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1 Introduction

We first recall the definitions of some dependent sequences.

Definition 1.1 (Lehmann [1]) Two random variables X and Y are said to be negative quad-
rant dependent (NQD) if

P(X <x,Y <y)<P(X <x)P(Y <y) foranyx,yeR.

A sequence of random variables {X},,n > 1} is said to be pairwise negatively quadrant de-
pendent (PNQD) if every pair of random variables in the sequence is NQD.

Definition 1.2 (Newman [2]) A sequence {X,,,# > 1} of random variables is said to be
linearly negative quadrant dependent (LNQD) if for any disjoint subsets A,B C Z* and
positive ry’s, > ;4 Xk and )5 7;X; are NQD.

Definition 1.3 (Joag-Dev and Proschan [3]) Random variables X3, X5, ..., X, are said to
be negatively associated (NA) if for every pair of disjoint subsets A; and A, of {1,2,...,n},

Cov(h(Xsi € A1), /o(Xj5j € Az)) <0,

where f; and f; are increasing for every variable (or decreasing for every variable) so that
this covariance exists. An infinite sequence of random variables {X,,;;#n > 1} is said to be
NA if every finite subfamily is NA.
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Remark 1.1 (i) If {X,,, n > 1} is a sequence of LNQD random variables, then {aX, + b,n >
1} is still a sequence of LNQD random variables, where a and b are real numbers. (ii) NA
implies LNQD from the definitions, but LNQD does not imply NA.

Because of wide applications of LNQD random variables, the concept of LNQD ran-
dom variables has received more and more attention recently. For example, Newman [2]
established the central limit theorem for a strictly stationary LNQD process; Wang and
Zhang [4] provided uniform rates of convergence in the central limit theorem for LNQD
sequence; Ko et al. [5] obtained the Hoeffding-type inequality for LNQD sequence; Ko
et al. [6] studied the strong convergence for weighted sums of LNQD arrays; Wang et al.
[7] obtained some exponential inequalities for a linearly negative quadrant dependent se-
quence; Wu and Guan [8] obtained the mean convergence theorems for weighted sums
of dependent random variables. In addition, from Remark 1.1, it is shown that LNQD is
much weaker than NA and independent random variables. So, it is interesting to study
some inequalities and their applications to a regression function for LNQD sequence.

The main results of this paper depend on the following lemmas.

Lemma 1.1 (Lehmann [1]) Let random variables X and Y be NQD, then
(i) EXY <EXEY;
(ii) Iff and g are both nondecreasing (or both nonincreasing) functions, then f(X) and
g(Y) are NQD.

Lemma 1.2 (Zhang [4]) Suppose that {X,;n > 1} is a sequence of LNQD random variables
with EX,, = 0. Then for any p > 1, there exists a positive constant D such that

n

2 X

i=1

E

V4 n pl2
<DE (Z‘ X?) .
i=1

2 Main results
Now, we state our main results with their proofs.

Theorem 2.1 Let X and Y be NQD random variables with finite second moments. If f and
g are complex-valued functions defined on R with bounded derivatives f' and g', then

Cov((0,¢)| < I ][] . [Covx, V]

Proof The proof follows easily from the brief outline of the main points of the proof of
Theorem 4.1 in Roussas [9, p.773]. O

By Theorem 2.1, we establish an inequality for characteristic function (c.f.) as follows:

Theorem 2.2 If Xi,...,X,, are LNQD random variables with finite second moments, let
¢i(t) and ¢(tr,...,t,) be c.fis of Xj and (X,,...,X,), respectively, then for all nonnegative
(or nonpositive) real numbers ty, ..., L,

o(tr,.t) — [ Joi®)| <4 D ltatil|CoviXa, X))

j=1 1<k<l<m
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Proof Write

= |‘P(t1» LRES] tm) - §0(f1; ey tm—l)(pm(tm)|

oty tm) = [ [0i(5)
j=1

m-1

@ty tma1) = l_[ @i(t)

Jj=1

+ =211 +12.

