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Abstract

In this note, we derive, under some natural assumptions, a general pattern of the
almost sure central limit theorem in the joint version for the maxima and sums.

Keywords: almost sure central limit theorem; maxima and partial sums; Lipschitz
function

1 Introduction and main results

Let {X, X,;; n > 1} be a sequence of independent and identically distributed (i.i.d.) random
variables and S, = Y }_; X, M,, = max,<x<, X for n > 1. If E(X) = 0, E(X?) = 1, then the
classical almost sure central limit theorem (ASCLT) has the simplest form as follows:

n

1 1 (S
n11>nolo logn kXﬂ: %1{ \/—k% < x} =®(x) as.forallx eR, (1.1)

where, here and in the sequel, I(A) is the indicator function of the event A and ®(x) stands
for the standard normal distribution function. This result was firstly proved independently
by Brosamler [1] and Schatte [2] under a stronger moment condition. Since then, this type
of almost sure theorem, which mainly dealt with logarithmic average limit theorems, has
been extended in various directions. In particular, Fahrner and Stadtmiiller [3] and Cheng
et al. [4] extended the almost sure convergence for partial sums to the case of maxima of
i.i.d. random variables. Namely, under some natural conditions, they proved as follows:

1 1 [Mi-b
lim Z —1{ SRR < x} =G(x) as.forallx e Cg, (1.2)
n—oo logn — k ak

where Cg denotes the set of continuity points of G, and where a; > 0 and by € R satisfy

My -b
lim P(u < x) =G(x) as.foranyxe Cg
k— 00 ay

with G(x) being one of the extreme value distributions, i.e.,

A(x) = exp{-exp(-x)},

0, x<0,
q)ot(x) =
exp{-x~}, x>0,
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for some « > 0, or

exp{—-(—x)*}, x<0,
W, (x) = p{—(-x)"}
1, x>0,

for some « > 0. These three distributions are often called the Gumbel, the Frechet and the
Weibull distributions, respectively.

For Gaussian sequences, Csdki and Gonchigdanzan [5] investigated, under some mild
conditions, the validity of (1.2) for maxima of stationary Gaussian sequences. Further-
more, Chen and Lin [6] extended it to non-stationary Gaussian sequences. As for some
other dependent random variables, Peligrad and Shao [7] and Dudzinski [8] derived some
corresponding results about ASCLT. In addition, the almost sure central limit theorem in
the joint version for log-average of maxima and partial sums of independent and iden-
tically distributed random variables was obtained by Peng et al. [9], whereas the joint
version of the almost sure limit theorem for log-average of maxima and partial sums of
stationary Gaussian random variables was derived by Dudzinski [10].

In statistical context, we are very concerned with the ASCLT in the joint version for the
maxima and partial sums. The goal of this note is to investigate the general pattern of the
ASCLT for the maxima and partial sums of i.i.d. random variables by the method provided

by Hormann [11]. He showed the following result.

Theorem A Let X1, Xs,... be independent random variables with partial sums S, . Assume

that for some numerical sequences a, > 0 and b,,, we have

S
2, B H
Ay

with some (possibly degenerate) distribution function H.
Suppose, moreover, that

14

S
E|=2 —b,| =0Q) forsomev>0
a

n

and
arla; < Ck/DP QA <k<l)

for some positive constants C, B.
Assume finally that

kdy < 1 and dik® is nonincreasing for some 0 < < 1,

and that

Dy “
di = O<4) 'or some p >0, where D, = dy.
k(log Dy)? J ;
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Then, iff is a bounded Lipschitz function on the real line or the indicator function of a Borel
set A C Rwith A(0A) =0, we have

Jim_ Du ng(- - bk> / fX)dH(x)  as.

Now, we may state our main result as follows.

