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1 Introduction

In this paper, we consider the partial regularity for weak solutions of elliptic systems
-D, (Ag.ﬁ (x,u)Dg1/) = Bi(x,u,Du), x€, (1.1)

where Q is a bounded domain in R” with a boundary of class C!, n > 2, u and B, take
values in RN, N > 1. Each Az{ﬁ maps Q x RN into R, and each B; maps Q x RN x R™N into R.
In theory partial regularity to (1.1) needs a priori existence of weak solutions. In order
to define weak solutions to (1.1), one needs to impose certain structural and regularity
conditions on Ag.ﬁ and the inhomogeneity B; as follows. For m > 2,

(H1) There exists L > 0 such that

m=2

AL (&) (v,0) <L(L+|E%) 7 [v||D] forall (xv,&,) € 2 x RV, v, € R™N.

af . . oas .
(H2) Aij (%, £) is uniformly strongly elliptic, that is, for some A > 0, we have

m—
2

2 —
Agﬂ(x,é)(u,v) >2(1+&1) 7 [v]* forall (&) e Q x RN,v e R™.

(H3) There exists a monotone nondecreasing concave function w(s) : [0,00) — [0, 00)
with @(0) = 0, continuous at 0, such that for all x,y € Q, u,v € RV,

|A;ﬂ(x, u) —A;ﬂ(y, V| <o(lx—y1" +lu-v|™).

(H4) The inhomogeneity satisfies the following growth condition:

1B, &, 0)| < (1+ [612) T Q),
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forallx € @, & € RN, v € R™N and where Q(x) € L"™"~2"+"% for some ¢ > 0.

(H5) There exists s with s > 7 and a function g € H*($2, RV) such that

ulyq = gl

Note that we trivially have g € H""(Q, RN). Further, by the Sobolev embedding theorem,
we have g € C*(,RN) for any k € [0,1- 2]. If glsq = 0, we will take g = 0 on Q.

If the domain in this case is a half unit ball, then the boundary condition is as follows:

(H5)" There exists s with s > # and a function g € H*(B*, RN) such that

ulp =glp.

Here we write B, (xo) = {x € R" : |x — xo| < p}, and further B, = B,(0), B = B;. Similarly,
we denote upper half balls as follows: for xy € R"! x {0}, we write B} (xo) for {x € R" : x, >
0, |x—xo| < p} and set B} = B;(0), B* = B] . For xg € R"1 x {0}, we further write D, (x,) for
{xeR":x,=0,|x —xy| < p} and set D, = D,(0), D = D;.

Definition 1.1 By a weak solution of (1.1), we mean for all test-functions ¢ € C} (Q,RN),a
function u € W"(Q, RN) satisfying

/Ag’g(x, u)(Dptd,Dogp’) dx = / Bi(x,u,Du) - ¢' dx. 1.2)
Q Q

It is easily seen that by closure (1.2) holds for every ¢ in W (Q, RN).

Under such assumptions on the structural conditions, full regularity of (1.1) at the
boundary cannot, in general, be expected [1] even if the boundary data is smooth. Then
our goal is to establish a partial boundary regularity for weak solutions of systems (1.1).

There are some previous partial regularity results for quasilinear systems. For example,
Arkhipova has studied regularity up to the boundary for nonlinear and quasilinear sys-
tems [2—4]. For systems in a diagonal form, boundary regularity was first established by
Wiegner [5], and the proof was generalized and extended by Hildebrandt-Widman [6]. In
the case of minima of functionals of the form fQ A(x, u)|Du|? dx, Jost-Meier [7] established
full regularity in a neighborhood of the boundary.

The result which is most closely related to that given here was shown by Grotowski
[8]. Grotowski obtained boundary partial regularity results for more general systems:
~DyA%(-,u,Du) = f(-,u,Du), i = 1,...,N. In this paper, we extend the results in [9]. How-
ever the results in the current paper do not follow from those in [8]; in the current situa-
tion, we need only to impose weaker structure conditions and, at the same time, we can
obtain stronger conclusions.

