Yang et al. Journal of Inequalities and Applications 2012, 2012:218 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2012/1/218 a SpringerOpen Journal

RESEARCH Open Access

A positive solution of a p-Laplace-like
equation with critical growth

Zhou Yang'", Di Geng' and Huiwen Yan?

“Correspondence:

yangzhou1975@yahoo.com.cn Abstract

'School of Mathematics Science, . . . . . . L .
South China Normal University, The existence of a positive solution of a p-Laplace-like equation with critical growth is
Guangzhou, 510631, China established by the generalization to the concentration-compactness principle and
Fullist of author information is the Sobolev inequality under some proper assumptions. Moreover, we achieve some

available at the end of the article . .
regularity results of the solution.

MSC: 35J65

Keywords: p-Laplace-like operator; critical growth; concentration-compactness
principle; weakly continuity

1 Introduction
This paper is devoted to the existence of a positive solution of the following p-Laplace-like
problem with critical growth:

—div(a(Vu)) =f(x,u), x€,
u= 0, X € 39,

(1.1)

where Q is a smooth bounded domain in RV, 1 < p < N, and the functions a, f satisfy some
proper conditions, the details of which are described later.

There were many papers about the existence of the solution of p-Laplacian problems
involving critical growth such as [1-6]. In them, a(§) = |£|P~2¢ and f are some concrete
functions with critical growth, which means that f(x, u)|u|l’1"» does not converge to zero
as u — oo, where p’ is the critical exponent, i.e., p- = Np/(N — p). The concentration-
compactness principle, which was built by Lions in [7, 8], plays an important role in achiev-
ing the existence of a nontrivial solution of the problems in them.

The authors proved the existence of a nonnegative and nontrivial solution for a Dirich-
let problem for p-mean curvature operate with critical growth in [9], where a(§) = (1 +
|& |2)}%2 &, p>2,and f is some concrete function involving a critical exponent. Since the
function a has an explicit form, the authors can use the concentration-compactness prin-
ciple to achieve their results, too. But if & is an abstract function in problem (1.1), then
the problem becomes more complicated and interesting, and Lions’ C-C principle cannot
be directly applied to it. Thanks to the generalization of the C-C principle in [10], we can
establish the existence of a nonnegative and nontrivial solution of equation (1.1) if we im-
pose some proper conditions on the functions a and f and make more careful estimates.
Moreover, we achieve some regularity result of the solution and prove the solution is posi-
tive under some proper assumptions. The results can be easily extended to a more general
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p-Laplace-like equation with critical growth and singular weights by the Caffarelli-Kohn-
Nirenberg inequality and the method in [11].

Recently, there have been some articles on stochastic partial differential equations
(SPDEs) involving p-Laplace operator; see [12, 13]. Some estimates and properties of the
solution of the corresponding elliptic equations are important to the research on SPDEs.
So, the results in this paper may be useful in the study of p-Laplace SPDEs with critical
growth.

In this paper, we suppose that the potential @ : R¥ — RY satisfies the following assump-
tions.

Let A = A(§) : RV — R be of continuous derivative with respect to & with @ = V:A and
satisfy the following conditions:

(A1) A(0) =

(A2) there are p >1 and m € [1, p], three positive constants a;, a; and a3 such that
am|E) < |A(E)| < arl€l +aslg|™ forall§ eRY,

(A3) A(&) is strictly convex in &, that is, 2A(& + 1) < A(2€) + A(2n) for any € #n € R,

(A4) there exists a positive number a4 such that limj |, ;oo a(§) - £1£]7 = ay.

We impose some assumptions on the critical nonlinear term f(x, %) : Q x R — R, which
is continuous, as follows:

(B1) f(x,0)=0,

(B2) there is a function b(x) € L*°(£2) such that

lim sup sup(f(x, u)u) |u|™ < b(x),

u—0 xeQ

(B3) there are two positive numbers ¢; and ¢, such that

liminf 1nf(f(x, )|u|’p‘ > ci, lim sup sup(f (x, u)u)|u|’1”> < ¢y,
U—>00 x€ u—00 x€Q

(B4) denote F(x,u) = fou f(x,5)ds, which satisfies

llmlnfmf(f(x, u)u — p F(x, ))|u|_p* > 0.