Further notice that e = cos(x) + sin(x). Thus,

L=

m m-1
Eexp (i > t,-X,) ~Eexp (i > th,-> E exp(it,n Xon)
j=1 j=1

m-1
Cov (sin <Z t,X]> , Sin(thm)> ’
j=1

< +

m-1

Cov (cos <Z t]X]) , cos(thm))
j=1
m-1

Cov (sin (Z t,X]) , cos(thm))

Jj=1

+ +

Jj=1

21111 + 112 + 113 + 114.

m-1
Cov (cos (Z th/) , sin(thm)> ‘

(2.2)

By the definition of LNQD, it is easy to see that ¢,X,, and Z/'ZII t;X; are NQD for

t,...,tm > 0. Then by Theorem 2.1, we can obtain that

Iy <

m-1
Cov (Z £X;, thm>

j=1

m-1
<D bitm| Cov(X;, X,)|.
j=1

Similarly as above, we have

m-1
Li <) titm|Cov(X;, X,)|,  i=2,3,4.
j=1

From (2.2) to (2.4), we obtain
m-1
L <4 tity|Cov(X;, Xp)|.

j=1

Therefore, in view of (2.1) and (2.5), we obtain that
m m-1
@(t1;~~~1tm)—l_[‘/’j(tj) §4thtm|COV()(],Xm)| +12'
j=1 j=1

For I, using the same decomposition as in (2.1) above, we obtain

m-2

L < |90(t1w~:tm—l) - go(tl;'H:tm—l)(pm—l(tm—l)| +|o(t, s tma) — 1_[ %)
j=1

=: ]21 + 122.

(2.3)

(2.5)

(2.6)
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Similarly to the calculation of I;, we get
m-2
L <4 Z tjtm—l |COV(,X]‘,Xm,1)| + 1. (27)

Jj=1

Thus, from (2.6) and (2.7), constantly repeating the above procedure, we get

o(tr,....tm) = [ [0i()
j=1

m-1 m-2

=< 4 Z tjtm iCOV(AX]:Xm)| +4 Z t]'tm—l |COV()(/1XW1—1)|
j=1 j=1

m-3
+ 4 Z titm—z |C0v(X/,Xm,2)| oot 4|Cov(X1,X2)|
j=1
m -
=4 Z tkt1|COV(Xk,X1)| =4 Z tkt1|COV(Xk,X1)|. (2.8)
=2 k=1 1<k<l<m

Note that for t1,..., ¢, < 0, —t,,X,, and Zlngl —t;X; are NQD by the definition of LNQD.
Similarly as above, we obtain that

o(tr,..otm) = [ Joi(®)

j=1

<4 ) |ttil|CoviXi, X))|.

1<k<l<m

This result, along with (2.8), completes the proof of the theorem. O

Theorem 2.3 Let X, ..., X, be a sequence of LNQD random variables, and let t,, . ..,t, be

all nonnegative (or nonpositive) real numbers. Then
E |:exp (Z thj> :| < l_[ E[exp(th,)].
j=1 j=1

Remark 2.1 Let ¢; =1, Vj > 1 in Theorem 2.3, we can get Lemma 3.1 of Ko et al. [5]; let
t;=t>0,Vj > 1, wealso get Lemma 1.4 of Wang et al. [7]. Thus, our Theorem 2.3 improves
and extends Lemma 3.1 in Ko et al. [5] and Lemma 1.4 in Wang et al. [7].