The technique of A-harmonic approximation is a natural extension of the technique of
harmonic approximation. This technique has its origins in Simon’s [10] proof of the regu-
larity theorem of Allard [11]. The technique of A-harmonic approximation then refers to
the direct analog of the above situation. The interior version of this technique has previ-
ously been applied by Duzaar and Grotowski in [12].

In this context, as the argument for combining the boundary and the interior estimates
is relatively standard, we omit it and obtain the following results.
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Theorem 1.1 Consider a bounded domain Q in RN, with a boundary of class C'. Let u be a
bounded weak solution of (1.1) satisfying the boundary condition (H5), where the structure
conditions (H1)-(H3) hold for A?ﬂ, and (H4) holds for B;. Consider a fixed y € (0,0]. Then

there exist positive Ry and &, (depending only on n, N, A, L, b, M, a(M), w(-) and y) with
the property that

2 |”_”, ,R|m _n
][ [|u—u;0,R| ey | A5+ (18l + gl J RO + R <
Brxo)NQ

for some R € (0,R,] for a given xy € I implies u € C* (Eg (x0) N2, RN).

Note in particular that the boundary condition (H5) means that u, . makes sense; in
fact, we have i, p =g, »-

Combining this result with the analogous interior [13] and a standard covering argument
allows us to obtain the following bound on the size of the singular set.

Corollary 1.1 Under the assumptions of Theorem 1.1, the singular set of the weak solution
u has (n — m)-dimensional Hausdorff measure zero in Q.

If the domain of the main step in proving Theorem 1.1 is a half ball, the result is then:

Theorem 1.2 Consider a bounded weak solution of (1.1) on the upper half unit ball B*
which satisfies the boundary condition (H5)', where the structure conditions (H1)-(H3) hold

for Agﬁ , and (H4) holds for B;. Then there exist positive Ry and &, (depending only on n, N,

A L, b, M, a(M), M, w(-) and y) with the property that

. ) |I/l _ M/ ,R|m a

][ [|u —ty g+ o | dx+ [lgl s + gl JR*S + R <
Bj(x0) R

for some R € (0,Ry] for a given xo € D implies that u € C*° (E% (x0), RN) holds.

Note that analogously to above, the boundary condition (H5)" ensures that u, p exists,
and we have indeed u, =g, ».

2 The A-harmonic approximation technique
In this section, we present the A-harmonic approximation lemma [9] and some standard
results due to Campanato [14, 15].

Lemma 2.1 Counusider fixed positive . and L, and n,N € N with n > 2. Then for any given
&> 0, thereexists § = §(n,N, A, L, ¢) € (0,1] with the following property: forany A € Bil(R"™N)
satisfying

A(w,v) > Av* forallveR™ (2.1)
and

|A(v,D)| < LIv|[D| forallv,beR™, (2.2)
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Sfor any w € H"*(B} (xo), RY) (for some p > 0, xo € R") satisfying

p2" / |IDw|?dx <1, (2.3)
B} (xo0)
and
P / A(Dg, D) dx| < 8p sup |Dy| (2.4)
B} (x0) B (x0)
and
W|Dp(x0) =0 (2.5)

Sor all ¢ € Cy(B(x0), RN), there exists an A-harmonic function

veH = {fv € H"*(B} (%), RY)

Ioz—n/ |DWV|? dx < 1,W|p, (o) = 0}
B} (x0)
with
p / lv-wldx <e. oo
B (x0)

Next, we recall a slight modification of a characterization of Holder continuous func-
tions originally due to Campanato [14].

Lemma2.2 Considern € N,n > 2andx, € R"™! x {0}. Suppose that there are positive con-

stants k and o, with o € (0,11, such that for some v € L*(Biy(x0)), the following inequalities
hold:

20
inf[p-"/ |v—,u|2dx} 5/<2<£) , 2.7)
/LER B;’,(y) R

forall y € Dyg(xo) and p < 4R; and

2«
inf p”{/ v — ;,L|2dx} < KZ(B) , (2.8)
;LER Bp()/) R

for all y € B3,(x0) and B,(y) C Bip(xo).