U—>00 xeQ
Moreover, we suppose a and f satisfy the next correlation.
(C1) there exists a 8 > 0 such that

/(pA (Vv) - |U|p) x>ﬁ/ (Vu)dx foranyv € X,

where X is Wé’p(Q), i.e., the completion of C§°(2) with the norm
lullx = (fg IVul? dx)'?.

It is not difficult to see that both a(£) = |£|7~2& and a(&) = (1 + |$|2)p%2§ with p > 2 sat-
isfy (A1)-(A4), and the problems in [9] and [6] are concrete examples of problem (1.1).
Moreover, we can consider some more generalized problem with a singular nonlinear
term f(x,u) with critical growth by the similar method in this paper and [11]. Then we
can achieve more generalized results than those in [2] and [5], which will be considered
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in another paper. Since a(z) is not an explicit function, we need to use the generalization
of the C-C principle in [10] and more subtle estimates to study problem (1.1).
It is clear that the solution of problem (1.1) is the critical point of the variational func-

tional
I(u) = / A(Vu)dx - / F(x,u)dx. (1.2)
Q Q
Moreover, I(u) is continuous differentiable in X, and its Fréchet derivation is
(F(u), v) = f a(Vu)-Vvdx - /f(x, uyvdx, YveX. 1.3)
Q Q

The first main result in this paper is

Theorem 1.1 Suppose problem (1.1) satisfies assumptions (Al)-(A4), (B1)-(B4) and (C1).

Moreover, there exists a nontrivial vy € X such that vy > 0 and
* p

_r —
(C2) sup,.qI(twvo) < (117 - l%)(pS)P’-P ey, where S = inf,ex\jo; 1AV V)11 ||v||;fj, with
lvllg = fo lvl?dx (g = 1).
Then problem (1.1) has a nonnegative and nontrivial solution.

Since the condition (C2) is difficult to check, we give another easily checked theorem.

Theorem 1.2 Assume conditions (Al)-(A4), (B1)-(B4) and (C1) are satisfied and
(A5) pA(§) = aslé|? forany & € RY,
(B5) there exists a nonempty set W C Q2 such that F(x,u) — ;—% Iulp» > 0 for any
xe W,ueR,
(C3) lim,_, o+ (e%w + K5 (9) (K (W)™t = 0, where Ky () = fo% V(r)dr,
Ky(9) = foé d(r) dr with

W(r) = I/f[<87_1)7]/\[‘1, y(r) = min_(ﬂ%b!)—%lul"j),

1+ r2/-1) u>rxeW

D(r) = ¢[(8—) pf”‘"‘”]rN‘l, P(r) = Ogllg)ir(pA(E) —aylE).

1+ rP/-1)
Then problem (1.1) has a nonnegative and nontrivial solution in X.

To establish the regularity of the solution # and prove u# > 0 in €2, we need to impose
stronger assumptions on the potential 4 and the nonlinear term f, which are as follows:
(D1) A(£) € C2(RN\ {0}) with a(0) = 0 and there exist positive numbers c and C,
« € [0,1] such that for any & € RN \ {0} and n € RV,

N N

ZaZ—A =k +E) WY
asiasjmﬂ;_ n-

ij=1 bj=1

2

0&;0§;

< C(k + €)%,

(D2) a admits the form a(&) = g(|€])é€. Moreover, f(x, u) > 0 for any u > 0.
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Theorem 1.3 Assume the assumptions in Theorem 1.1 or those in Theorem 1.2 hold, then
there exists a constant a € (0,1) such that the solution u € C¥*(Q) if assumption (D1) holds.
Moreover, if assumption (D2) is satisfied, then u > 0 in Q.

In Section 2, we will prove the main results. Some corollaries and examples are shown

in Section 3.

2 The proof of the main results
First, we present the main tool in this paper - the generalized concentration-compactness

principle, which is easily deduced from Theorem 2.1 in [10].

Lemma 2.1 Suppose assumptions (Al), (A2) and (A3) hold, u,, weakly converges to u in
X and w, = A(Vu,)dx, v, = |u, |pa dx converge to |, v weakly in the sense of measures,
respectively.