Theorem 1.1 Let {X,X,;;n > 1} be a sequence of independent and identically distributed
(i.i.d.) random variables with non-degenerate and continuous common distribution func-
tion F satisfying E(X) = 0 and E(X?) = 1. Suppose that, for a non-degenerate distribution

G, there exist some numerical sequences (a,, > 0), (b,,) such that

M, - by,
2 (1.3)
ay
Suppose, moreover, that the positive weights d,,, n > 1, satisfy the following conditions:
(Cy) liminf,_, « nd, > 0;
(Cy) n*d, is nonincreasing for some 0 < a < 1;
(Cs) limsup,,_, . nd,(logD,)" /D, < oo for some p >0, where D,, = ZZ=1 dy.
Assume, in addition, that f (x,y) is a bounded Lipschitz function. Then
Sk My — by
lim D—n Z dkf( N f f fl)DdDGdy) as. (1.4)

Remark 1.2 Since a set of bounded Lipschitz functions is tight in a set of bounded con-

tinuous functions, Theorem 1.1 is true for all bounded continuous functions f(x, y).

Remark 1.3 It can be seen by routine approximation arguments similar, e.g., to those in
Lacey and Philipp [12] that, under the conditions of Theorem 1.1, the result in (1.4) holds

for indicator functions, i.e.,

Sk My — by
lim — del( <ux, §y> = O(x)G(y) as.
n—>oo n P ﬁ ay

Remark 1.4 The result of Berkes and Csaki [13] shows that the a.s. central limit theorem

remains valid even with the sequence of weights

exp((logk)*)

di= =

1
provided 0<a< X
which at least includes a ‘halfway’ from logarithmic to ordinary averaging. Moreover, Hor-
mann [11] shows that this sequence obeys the a.s. central limit theorem for all 0 < o < 1.
Due to the similar conditions on the sequence of weights, our result also holds for this

sequence provided 0 <o < 1.
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2 Proof of our main result

The following notations will be used throughout this section: S, = ZZ:I Xi» Skn =
a1 Xi» My, = maxy<i<, X;, and My, = maxy,1<i<y X; for n > 1. Furthermore, a < b and
a ~ b stand for a = O(b) and § — 1, respectively, and ®(x) is the standard normal distri-

bution function. The proof of our main result is based on the following lemmas.

Lemma 1 Under the assumptions of Theorem 1.1, we have

Sk My — by S M; - b K\ 2
COV(f(ﬁ, P >,f<%, p >)<<<?> , 1<k<l

Proof It is easy to see that

541 5)

_ Sk Mk - by Si M= by
<lea(r( G ) () ()
Sk Mk—bk Si Mkl—bl Ski My — by
e M () v Gt ))
( (Sk Mk—bk> <5k1 Mkl—bl))‘
+ |Cov| f
:ZL1+L2+L3.

For L3, we have, by the independence of {X,;; # > 1}, that
L3 =0. (2.1)

Now, we are in a position to estimate L;. From the fact that f is bounded and Lipschitzian,
it follows that

S, M;-b S My —by
L<<E'f< , ) (—,—’ )‘
! N/ Ed VI a
-M
<<E<min< ! kl,Z))

= E<min( Mkl,2 >I(M1#Mk,l)

L P(M; # My,)

= P(My > My,)

=k f " (@) (Fw) T dEw)

) (2.2)
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where we used the fact that

[e’e) 1
[ 0 (F) dF(x) < /0 vt

o0

for any nondecreasing function ¥ on [0,1]. In order to verify the last relation, let F71(¢) =
sup{x : F(x) < t}, and let U be a random variable uniformly distributed on (0,1). Then
F(FY(t)) < tforall t € (0,1) and the random variable Y = F~'(1]) has distribution F. Thus,
the left-hand side of the above inequality equals

1
Ev (E(Y)) = Ey (E(F\())) < By (U) = fo V() de

as claimed.

By the fact that f is Lipschitzian and due to the Cauchy-Schwarz inequality, we have

Si Mkl—bl> (Skl Mkl—bl)‘
L <<EP(_’ : - _”,7
? N/ 4 N/

Sk 1 o\ 1
L E|—| = —=(ESf)?
«/2 ﬂ( k)
1
K\ 2
={-] . 2.3
(%) 2.3
Thus, using (2.1)-(2.3), we get the desired result. O

Let f and {X, X,;; n > 1} be such as in the statement of Theorem 1.1 and

-f (S ) gy (S M),

N/ N/

Sk, Mkl—bl) (Skl Mkl—bl>
il =f| —=, — —-Ef| —,— .
S f(\/z aj f Jl aj

We will also prove the following auxiliary result.