Then there exists a Holder continuous representative of the L2-class of v on E}; (x0), and
for this representative v,

96 - 99| < €, ( "“;Z' ) (2.9)

holds for all x,z € E;(xo), for a constant C, depending only on # and «.
We close this section by a standard estimate for the solutions to homogeneous second-
order elliptic systems with constant coefficients due originally to Campanato [15].
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Lemma 2.3 Counsider fixed positive . and L, and n,N € N with n > 2. Then there exists
Co depending only on n, N, . and L (without loss of generality, we take Cy > 1) such that for
A e Bil(R™) satisfying (2.1) and (2.2), any A-harmonic function h on B} (x0) with hip,(xy) =
0 satisfies

p? sup |Dh|25c0p2-"/ |Dh|? dx.
B (x0)

B (x0)
2

3 Caccioppoli inequality
In this section, we prove the Caccioppoli inequality. First of all, we recall two useful in-
equalities. The Sobolev embedding theorem yields the existence of a constant C; depend-

ing only on s, 7 and N such that

sup)]g —g;o,p| <Cp' s gl 1 (83 (o), RN) (3.1)

Bf (%0

holds for xy € D, p <1 — |xg|. Obviously, the inequality remains true if we replace
llgll HUS (B} (x0),RN) by llgll 1.+ gy, which we will henceforth abbreviate simply as ||g || 1.
Now, we note that the Poincare inequality in this setting for xo € D, p <1 — |xo|

yields

/ g = Gxo.0" dx < Cpp™ / |Dg|™ dx, (3.2)
B (x0)

B} (x0)

for a constant C, which depends only on #.
Finally, we fix an exponent o € (0,1) as follows: if g = 0, o can be chosen arbitrarily (but
henceforth fixed); otherwise, we take o fixed in (0,1 - %).

Then we prove an appropriate inequality for Caccioppoli.
Theorem 3.1 (Caccioppoli inequality) Let u be a weak solution of systems (1.1) under (H1)-

(H5). Then there exists py > 0, po, depending only on L, M, s and |\g| 1.5, such that for all
B} (x0) C B, with xog € D*, p < R < pg there holds

/ |Du|™ dx
B;/z(xo)
/ |2

Uu—1u u—u. |"
<C(e,L) / [l Sl +| o) ]dx
B;(Xo) 1Y pm

+ C(S)Oén [Ion—2+20 + pn—m+ma]

m

_2 _
+ Cle,L, oy Cp)[ gl s (@™ 12)' ™ + gl (np”12) ™% ], (33)

where Cy, C, depending only on \ and L, m and Cs depending on these quantities and, in
addition, on C, C, and.s.

Proof We consider a cut-off function n € C5°(B}(x0)) satisfying 0 <n <1, n =1 on
BY ,(x0) and |Vn] < %. Then the function (z — g)n? is in Wol'm(B;(xo,RN)), and thus can

Page 50of 13


http://www.journalofinequalitiesandapplications.com/content/2012/1/220

Chen and Tan Journal of Inequalities and Applications 2012, 2012:220
http://www.journalofinequalitiesandapplications.com/content/2012/1/220

be taken as a test-function in (1.2). By (H2) and (H4), we have

/ Ag‘.’s(-,u)(Dﬁuj,Dwf)n2 dx
Bp(xO)

1+ ul?) " |Dul|Dgli? dx+2/

B (x0)

<L

B+ (%0) (
7 2
+/ (1+[ul?) T |QW)|lu - g|n* dx.
B}
Using (H5) and Young’s inequality, we have

/ 1‘1?]‘#(-,u)(D/gu",Do,u")n2 dx
Bp(xo)