Then there exist some at most countable set ], a family {x;;j € J} of distinct points in Q,
and two families {v;;j € J}, {uj;j € ]} of positive numbers such that

V= |u|p, dx + Z Vi8s;s uw=>AVu)dx + Zuj(?xj,
jeJ jel (2'1)

Wi =SWy?  (vje)),
where 8; denotes the Dirac measure at the point x;.

Second, we deduce some properties of a and f by the similar method as in [11] or [6].
According to assumptions (Al)-(A4) and (B1)-(B4), we conclude that for any o > 0, p <
k < p’, there exist some constants Cy,, C,, C such that forany £ e R", x € Q, u € R,

PA(E) — asl€P| +|a(e) - £ - asl&?| <o £ +C,, (2.2)
. b .

zc,;lmp CC=Fnw < 2 s T Gl (2.3)

%mv’ — Clul < f(x,wu < (b(x) + o) [ul? +(ca + )|l + Cpep lua]¥, (2.4)

fe,wu—p F,u) > —oluff —C,,
(2.5)
(1 + 2C—G>f(x, u)u —p*F(x, u) > -C,.
1

To obtain a nonnegative solution, we first consider the following variational functional
and its Fréchet derivation:

I(u):/QA(Vu)dx—/QF(x,u )dx; (2.6)
(f/(u),v):/ a(Vu)-Vvdx—/f(x,u*)vdx, Yu e X. (2.7)
Q Q

It is clear that T() = I(u) if u > 0. Next, we deduce 1(x) satisfies the geometrical result

of the mountain pass theorem without the (PS) condition, i.e.,
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Lemma 2.2 7(0) = 0 and there exist two constants a, po and a function u; € X such that
1(u)]98,,(0) = 0 >0, lleer llx > pos T(w) <0, (2.8)

where B, (0) = {u € X, ||lullx < po}, B,,(0) denotes the boundary of B, (0).

Proof Let u =0 in (2.6), and we have 1(0) = 0.
Choosing k = p’, 0 = a185/2 in (2.3) (where S = infy,cx\ (o} vl llv ||;59 is the best embed-

ding constant from X to ) (€2)), and combining assumptions (C1), (A2), we have

~ 2 s : o
I(u)zfA(Vu)dx—/ M|u+|p+c|u+|" dx = B _ e
Q Q 2p 2p

Hence, 7(u) > 0 if ||u||x is small enough. So, we have showed the existence of «y and py in
(2.8).

Next, we construct u; satisfying (2.8). In fact, fixing a nonnegative and nontrivial func-
tion uy, recalling assumption (A2) and (2.3), we deduce that there are positive constants
Ci, Cy, C3 such that

~ i .
I(tug) < / (aztp|Vu0|p +a3t’”|Vu0|"’) dx—/ (Cl—‘u" ‘p + C) dx
Q e\ 2p
<Gt - Cot” +Cy.
Hence, if ¢ is large enough, then we can set u; = fu satisfying (2.8). O

According to the Ambrosetti-Rabinowitz mountain pass theorem without the (PS) con-
dition, there exists a function sequence {u,}7°; C X such that as n — oo,

T(u,) — co and T(u,) —> 0in X', wherecy= inlli max 1(u) > g >0, (2.9)
yel uey

I" denotes the class of continuous paths joining 0 to #; in X, X~ denotes the dual space
of X.

Lemma 2.3 The sequence {u, )}, is bounded in X.

Proof Let v = u,, in (2.7) and combine (2.6), (2.9). We see that as n — oo,
co-+001) = Tlw) = (T ) = (1= pb) [ A(Va,)
Q
1
+ (S/ [PA(Vu,) — a(Vu,) - Vi, ] + |:f( U )ty — SF(x, u;)] dx
Q

_ 1 2
> (a1(1-p8) —280) |lunlly — C,,  where § = —*(1+ —0>.
p a

In the last inequality, we have used (2.2) and (2.5). If we fix a small enough ¢ such that
a1(1 - p8) — 280 > 0 in the above inequality, then the conclusion in this lemma is obvious.
O


http://www.journalofinequalitiesandapplications.com/content/2012/1/218

Yang et al. Journal of Inequalities and Applications 2012, 2012:218
http://www.journalofinequalitiesandapplications.com/content/2012/1/218

As a result of the above preparations, we can prove Theorem 1.1.

