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1 Introduction
As is well known, the Legendre polynomial P, (x) is a solutions of the following differential
equation:

(1 - x2)u” —2xt/ +n(n+1u=0 (see[1-7]),
where n=0,1,2,....
It is a polynomial of degree . If n is even or odd, then P, (x) is accordingly even or odd.

They are determined up to constant and normalized so that P,(1) = 1.
Rodrigues’ formula is given by

d\" "
P,(x) = 2;}”!{(%) (x* -1) } new,. (1.1)

Integrating by parts, we can derive

1
/ Po0)Po(x) d = —— 8y (see [1=7]), 12)
1 2n+1

where §,,, is the Kronecker symbol.

By (1.1), we get
5]
1 o1\ (2n—2k\ , o
Pn(x)_ig(—l) (k>< ., )x ) (1.3)

The generating function is given by

(e ¢]

(1-2xt + t2)’% =Y Pyx)t". (1.4)
n=0
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The Bernoulli polynomial is defined by a generating function to be

et = PWE = ZB”(x)E (see [8-13]) (1.5)
n=0

et -1

with the usual convention about replacing B”(x) by B, (x).
In the special case, x = 0, B,(0) = B, are called the Bernoulli numbers.

From (1.5), we have

n

B,w=Y" <’Z)B,,_lxl (see [10-26]). (1.6)

=0

As is well known, the Euler numbers are defined by
Ey=1, (E+1)"+E, =28, (see[10-13]) 1.7)

with the usual convention about replacing E” by E,,.

The Euler polynomials are defined as

n

E@=Y (’Z)En,xl (see [27-31)). (1.8)

=0

Let P, = {p(x) € O[x]| deg p(x) < n}. Then P, is an inner product space with respect to the
inner product (-, -) with

1

(01(0), 42() = / 000 d,

where q(x), q2(x) € P,,.

From (1.2), we can show that {Py(x), P1(x), ..., P,(x)} is an orthogonal basis for P,,. In this
paper, we derive some interesting identities on the Bernoulli and Euler polynomials from
the orthogonality of Legendre polynomials in P,,.

2 Some identities on the Bernoulli and Euler polynomials
For gq(x) € P, let

q(x) =Y CiPi(). @.1)
k=0

Then, from (1.2), we have

(q(x), Pe(x)) = Cie( Pe(x), Prc(x))

1
e / {Pr(x))” dx

1
_ 2
T2k +1

Cx. (2.2)
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By (2.2), we get

2k +1 2k+1 1
= / Py(x)g(x) dx
=}

2k+1\ 1 d*
:< 2+ >2’<—k'/ <d 7 _1)) (x) dx

k dk

Therefore, by (2.1) and (2.3), we obtain the following proposition.

Proposition 2.1 For g(x) € P, let

q(x) =Y CePi(x)
k=0

Then

2k+1 1/ dF 9 k
Ck:ﬁfl<ﬁ(x -1) )q(x)dx.

Let us assume that g(x) = x" € P,,.

From Proposition 2.1, we have

2k +1 a* ;
Ck:ﬁ/(dxk(x —1) )x dx
_ 2k +1 " 1 ) K uk
T ksl -1 (k) /:l(x _1) x"dx
2k +1 !
_ %(Z) (L+ (1)) / (1) " dx, (2.4)
0

For n — k=0 (mod 2), by (2.4), we get

2k+1 nkl
= ot ( / L-»%"72 dy

_2k+1 n—k+1 k+1
- 2k+1
_2k+1(n\T(k+1)I "k“)
- 2k+1 k F(n+k+1
C2k+1 SINEE
T ok+l (n+k+1) n+k— 1) (= k+1)F(n k+1)
2K (Y e (1= RN+ K+ 2)01 4 K) - (1=K +2)
T2k \k ) (n+k+2)!

2k +1)2K+1 (22
= X
(n+k+2)! (—”5")!
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Here the beta function B(x, y) is defined by

1
B(x,y) = / £ A -t de (Re(x),Re(y) > 0),
0

and it is well known that

T
N Ty

where I'(s) = [~ #*"'e™" dt (Re(s) > 0) is the gamma function.
By Proposition 2.1 and (2.5), we get

x" = Z

0<k<n,n—k=0 (mod 2)

(2k + 1)mi2kst(2eks2yy
(n+ k +2)I(55) Pil). (2.6)

From (1.5), we can easily derive the following equation (2.7):

I (” N 1)3,(x) (neZ,). (27)

n+ll:0 l

Therefore, by (2.6) and (2.7), we obtain the following Proposition 2.2.

Proposition 2.2 For n € Z,, we have

“ B;(x)
;(VHI—Z)!Z!: 2.

0<k<n,n-k=0 (mod 2)

(2k + 1)2k+1 (2eke2 s
(m+k+ 2)!("7"()!

Pk (x)

Let us take g(x) = B,(x) € P,.. By Proposition 2.1, we get

2k+1 1/ dk 9 k
Ck = —2k+1/<![ (ﬁ(x —1) )B,,(x)dx

1

k 1
= (_1)2(1(#(2)/ (xZ —1)kB,,_k(x)dx

1

(“1)* @2k +1) (n\ 22X (n—k 1
D) (T [t

1=0
n-k
2k+1 (n n-k 1
T (k) > ( ; )Bn—k—l(l + (—1)1)/ (1-%) % dx. (2.8)
1=0 0
For [ € Z, with [ =0 (mod 2), we have

2k+1(n n-—k 1 -1
G W(k) 2 ( ! )B”“/ W=7y= dy
0<l<n-k,l is even 0
2k+1(n> Z (n—k)B F(/<+1)F(”71)
T okl S A Y|
2% k 0<I<n-k,l is even ! F( 2+ + 1)

(2k+21+2)!

