X = B(H) and A € iso o (dap). Then
we have that Hy(dag — 1) = ker(dag — 1) by Theorem 2.2. Hence,

X = Hy(dag — A) ® K(dap — 1) =ker(dag — A) ® K(dap — A).
So, we have

(dap —2)X =0® (dag — 1) (K(dap — 1)) = K(dap — M)
Therefore,

X =ker(dag — A) ® (dap — V) X.

Thus, isolated points of o (dsp) are simple poles of the resolvent of d4p. Hence, dap is
polaroid. So, we have that d4p and 4} ; are polaroid. Since polaroid operators are always

isoloid, we have that d45 and d}; are isoloid. O

Theorem 2.4 Let A and B* be class A operators satisfying property (B). Then generalized
Weyl's theorem holds for f(dag) for every f € H(o(dag)) and f is not constant on each con-

nected component of the open set U containing o (dap).

Proof Suppose that A and B* are class A operators. By Lemma 2.1 and Lemma 2.3, we
have that d4p has SVEP and dyp is polaroid. So, we have that generalized Weyl’'s theorem
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holds for d4p by [16, Theorem 3.10(ii)]. Since d45 has SVEP and d 43 is isoloid, we have that
generalized Weyl’s theorem holds for f(dz) for every f € H(o(dag)) by [17, Theorem 2.2].
O

Corollary 2.5 Let A and B* be class A operators satisfying property (B). Then Weyl's the-
orem holds for f(dag) for every f € H(o(dap)) and f is not constant on each connected

component of the open set U containing o (dyg).

A bounded linear operator T € B(H) is called a-isoloid if every isolated point of o,(T)
is an eigenvalue of T Note that every a-isoloid operator is isoloid and the converse is not

true in general.
Lemma 2.6 Let A and B* be class A operators satisfying property (B), then d; , is a-isoloid.

Proof Let X be an isolated point of o,,(d} ). Suppose that A and B* are class A operators
satisfying property (8). By Lemma 2.1 and Lemma 2.3, we have that d4z has SVEP and
d}  is isoloid. Hence, 0,(d}; ) = o(d}z) by [18, Corollary 7]. We have that A is an isolated
point of o (d} ). Since d; ; is isoloid, we have that A is an eigenvalue of d} ;. Hence, d} is

a-isoloid. O

Theorem 2.7 Let A and B* be class A operators satisfying property (8). Then generalized
a-Weyl's theorem holds for f(d} ) for every f € H(o(dag)), and f is not constant on each

connected component of the open set U containing o (dyp).

Proof Suppose that A and B* are class A operators satisfying property (8). By Lemma 2.1
and Lemma 2.3, we have that d,z has SVEP and &} is polaroid. By Corollary 2.5, Weyl’s
theorem holds for d4z. Hence, 4 ; satisfies Weyl’s theorem by [19, Proposition 2.1]. Since
dap has SVEP and &}, is polaroid, generalized a-Weyl's theorem holds for d%, by [16,
Theorem 3.10]. T is a-isoloid by Lemma 2.6, hence generalized a-Weyl’s theorem holds
for f(T') for every f € H(o(T)) by [17, Theorem 2.4]. O

Corollary 2.8 Let A and B* be class A operators satisfying property (B). Then a-Weyl's
theorem holds for f(d},) for every f € H(o (dag)), and f is not constant on each connected

component of the open set U containing o (dyg).
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