Proof of Theorem 1.1 Since {u,};°, is bounded in X, it is easy to see there are a # € X and
a subsequence of {u,};°,, still denoted by itself,, such that

u, —u weaklyin X,
* (2.10)
u, — u a.e.in Qand strongly in LY(Q) (1<g<p),

S u) = f(x,u*) weaklyin X", (2.11)

By the Helly theorem, there exist a subsequence, still denoted by itself, and two nonneg-
ative measures p and v such that as n — oo,

A(Vu,)dx > u, |u, |pk dx > v weakly in the sense of measures. (2.12)

Applying Lemma 2.1, we have the corresponding conclusions of Lemma 2.1.
Next, we establish the lower-bound of v; and y;

v > (pg)p*/(p”fp)cg =P o, 1) > prlv-Pg? v —p)c,;/@—p ). (2.13)
Denote ¢ as the cutoff function of the ball By(0) in RY, i.e., which satisfies

peCERY), 0=g¢=<l,
(2.14)
px) =1 ifx e B1(0), o) =1 ifx€B,(0).

Define ¢, ; = ¢((x — x;)/¢) for every ¢ > 0 and x; € RN for any j € J. Recalling Lemma 4 in
[6], we have the following estimate:

. )
2\
/|uHV<ps,/|desS-l</ |w|wdx)‘” / |Vity|? dx
Q RN B(xj,é‘)

< C/ |V, dx. (2.15)
B(x/-, )

Hence, {©,¢; }5-; is still bounded in X and the boundary is independent of ¢, j.
Let u = u,, v = u,,; in (2.6) and combine (2.2), (2.4), (2.10), (2.15). Then we obtain as

n— 00,

0(1) = (I'(wn), tngs) = / a(Viy) - (Ve + un Ve )) = f (6, 1)) s jtbn dox
Q

> p/ A(Vu,)dx — 20 ||u,lly — Cs mes(Bs(O))
Beja (%))

—/ ((ca+ Nunl? + C,)dx
Bs(xj)

- (/ |a(wn)|1% dx) B (C/ Vit |? dx + o(1)>, (2.16)
Q B(x,',s)

Page 6 of 14
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In the above inequality, first letting n — oo, then taking ¢ — 07, and finally taking o — 0,
we deduce pp; < cav;. So, (2.1) implies (2.13). Since v is a bounded measure, ] is at most
finite.

In the following, we prove that u > 0, and it is the solution of problem (1.1). If J is empty,
then the proof is similar to that when J is nonempty, which we omit. Next, we suppose
J is nonempty and denote J = {1,2,...,m}, Q, = {x € Q|dist(x,x;) > ¢&,Vj € J}. Fix a large

enough R and a sufficiently small &¢ so that

QCBr0),  Bey(x)NBeylx) =@ whileisj and | JBe,(x) C Br(0).
j=1

Define v, (x) = ¢(x/R) — Z]”il @e,j(x) with x € RN, 0 < & < &. It is not difficult to deduce
that {.u,}:°; is bounded in X and the bound is independent of ¢ from (2.15). According
to (2.9) and (2.10), it is clear that as n — oo,

o) = (T'(uy) =T (w), ( — w) )
- / Tty 1) + T it ) + (it 1) i (2.17)
Q
where Ji(u,, u) = (a(Vu,) —a(Vu)) - (Vu, — Vu), Jo(u,, u) = (@(Vu,) —a(Vu)) - Vi (u, — u)

and J5(uy,, u) = (f (%, u™) — f(x, u;;)) Ve (4 — u,,). Applying the method as in (2.16), we see that
| fQ Jo(uy, u) dx| converges to 0 as n — oo. Moreover, the definition of ¥, and (2.12) imply

tim [ Jupyl? d = / e dv = / g d.
Q Q Q

n—00

Recalling (2.10), we see u, Y. — uy, in i (R2). In view of (2.4), we obtain

/ Tyt 4) dx
Q
-

< </Q([f(x, u*)’ + [f(x, u;)’)ﬁ dx) H Ve, — 1) ”p* — 0. (2.18)