3e m=2 L? m=2
< — (1+|u| ) ? |Du|*n? dx+—/ (1+|u| ) 7 |Dg|*n* dx
2 B} (x0) 2e B} (x0)
6412 +1 m=2
+7/ L+ ul?) % |u-d, |2dx
2ep? /Bt (xo) o’

64L% +1 N e
* 2¢p2 /Bp(xo)(1+|u|) |g—gx0,p| dx

+£/ (1+|u|2)m74p2n2|Q(x)|2dx
B (x0)

3e m=2
<— (1+[ul?) 7 |Dul*n*dx
B} (x0)
lu—u > lu—u "
+Cl(e,L) |: ;” Z’p :|dx
B (x0) Y 1Y

+ Cle.L) / [IDgl*n? + |Dgl"n"] dx
B} (x0)

o 2 4 m
+C(e,L) / ['g g’;"‘" +|g Zrop| ]dx
B} (xo) o el

v [ rlewl « QW] s

Bp (%0)

Recalling the definition of Q(x) and by (3.1) and (3.2), we have

/ Azﬂ(-,u)(D,gu/,Datu”)n2 dx
B} (x0)

3¢ m=2
= (1+|u®) 7 |Dul*n* dx
B} (x0)
2 lu-u

u— u
+C(8,L)/ [' L ol + sopl” i|dx
B (x0) o o

_2
+ Ce, L, Coy o[ IgP e (@np”12) % + gl (" 12)

«|3

]

+ C(S)Oln [Ion—2+2(7 + pn—m+ma]'

(1+ |ul )TIDulanlnlu gldx

Page 6 of 13
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Using (H2), we can get with ¢ positive but arbitrary (to be fixed later)

3 m=2
(,\——8>/ (1+1u?) 7 |Du*n? dx
2/ JBtxo)

-, P i, "
< C(S,L) X0,0 + X0,0 dx + C(S)an[pn—2+2a + pn—m+mo]
2 p
B} (x0) P P

1-

_2
+ Ce, L, Coy C)[ 118125 (c0n0"12) 7% + gl (0tnp”12) 7 ].

2 _
L+|u| )L'22

We can find a constant p = min{1, ( DUl

3
(k——8>p/ |Du|™ dx
2 3;/2(960)

|M _ u/ |2 |M _ M/ m
< C(S,L)/ |: ;CO,P + anvP dx + C(S)an[pn—2+20 + pn—mwna]
B (x0) 1Y P

} yields

m

n 1-2 m n 1-5
+ C(E’Lr Cs’ Cp)[”g”?_[l,s (Oln,O /2) S+ ”g”Hl,s (anp /2) ]
Choosing ¢ small enough, we can get the desired result immediately. O

4 The proof of the main theorem

In this section, we proceed with the proof of the partial regularity result, and hence con-
sider u to be a weak solution of (1.1). We consider x, € D and y € Dr(x), D,(y) CC Dg(x0),
for R<1-|xp|,and ¢ € CSO(B% (y), RN) with SUPg: () |Dg| < 1. First of all, we have

Lemma 4.1
/ Ag’g (», u;,’p) (Dpt/, Do) dix < Cwn,o”_lI% (IMW_] +o(l)) sup |Dgl, (4.1)
B% ») B% (%0)

here and hereafter, for z € D, r € (0,1 - |2|), we define

3 /|m
2 lu—uy,l 201-3 2 2
tar = f [l e 200 ]
r

Proof Consider xyp € D and y € Dgr(xp), D,(y) CC Dglxp) for R < 1-|x¢], and ¢ €
C° (B (9), RN) with Supg: () |Dg| < 1. Using (1.2), we have
2

/ A (r,1,,) (Dpd, Dug’) dx
B*g o)

m=2
< [ (ewR) ™ [ewlods sup 10y
Bp» B} 0)

‘.