)
= 2k +1)2K 11 3 nokl

X . (2.9)
0<l<n—k,=0 (mod 2) (n—k=Dt " (2k+1+ 2)!(%)!
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In [14], we showed that

n-2 n
Bn(x)=kZ<Z)Bn_kEk(x)+En(x): 3 (Z)Bn_kﬁkoc). (210)
-0 k=0,ksn-1

Therefore, by Proposition 2.1, (2.9) and (2.10), we obtain the following theorem.

Theorem 2.3 For n € Z,, we have

1 n " n (2k + 1)2k+1(1+2k+2),Bn
o Z <k>Bn—kEk(x) = Z( Z k— D\l p i i)P (x)
T 0 dan-1 %0 No<i<nii=0 (mod 2) 1~ U+ 2k +2)1(3)

By the same method of Theorem 2.3, we easily see that

En n 2k +1 2k+1 l+2k+2 ‘Bn
(x):Z< Z (2k + 1)25(57) kl)P . @.10)

m T Nocienki=0 mod 2y B =K = l)'(l+2k+2)( )!

Let us take g(x) = Y _;_, Bk(¥)B,_«(x) € P,,. Then we see that

ZBk n k

n n n 2 _
(4 1) kXOj % {;Bl_wn_l . Bn_l_k}Ek(x) W 121)”En_2 ®W.  (212)

The equation (2.12) was proved in [14].
By (2.12) and Proposition 2.2, we have

2k +1 ()
Ck = 2k+1k‘{(71+1)§m<ZBm 1By—m + By_1- l)
1 dk X
x/_lEl(x)(d—xk(xz—l) >dx

(n*-1) d*
+%/ (d - (#? —l)k)Enz(x)dx}. (2.13)

Integrating by parts, we get

1 dk
‘/_ El(ac)(d—xk(x2 - l)k) dx

Xl: )El_,/x’dkx—l)d

j=0

(
S [

l
C)El_,(] k)‘ 1+ (-1y7) /x’ — +1)"dx. (2.14)

~.

5

5
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Then we see that

1 dk
/_1 El(x)(d—xk(x2 - 1)k> dx

1
) j=k-1 P
- Z L t T (1-t)dt
VE=T)

Jj=k,j—k=0 (m

) l C)E ji TNk +1)
_‘ i l/(l k)' (]+k+1+1)

: Z () s Gz O

Epj X —=
j=k,j—k=0 (mod 2) (G- k)' G+k+2)! (B

i <’[ vk122k+2 5 (1+/<T+2), o1
= I-j " .
Jj=k,j—k=0 (mod 2) (]+k+2), (]T)'
It is easy to show that
1 dk
[ (G2 -0 )aras
n-2 1/ gk
n—2 d ,
:Z( . )EnZ// (d k(x —1) )dex
0~/
n-2 ) 1
n-—2 ) Ji .
= ( ' )E“,(u (-1 *)(-D)f o0 / (- 1) % dx
P
-2 thip2kez (L2,
= Z (n . >En—2—/’(]], (k 21 X ( 1._2,( ,) . (2.16)
k<j<n-2,j-k=0 (mod 2) J TR+ 2 (7)~

Therefore, by (2.13), (2.14), (2.15) and (2.16), we get

. Q) (v
Cy = (2k +1)2% 1{(n +1) Z ~ ;Bm_an_m + B,

(/+k+2)

* Z ([) l’(]+k+2)' Jk),

k<j<lj-k=0 (mod 2)

Jrk+2y

(l/l2_1)}’l n—2 ]| ( 3 )
TR ( j )E“"(j+k+2)zx =3 } (2.17)

k<j<n-2,j—k=0 (mod 2)

Therefore, by Proposition 2.1 and (2.17), we obtain the following theorem.

Theorem 2.4 For n € 7., we have

D Bi(®)B,i(x)
k=0
. ()
—Z(2k+1)2k 1{(n+1)zn T ZBM B + By

k=0
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j+k+2

l i ( > )!
X Z (’,>51j - X —=
k<j<lj-k=0 (mod 2) (] th+ 2)' (]T)'
. j+k+2
n- 2) ! (E=)
) Enai— X —= Pr(x).
O(mod2)< J ](]+k+2)! (lTk)‘

Remark 2.5 The extended Laguerre polynomials are given by

(n?=n
+ e
12

g

k<j<n-2,j-k=

Lw=Y" (_:!)r (” i “)x’ (@ >-1).

s n—r
By the same method, we get

_1)k+l k+1( n+a \(l+2k+2
(=D)*(2k +1)2 (H[,)( 5 )!Pk(x)
(L +2k +2)1(3)!

Lw=Y ¥

k=0 0</<n-k,/=0 (mod 2)
and

(2k + 1)ty (22,
(n— k=D + 2k +2)1(L)!

Py(x),

Hyx)=Y) >

k=0 0<l<n-k,/=0 (mod 2)

where H,(x) is the Hermite polynomial of degree n (see [7]).
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