According to (2.17), (2.18), we deduce that /; (i, u) converges to 0 a.e. in Q2 as n — o0,
maybe extracting a subsequence. Since A(§) is strictly convex, by the same method as
[14], we claim Vu, — Vu a.e. in 2, and there exists a subsequence, still denoted by itself,
such that a(Vu,) weakly converges to a(Vu) in X". Hence, (2.7), (2.9) and (2.11) imply that
7/(u,,) weakly converges to 7(u) in X" and 7(14) = 0. So, it is not difficult to see that u > 0
and I'(u) = T'(1) = 0, which means that u is a weakly solution of equation (1.1).

Next, we prove u is nontrivial, i.e., u # 0 if assumption (C2) holds. According to the

definition of7(u) and the properties of {u,}72,, we conclude that as n — oo,
~ 1 ,
(o)) + co = T(w)) = = > (I (), tnge
p il

:/Q(A(Vun)—A(Vu))dx—/(F(x,u;',)—F(x,W))dx

Q
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1
T Z/ a(Vuty) - V(tn@e) —f (%, 1)) Qe jihn dx
p Q

jeJ

1 .
= ](1 + 1(2 + — Z(p 1(3,1' + (p —p) / A(Vun)gog,j dx + 1(4,]' —1(5,]‘ + 1(6,j>, (2.19)
jel ¢

where K3; = fQ(F(x, u*) — A(Vu))g, jdx converges to 0 as ¢ — 0%, and it has been proved
in (2.16) that K5 ; = fQ a(Vuy,) - Vo, ju, dx converges to 0 as » — 00. Moreover, as # — 00,

K = / [A(Vu,) - A(Vu) |, dx
Q
- [ wedu- [ wawdr o) zow  (by D),
Q Q
K = / [F(x, u;) - F(x, u+)]1/fg dx =0(1)
Q
(by the method similar to that in (2.18)),
Ky = /Q [PA(Vu,) - a(Vu,) - Vi, @, dx
> =20 ||uy, ”1)7( -G meS(Bs(O)) (bY (2'2))7
Ke, = / [f(x, uy )y —p*F(x, u;)]goglj dx
Q
> —crIIun||§: - C, mes(Bs(O)) (by ( 2.5)).

Combining (2.12), (2.13) and the above inequalities and equalities, firstly taking n — oo,
then taking ¢ — 0%, and finally taking 0 — 0% in (2.19), we have

~ = 1 1\ -2 2
co— 1) = co T = 2P = (— - —*)@smcgﬂ’ .
p p p
According to the definition of ¢y and assumption (C2), we have I(x) < 0, which means
u#0. 0

Before proving Theorem 1.2, we need to introduce the function family {v.} which ap-
proximates the best embedding constant S from X to L? (€2). Without loss of generaliza-
tion, we suppose B,(0) C €2, 0 < ¢ < 1. Denote

- ! U= ul* U - 1
T A+ D)W e=¢ L L

where ¢ is defined in (2.14), and U is the extremal function reaching S. It is easy to check

thatase — 07,

* N N-,
f U P dx=O(erT), / \VU,|P dx = O(e 7~
RN\By(0) RN\By(0)
(N-p)m
(-1

/ [ |™ dx=/ |VU,|" dx = O(s v0r ), (2.21)
B2(0)\B1(0) B(0)\B1(0)

lvell?. =1, vellf = o(1), lvelly = S+ O(sWP/eD), (2.22)

]

|

), (2.20)

Page 8 of 14
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As a result of the preparations, we can prove Theorem 1.2 as follows.

Proof of Theorem 1.2 Without loss of generalization, we suppose B,(0) C W. For conve-
nience, let A and B denote some positive constants which may be different in different
places.