Lemma 2 Let p be a positive integer. Then for 1 < k <1, we have

12
El§ -&lf <« (7) .

Proof Without loss of generality, we may assume that |f| < 1. Thus, we have
E|g — &1l < ¥ E|E - &l. (2.4)

Furthermore, we obtain that

S Ml—b1> (Skl Mkl—hl)‘
Elg - &l < 2E|f( 2L, _r( 2K,
& = &xil < ‘/ < N S /i a

S My — —
o () 5 )
N/ VI
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WARICE
Vioa N/

< P(M[ #Mkl) +E

kK 1 172
& -+ —(ES?
i ﬂ( k)
£\ V2
< (7) . (2.5)
The relations in (2.4), (2.5) imply the claim in Lemma 2. O

The following lemma will also be used.

Lemma 3 Let p be a positive integer. Then for 1 < k < m < n, we have

P n %
< (Z ldf) :
I=m

E|Y di(E - &)
I=m

Proof We can write

n p
(Z di(& - %‘k,l)) Z Z dy - di, &y = Ekny) - (1, = Eky)-

l=m L=m

Thus, using the Holder inequality, the Cauchy-Schwarz inequality and Lemma 2, we derive

S

<Z Zdll -dy, (E\&y — &P - EI&y, — £k, 1)

h=m

n n 1
<<ﬁz...2dll...dlp112p...lpzp

lLi=m lp=m

_ ﬁ(idﬂ‘;f’)
l=m

< M(Z m?) (Zr%-l) .
l=m l=m

— &)

This and the relation

Z["}v"l < T Lm P
l=m m— 1)p
imply the desired result. O

We will also prove the following lemma.
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Lemma 4 For every p € N, we have

()

1<k<l<n

E

> dik
k=1

Proof This lemma can be obtained from Lemmas 1 and 3 by making slight changes in the

proof of Lemma 4 of Hérmann [11]. O
The following result will be needed in the proof of our main result.

Lemma 5 Suppose that n < p, where p satisfies the assumption in (Cs) of Theorem 1.1. We
have

k 1/2 D2 n
Z dkdl(?) = O(m), where Dn = Zdl

1<k<l<n i=1
Proof This result follows from Lemma 5 in Hérmann [11]. O

Proof of Theorem 1.1 Firstly, by Theorem 1.1. in Hsing [14] and our assumptions, we have

. Sy M,
lim P| — <w,

n—00

—b,
§y) = d(x)G(y) forx,yeR.

n a,

Then, in view of the dominated convergence theorem, we have

S, M,-b, oo oo
Ef(ﬁ' o >—>/_Oo/_oof(x,y)d>(dx)G(dy).

Hence, in order to complete the proof, it is sufficient to show

1 Sk Mk—bk> <S/< Mk—bk>>
lim — d —_—, -Ef| —, =0 as.
=00 Dy Z k(f(ﬁ ax s vk ax

This follows from Lemmas 4 and 5 by applying similar arguments to those used in Hor-

mann [11].

In fact, from Lemmas 4 and 5 and the Markov inequality, we derive

P(
i

Duj+ . .
By (Cs), we have D—l — 1. Thus, we can choose an increasing subsequence (#;) such that
"

Dy, = O(exp(j% )). Then, choosing p > % and using Borel-Cantelli lemma, we derive

D dix

k=1

> eD,,) < (logDy,)# for any ¢, p € N and large enough #.

n
1 U
D_ Zdl‘gi — 0 a.s.

=1
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For n; < n < nj,,, we have

1| 1 |Z D,
D. Zd"‘g" =5 Zdifi +2(—n]+] —1) as.
Dy k=1 D”i i=1 D”i

D,
Since ﬁ — 1, the convergence of the subsequence implies that the whole sequence con-
verges almost surely. This completes the proof of Theorem 1.1. O
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