Proof Forty,...,t, >0, itis easy to see that Z;:} t;X; and t;X; are NQD by the definition of
LNQD, which implies that exp(Z]‘: t;X;) and exp(£;X;) are also NQD for i = 2,3,...,n by
Lemma 1.1(ii). Then by Lemma 1.1(i) and induction,

n n-1
E |:exp (Z t}X,> :| <E |:exp (Z thj) :| E[exp(t,,X,,)]
j=1 J=1
n-2
=E |:exp (Z tj)(j) exp(t,,lX,,l):| E[exp(t,,X,,)]
j=1
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j=1
n
j=1
For t,...,t, <0, it is easy to see that —#,...,—t, > 0 and Z}’j —tXj and —t;X; are NQD

by the definition of LNQD, which implies that exp(— ZIZ;} —t;X;) and exp(—(—t;X;)) are also
NQD for i =2,3,...,n by Lemma 1.1(ii). Similar to the proof of (2.9), we obtain

E |:exp (Z t,)g) :| =E [exp <— Z —L}X/):| < 1_[ E{exp[—(—th,-)] } = 1_[ E[exp(t]«Xj)].
j=1 j=1 j=1 j=1
(2.10)
Therefore, the proof is complete by (2.9) and (2.10). O

Theorem 2.4 Suppose that {X; :j > 1} is a LNQD random variable sequence with zero
mean and |Xj| <dja.s.(j=1,2,...). Lett >0 and t - max,<j<, d; < 1. Then for any € > 0,

P< ZX, zs) §2exp{—t8+tZZEXj2}.

j=1 i=1
Proof We obtain the result from the proving process of Theorem 2.3 in Wang et al. [7]. O

Theorem 2.5 Let {X;:j > 1} be a LNQD random variable sequence with zero mean and
Jfinite second moment, sup;., E(ij) < 00. Assume that {a;,j > 1} is a real constant sequence
satisfying a = sup;, |a;| < co. Then for any r >1,E| 3", a;Xj|" < Da'n".

Proof Let a] := max{a;, 0}, a; := max{—a;, 0}. Notice that

n r n n r
> x| <c{slS ax] o2y |
j=1 j=1 j=1

r

E +E

) (2.11)
E =d'E .

n
.
24X
=1

n

+ -1
E a;a Xj
j=1

LetY; = a;a‘lXj. Then {Y,,, n > 1} is still a sequence of LNQD random variables with EY,, =
0 by Remark 1.1. Note that 0 < a;a‘l <1. By Lemma 1.2, we obtain

n r n r
E Z Y| < Da’n'?,  this implies that E Za;Xj <Da'n?. (2.12)
j=1 j=1
Similarly as above, we have
n r
E\Y aX;| <Da'n. (2.13)
j=1

Combining (2.11)-(2.13), we get the result of the theorem. O
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3 Application
To show the application of the inequalities in Section 2, in this section we discuss the
asymptotic normality of the general linear estimator for the following regression model:

Yi=gWXn) + &0y 1=<i<n, (3.1

where the design points x,,,...,%,, € A, which is a compact set of R?, g is a bounded real
valued function on A4, and the {¢,;} are regression errors with zero mean and finite variance

o2, As an estimate of g(-), we consider the following general linear smoother:
@) = Y W)Yo (3.2)
i=1

where a weight function wy;(x), i = 1,...,n, depends on the fixed design points %3, ..., %
and on the number of observations #.

Here, our purpose is to use the inequalities in Section 2 to establish asymptotic normality
for the estimate (3.2) under LNQD condition. The results obtained generalize the results
of Roussas et al. [10] and Yang [11] based on strong mixing sequence to LNQD sequence.
Adopting the basic assumptions of Yang [11], we assume the following:

Assumption (Al) (i) g: A — R is a bounded function defined on the compact subset A
of R% (ii) {&, : t = 0,41,...} is a strictly stationary and LNQD time series with E& = 0,
Var(&) = 02 € (0, 00); (iii) For each #, the joint distribution of {&,; : 1 < i < u} is the same

as that of {&,...,&,}.

Denote
wy(x) := max{|wy(x)| : 1 <i<n}, o, (x) := Var(g,(x)). (3.3)

Assumption (A2) (i) Y7, wu(x)| < C for all n > 1; (i) w,(x) = O(X 1, w’(x)); (iii)
S whi(x) = O(o,1(x)).