Applying the method in the proof of Lemma 2.2, we deduce that I(tv,) — —oco as t —
+00, which implies there exists a £, > 0 such that /(. v;) = sup,.., I(tv,) and

%I(tvg)b:tg = (I'(teve), ve) = / a(t,Vu,) - Vue dx — / f(x,teve)ve dx = 0. (2.23)
Q Q

Let o =1 and k = p in (2.4), combining (2.23), (A1), (A3) and (A5), we obtain

a4t€||vs||§( = / A(t;Vu,)dx < ts/ a(t,Vu,) - Vue dx
Q Q
< C(&Nvelb+& ||Us||§*)'

Recalling (2.22), we see that ¢, is positive and bounded away from zero as ¢ — 0*. More-
over, according to assumption (A2) and (2.4), we infer

C& vl +1) > £, /

a(t,Vu,) - Vu, dx:/f(x,tgug)tgvs dx
Q Q

1y 2
> L v, - C.

2
Hence, (2.22) implies ¢, is bounded, and the bound is independent of ¢.
Set

ay Cy * "
ho(t) = = vl — =2 el
p p p

In view of (2.22), we have

P’ *

1 1 a PN\ o, L= 1 1 r £ N
max io(t) = (— - 7) (M)p pcé”” = (— - —*)(a45)1’ »cy? +0(e -
£=0 p p l[vell p p

<

|

).

It is noted that ¢(r) is increasing with ¢(0) = 0 according to assumption (C3). Hence, we
deduce

supI(tve) = I(tve) < ho(t.) + 1/ ¢(ts|vvs|)dx_/ V(tev;) dx
>0 pJeo Q
11 2 P
= <— - 7)(6145)” vy
p p
+o(s%)+1/¢(ts|vug|)dx—/ Y(tv,) dx. (2.24)
pJa Q

Next, we handle the last two terms on the right-hand side of (2.24). Since ¢(r) is nonneg-
ative and increasing, we can utilize the properties of v, and ¢, to calculate

0§f¢(tg|wg|)dx§/ ¢(A|VU£|)dx+/ P (AIVis,|) dx, (2.25)
Q B1(0)

B(0)\B1(0)
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/ ¢(A|VLIS|)dx§/ N (Ae |VU) dx
B1(0)

By/e (0

)
el Ag7l
< BeN (/0 + /g—l ><D(r) dr, (2.26)

where ®(r) is defined in assumption (C3). Without loss of generalization, suppose A > 1
and 0 < ¢ < 1. According to the definition of ¢ and assumption (A2), it is clear that 0 <

¢(r) < arr? + azr™, then we have

WN-p)m

Ae1
BeN / &(r)dr = / ¢ (A|Vu,|)dx = O(s @-0r ). (2.27)
£ B (0)\B1(0)

-1

We have used (2.20) and (2.21) in the last equality. Furthermore, (2.3) and the definition
of v (u) imply that v (x) < B(|ul? + |u|p‘), Repeating the above argument, we obtain

-1

/lﬂ(tgvg)deBSNfs W(r)dr+O(e
Q 0

s

|

N-—
p

)- (2.28)
Remembering assumption (A5), we see pS > a,S. Combining (2.24)-(2.28), we obtain

J N-p)m
supI(tv,) < (}9 - l;)(pE)zf_—pcg"’ - eV (BKi(y) - BKx()) + O(sﬁ).

t>0

So, assumption (C3) implies that assumption (C2) holds if we choose ¢ small enough, and

the conclusion in Theorem 1.2 follows from Theorem 1.1. O

Proofof Theorem 1.3 We firstly prove u € L*°(£2) by the Moser iteration. Since the problem

involves critical growth, we need some preparation before making the Moser iteration. Set
n(t) € C(R) and

sgn(t) [tk if |t < M, t
n(t) = en(®)1 ol = where k >1,M >1, £() :/ (n’(s))pds.
linear if |¢] > M, 0

It is not difficult to check that 1'(¢) > 0 and £ (u) € X if u € X, and for any £ € R,

lE@| <kln@)| (@Y, w'@) <k1+|n@)

E@|1eP <k |n)".