) |Agﬁ (x, u) — Agﬂ (v, u,,)||Du dx Bs+u5) |Dg]. (4.2)
5

+
L
2
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Henceforth, we restrict p sufficiently small and keeping the definition of Q(x) in mind,

/ (1+|u|2)mT_2{Q(x)|dx
B )

2
| —u, | n mm-2)
< C(m,¢) |Q)| dax + ———dx+ |QW)|?p™ 2 |dx
B%O/) B%cy) % B%(y)

|m

m o\ = -,
ccomofos(f, joora) (£ w) [ AL
Bh ) B By»» P
2 7 5
1 1
m(m-2) m 2 2
+p 2 (/ |Q)| dx) (/ dx) :|
By 1) B}, ()
2 2
" !

!
|u—uy’p

3 (m—2)2+m+m(7
dx +a,; p 2

< Clm o2 clQwlpant + f H8
BYH(y) P

4
2

Q)| s o) 0" 213, ), (4.3)

< C(m,e,

where we define that for z € D, r € (0,1 - |z]),

;o lw—u | 21-5) 2 m 20
I(z,r) = . |M—M | +———— |dx+r [IIgIIHl,s+|IgIIH1,s]+r .
By (2)

Zr =2
Applying (H3), Theorem 3.1 and Jensen’s inequality, we can calculate from (4.2)

’Aaﬂ(x, u)—A ﬂ(y, u;yp)||Du|dx

/ «
B 0) ij ij

1 m-1
< (/ |Du|"’dx) (/ T (o™ + ‘u - u;'p m) dx)
B%(Y) B )
2

lu =, 1° lu—u ™
Scanpn_1<pmf |: zyno + rz:/’ :|dx+p
B5() 1Y 1Y

1
+ gl + ||g||;",1.s]p2“-x>) ~w(p’" + ][ |- u;,p|mdx>
B, ()
2

(S

< Canp" 17 (y, P)o (103, ). (4.4)

Take (4.3) and (4.4) into (4.2), for arbitrary ¢ € C5°(Q2, RN), we thus have

/ A‘;ﬁ (, u;,’p) (Dpi, Dog') dx < Cactup™ ' [I + I w()] sup |Dg].
B () B*g (*o)

Multiplying through by (4)*™", this yields

2-n
P ap / j i 1 m-l
K_) /BW)A& (3 4,,,) (Dpt, Dugp') dx| < CaI " [I"7 + w()]p sup |Dg|, (4.5)
2

2 BY, (xo)
2

for C4 defined by Cy = C(m, &, Cy, Co, tpy).
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Lemma 4.2 Consider u satisfying the conditions of Theorem 1.1 and o fixed, then we can
find § and sy together with positive constants Cq such that the smallness conditions

_m_
m-1

) 1)
0 <w(sy) < 3 and I(xo,R)§C91min{<§> ,so}
together imply the growth condition

I(y,0p) < 0% 1(y, p).

Proof We now set w = u—g, using in turn (H1), Young’s inequality and Holder’s inequality.
We have from (4.5)

2-n
‘@) | a5 00, ) 0. D) | < GBI 4 0(0)]o sup 1D, (6
By ) Bp o)

for ¢s = max{C4,2(a7”)1’% ).
We now define Cg by Cs = max{Cs, [22""1(C; + a,~$2-0#00-)]31 and set v = 5, for
y = C6I%. From (4.5), we then have

2-n
Kg) / A5 (y,1,,) (Ds, Dup') dx| < (I + (D)o sup Dgl, (4.7)
Fp B, (x0)

and from (4.6), we observe from the definition of Cg (recalling also the definition of y)

2-n
(3) / \Dv[2dx < 1. (4.8)
2 B, 0)

Further, we note
1 1
VID,6) = ;W|Dﬂ(y) = ;(u -9)Ip,» =0. (4.9)

For ¢ > 0, we take § = §(n, N, X, L, €) to be the corresponding § from A-harmonic approx-
imation. Suppose that we could ensure that the smallness condition