),

(2.29)

Let v(x) = &(u(x))¥P(x) in (1.3), where ¥ (x) = ¢((x — x0)/Rp) and ¢ is defined in (2.14),
x0 C 2, Ro > 0. Denote D = Byg, (x9) N 2, E = B, (x9) N 2, then we compute

/ a(Vu) - Vué' (u)y? dx +p/ a(Vu) - VY Eu) Pt dx
Q Q

:/Qf(x,u)s(u)l/fpdx. (2.30)
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Denote the first term and the second term on the left-hand side and on the right-hand side
of (2.30) as J; and J, /5, respectively. Now, we estimate them as follows:

hza [ Ve s =a [ [Vae| v ds
~ar [ (9060~ w5 ) d

Jo > -pC /Q (IVal™ s+ [Va™) | 60)| 1V 7 i
> —pkC /D (@ Vul”™ + |/ @) 1Val™™) [n@)| | Vy [y dx - (by (2.29))
2—0/D|Vn(u)|p1ﬁ”dx—6]4—Cak”/D|n(u)|p|VwI”dx,

where o is a positive number defined later and

/4=/|n/(u)|p|VM|%plﬁpdx§kp/(1+ In@)|) (1 +|Vul?)y?dx  (by (2.29)
D D
§/|Vn(u)|p1/fpdx+kp/|n(u)|p1ﬁpdx+Ckp,
D D
h<C / (Il + )& @)y d
Q

< Ck fQ ul” P [)|" Y + [0 (1 + [n@)))" " yP dx - (by (229))

£

< Ckp(/ iﬂ(u)l/f|p$ dx)p ((/ |u|1; dx)T + mes(D)plfp) + Ck*.
D D

Set k = ko = p'/p in view of (2.30) and the above equalities. If we firstly fix a small enough
o, then a small enough Ry, then we can obtain

Ip’
(/|n(u)|p dx)pp 5C/|Vn(u)|pdx§C/|n(u)|pdx+C,
E E D

where C is a constant independent of M. Taking M — +00, then we deduce u € Lkor' (E).
Applying a simple covering argument, we achieve that u € L*oP'(Q). Finally, repeating the
same argument, we derive that u € 17 (€2). As a result of the preparations, we can use
the Moser iteration to prove u € L*(2). Let v(x) = £ (u(x)) in (1.3), and we calculate

a1/5;|V77(u)|pdx§/S;a(Vu)-Vué/(u)dlezf(x,u)é(u)dx
C P14 1)E(u) d
< fg(lul 1)) d

< CKk* |u|1”“”’+1 nw)|’ +1dx by (2.29)
[ e )lnap 1z (by (229)

2p

v
< Ck”</ n(u)|® " dx)” “” ((f |u|P*+de)’” Ty 1) + CkP,
Q Q
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where C is a constant independent of M and k. If we set A = (p” + p)/(2p"), then the above
inequality implies

, kp 1k kp \l(kp)
el < CYPRY (L4 flel )

Thus, u € L*°(R2) follows from the standard Moser iteration method.

Applying Theorem 1 in [15], we see that there exists a constant o € (0,1) such that
u € CY%(Q). If we rewrite f(x, u) as (f(x, u)/u)u, then f(x, u)/u € L®(Q) with f(x, u)/u > 0.
Employing Theorem 6 in [16], it is obvious that z# > 0 in . d

3 Some corollaries and examples
In this section, we firstly consider when (C3) is true through analyzing K () and K;(¢),
then we give some concrete examples and corollaries.

Firstly, we analyze the effect of a(z) to Ky(¢):

Lemma 3.1 Suppose a(z) satisfies assumptions (Al)-(A5) and
(A6) There exist positive numbers my, may, A, B such that ¢(r) < Br'"™ forany 0 <r <A
and ¢(r) < Br'"™ foranyr > A.
Then Ky(¢) = O(ho(g) + A3(g)) as € — 0%, where Ky(¢) is defined in Theorem 1.2 and

WN-p)my N2(1-p)
=\ i N(p-1) ol . N(p-1
g -Dp lfml < S & W-Dp lfmz < ]E[p_l),
-mN . N(p-1) -moN
Aa(e) = 1e 7 |Ingl lfmlzﬁ, A3(e) =3¢ 7 |Ineg| i]rmzzN]i[pal),
N2(1-p) -myN
N-Dp Np-1) N(p 1)
& (N-Tp lle > 5557, g 7 U"m >
Proof Repeating the argument similar to (2.26), we compute
—1)N/, -1
Ag®-DN/p mN ml N 3 —mN N—]\ﬂml—l
0<K)(¢)<B e P r dr+B Np-n € P ¥ Pl dr
0 As (N-Dp
_N(p-1)
1 —-moN m Ae -1y —-moN _
2 my 4 2 _N-1,... 1
+B/ e b PNp dr+B/ e b Ay
Aew-DNIp 1
= do(&) + A3(e). a

Secondly, we analyze how ¥/ (u) affects Ki(y). The proof is similar to the above, and we
omit it.

Lemma 3.2 Suppose (1) defined in Theorem 1.2 satisfies
(B6) There are positive numbers A, B and q > p such that ¥ (u) > Blu|? when 0 <u < A.
Then we have K1(¥) > Ly(e) as € — 0%, where

N-p)q
Ceop N zfq<N(p1,
rale)={ce 7 lIne| ifg="2 D, C is a positive constant.
N(-p)

1)
C8 p UCQ> N——p’

Lemma 3.3 Suppose (1) defined in Theorem 1.2 satisfies
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(B7) There exist positive numbers A, B and q < p such that ¥ (u) > Blu|? if u > A.
Then Ki(¥) > As(e) as e — 0%, where

N(-p) . _
Ce 7 ifq < =Y,
N(1-p) , .
as(e)={ce 7 |Ing| ifg= N]\({;}), C is a positive constant.
(p-N)q
Ce 7 ifq> "2

In the following, we can utilize Theorem 1.2 and Lemmas 3.1-3.3 to prove the following

results about some concrete problems. The proof is trivial and we omit it.

Corollary 3.4 Assumea(&)=(1+|& |2)1%2 &,p > 2 in problem (1.1), and assumptions (Bl)-
(B5), (C1) hold, (r) defined in assumption (B5) satisfies

2(N-p)

87N+ pp-1) lfp>3— %,
K 2AN-p)
(B8) lim 1) = +00, whereig(e)=1{e ™" P |lne| ifp=3-2,
e=0" Ag(€) N
_N}p-)
g (N-Tp ifp<3-%.

Then problem (1.1) possesses a nontrivial solution.
Proof Take m; =2 and my = p — 2 in Lemma 3.1, and we can deduce the conclusion. [

Example 3.1 Next, we consider the following equation:

—div((1 + |Vu|2)[%2 V) = clul? "2u + k(x)|ulT2u + g, u), x€Q,

u=0, x € 082,

3.1)

Corollary 3.5 Suppose the parameters 2 <p < q<p and c >0, the functions k(x) € C(Q)
with k(x) > k" > 0, and g(x, u) € C( x R) with g(x,0) = 0, g(x, u)u > 0. Moreover,

* N 2
-5 if2<p<3-<%, ,
q> p% N Fr=p=3-% lim sup |g(x’u)|= ,
P-4 ifrz3-% 4> en ul
X, U
lim sup sup g, u)

w0 xe WP 2u ’
Then problem (3.1) possesses a positive solution in C*(Q) (« € (0,1)).

Example 3.2 Next, we consider the following equation:

. -2
—div(|VulP>Vu + %Vu) =clul? 2u + k(x)|ul"u + g(x,u), x€Q,

u=0, x € 082,

(3.2)
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Corollary 3.6 Suppose the parameters 1 <o < p and g < p’, ¢ > 0, the functions k(x) €
C(Q) with k(x) > k' > 0, and g(x,u) € C( x R) with g(x,0) = 0, g(x, u)u > 0. Moreover,

* N . N(p-1)
-xa e =T , XU . X,
q> p-5a ¥ N-1) lim sup M =0, lim sup sup g(—z) .
No ifa > Np-1) U= cq |ulp -1 u—0 xeq [UPP?u

(N-1)’
Then problem (3.2) possesses a positive solution in C**(R2) (a € (0,1)).

Proof Letting m; = 0 and m, = « in Lemma 3.1, and combining Lemma 3.2, Lemma 3.3
and Theorem 1.3, we can derive the conclusion. O
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