I +o(l) <8 (4.10)
holds. Then in view of (4.7), (4.8) and (4.9), we would be able to apply Lemma 2.1 to con-

clude the existence of a function # € H*(B? (y), RN) which is Agﬂ (, u; ,)-harmonic, with
0 :
hlp, ) = 0 such that
3

2-n
<£> / |Dh|* dx <1, (4.11)
2 B, 0)

<£> / lv—h*dx<e. (4.12)
2 B, 0)


http://www.journalofinequalitiesandapplications.com/content/2012/1/220

Chen and Tan Journal of Inequalities and Applications 2012, 2012:220 Page 10 0f 13
http://www.journalofinequalitiesandapplications.com/content/2012/1/220

For 0 € (0, %] arbitrary (to be fixed later), we have from the Campanato theorem, noting
(4.11) and recalling also that k(y) = 0,

sup |h|> < 6%p* sup |Dh|* < 4CyH>. (4.13)
B}, () B} 0)

Using (4.12) and (4.13) we observe

" 1
(9,0)_”/ [v|2dx < 2(9,0)_"|:<£> e+ —a,(0p)" sup |h|2] < 21797 4 40, Cy62,
B}, 0) 2 2 B,

and hence, on multiplying this through by y2, we obtain the estimate

6p)™" / lw|*dx < CZ(2"7"07"e + 4ancoe2)1%. (4.14)
B, ()

For the time being, we restrict to the case that g does not vanish identically. Recalling
that w = u — g, using in turn Poincare’s, Sobolev’s and then Holder’s inequalities, noting
also that u ,, = g 4,, thus from (4.14), we can get

Op)™" /B+ (y)|u - u;,9p|2dx

op
lu —g|2 dx + /
©) B}

< 2(9/))”[ /B . 9

op

2
=gl a]

2

1 =5
<2C2(25"07" + 4, Co62) I + 2Cp(9p)2‘”[§an(9p)”] g7 s

<G (07" +0°)m + G021 (4.15)
_2 n
for C; = max{8a,,CoCZ, 2% Cpa,lq s1, and provided ¢ = 6”2 and 02w < 021-9] we have

©p)™" / |1l |* dx < 3C;070-51. (4.16)
B}, ()

At the same time, from (4.15), we can see that for 2 < m < n (n > 3), we have 2 < m < m’,
where

. n’f:’n, if n>m, 1 1 1

m = ! with — < — < —.
m >m, ifm>n. m. - m

Therefore, we can find ¢ € [0,1] such that % = % + mi

Using Sobolev’s, Caccioppoli’s and Young’s inequalities with (4.15), we have

00 ") ™ [ =y, ["
5,0
op
(1-t)m m£

1 _ 2 2 _ m’ ;
<———((9p) ”/ u—u dx) ((9,0) ”/ u—u dx)
(Qp)mfz ( B*p(y)| yﬂp’ B*p(y)| y,9p|

0, 0,
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1 n (1=t)m ¢
< ——— (G (67" +0% + 92(1-z>)1%) 2 ((ep)’”‘” / |Du|™ dx)
©Op)- B}, 0)

(1-t)m

toa-om .,
< <%> C7 2 [(9—}18 + 92 + 92(1—;))] 2 [(ep)(m—z)(t—l)]l
W\ (1t . E e
< G0+ 67+ 020D, (4.17)
(m=2)A=t)m" 1-tm
provided (9p) m  <6? and where Cg = (%)'C, > +1.

We then fix & = "*2, note that this also fixed §. Since p < 1, from the definition of I, we

can get [lgl12,, + lgll",.10p)20-%) < 020-, and (6p)* < 6%1.

Combining these estimates with (4.16) and (4.17), we can get
1(y,6p) < [3(C7 + C)6?1=%) + 9% ]1. (4.18)

Choosing 6 € (0, %] sufficiently small that there holds 3(C; + Cg)621~%) < 629, we can
see from (4.18)

I(y,6p) <6*1. (4.19)

We now choose sy > 0 such that 0 < w(so) < (3) and define Co by Cy = max{2"+2"~1,2C2 +

1,2"-1C™ + 1}. Suppose that we have
§\ 7T
I(x0,R) < Cy* min{ <§> ,so} (4.20)

for some R € (0, Ry], where Ry = min{+/2s0,1/+/2b,1 — |x¢|}.
Foranyy e Dg (o), we use the Sobolev inequality to calculate

aan ’ ’ 2 / 2 / 2
on+l |ux0,R_uy,§’ =2 Bt ‘g_gxo,R| dx+2 Bt |g_gy,§| dx

R R

2 2

200112 2012

<20, C}||g[1 70, R0,
and

Olan ’ / m m—-1 / m m—1 / m
Sy |ux0,R—uy’§ <2 " |g—gx0’R| dx +2 . |g—gy,§| dx

2

< 2", C" || gl RT3,

R
2

And then we can calculate

1 9 1 .
I y, —R> < m2m-l [][ u—u dx + ][ u—u dx:|
( 2 B;g ) | xo,R| Rm—2 B& ) | xo,R|
2 2

n _ n 1
+(2C + 1) gl R0+ (271G 4 1) gl RS + SR
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Then we have

& (y, %R) + a)([(y, %R)) < [Cg[(xo,R)]m__ +(Col(x0,R)) <

—

8+ w(sg) <,

N =

which means that the condition (4.20) is sufficient to guarantee the smallness condition
(4.10) for p = g, forally e D§ (x0). We can thus conclude that (4.18) holds in this situation.
From (4.18), we thus have

1% (%,6p/2) + w(1(y,6p/2)) <" (y, %R) " w([(y, %R)) <5,
meaning that we can apply (4.18) on By, (y) as well, yielding
1(y,60°R/2) < 6% I(y,R/2),
and inductively,
1(y,6%R/2) < 6% I(y,R/2). (4.22)
The next step is to go from a discrete to a continuous version of the decay estimate.

Given p € (0,R/2], we can find k € Ny such that 65*'R/2 < p < 0XR/2. We calculate in a
similar manner to above. Firstly, we use the Sobolev inequality, to see

/ o 16, = 6 o = 200, (1126°R) C2lg 2, (11264 R) ™,
B} :

which allows us to deduce

2 2(1-2)
/ +(y)]u—u;,p| dx <2 /B W)|u—uyﬂkR/z,Fdx+4an(1/29k1e)”c3||g||3{1,s(1/29k1e) ,

o

and similarly, we can get

/ ) |M;/Vy/7 - u; 0kR/2 |m dx < ZWLlan (l/zgkR)nCsm ”g”Z“ (l/zgkR)m(l—ﬁ),
B} i

and

/B;(y)’u— u/y’p‘mdx

<oml / =) " dx + 22" 20, (1120 R) C" | g |17 (1/29@2)’““’?’,
B () '

and hence, finally,
1(y, p) < Ciol (y,0"R/2)
for Cyp = 867"C? +22"~19"C™ + 1. Combining this with (4.22) and (4.21), we have

2 20 2 20
1(y, p) < C100%* I(y,R/2) < C1oCof ™ (%) I(x0,R) < C10C9(5>1(x0,R)<1%> ,
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and more particularly

weRN

20
inf / = 2 dx < Cul(xo,R)<£> (4.23)
B5() R

for Cy; given by Cy; = Cyg Cg(%)ZJ. Recalling that this estimate is valid for all y € D and p
with D,(y) C Dgy2(x0), assuming only the condition (4.20) on I(xo, R). This yields - after
replacing R by 6R - the boundary estimate (2.7) requiring to apply Lemma 2.2.

The analogous interior estimate to (4.22) is standard, and we obtain the desired interior
estimate (2.8) by a standard argument. Hence, we can apply Lemma 2.2 and conclude the

desired Holder continuity. O
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