Assumption (A3) E|&|" < oo forr>2and u(1) = Sup;- Zli—jlzl | Cov(£;,&)| < oo.

Assumption (A4) There exist positive integers p := p(n) and g := g(n) such thatp + g <n
for sufficiently large n and as n — oo,

(1) qp’1 — 0; (ii) nqp’lwn — 0; (iii) pw,, — 0; (iv) np%’lwé — 0.
Here, we will prove the following result.

Theorem 3.1 Let Assumptions (Al)~(A4) be satisfied. Then

07 (9){gu(%) - Egu()} > N(0,1).

Proof We first give some denotations. For convenience of writing, omit everywhere the
argument x and set S, = 0,,71(g, — Egu), Zyi = 0, Wpiepi fori=1,...,m,so that S, = Y 1| Z,,;.
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Let k= [n/(p + ¢)]. Then S, may be splitas S,, =S|, + S, + S}/, where

k k
2 : 1 § : / 111 /

= Ynm> Sn = Y Sn = Vnk+1>
m=1 m=1

km+p-1 Im+q-1 n
2 : / 2 : / § :
Yom = Zm'r Yum = Zm‘) Voks1 = Zm'r
i=k i=ly i=k(p+q)+1

kpy=(m-1p+q) +1, lu=m=-Dp+q)+p+1, m=1,... .k
Thus, to prove the theorem, it suffices to show that

E(S))? =0, E@S)) -0, (3.4)

s % N(,1). (3.5)

By Theorem 2.5, Assumptions (A2)(ii)~(iii) and (A4)(i)~(iii), we have

k Inm+g-1
E(S)) (Z Z o~ mel> < Dkqo*w,, < C(1 + qp‘l)_lnqp_lw,, — 0,
m=1 =l

S/// _ ( Z o anéz) D(y[ — k(p + q))o‘-zwi < C(l + qp—l)pwn — 0.

i=k(p+q)+1

Thus (3.4) holds.

We now proceed with the proof of (3.5). Let ', = Zlgiqgk Cov(yi»ynj) and si =
an:l Var(y,,), then s2 = E(S;,)? — 2T,. Apply relation (3.4) to obtain E(S))*> — 1. This
would also imply that s2 — 1, provided we show that I, — 0.

Indeed, by Assumption (A3) and u(1) < co, we obtain #(g) — 0. Then by stationarity
and Assumption (A2), it can be shown that

ki+p-1 kjﬂ”_l

Tl < Y D0 Y [CoviZi, Zm))|

1<i<j<k p=ki v=kj

ki+p-1kj+p-1

>3 Y o wamwnl - [CoviEn £)]

1<i<j<k p=k; v=kj

k-1 kj+p-1
<Co, WnZ Z (W, - sup Z |COV &,&) | < Culg (3.6)
i=1 p=k; 721 1esizq

Next, in order to establish asymptotic normality, we assume that {7, : m =1,...,k} are
independent random variables, and the distribution of 7,,, is the same as that y,,, for
.,k. Then En,,, = 0 and Var(n,,,) = Var(y,m). Let Ty = Nyml/sy, m = 1,...,k, then
{Tyym»m =1,...,k} are independent random variables with ET,,,, = 0 and Var(7},,) = 1. Let
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@x(t) be the characteristic function of X, then

2

‘¢an:1ynm (t) —e ‘

k k k
2
< |Eexp| it Zy,,m - HEexp(itynm) + HEexp(itynm) —e T
m=1 m=1 m=1

k k k )
< |Eexp| it Zy,,m - l_[ Eexp(itym)| + HEexp(itn,,m) —e T = I3 + 1. (3.7)

m=1 m=1 m=1
By Theorem 2.2, relation (3.6) and Assumption (A2), we obtain that

ki+p-1kj+p-1

L=4t® Y > Y |CoV(Zuyw Zw)| < Culq (3.8)

1<i<j<k p=k; v=k;

Thus, it suffices to show that 7,,, 4 N(0,1) which, on account of s> — 1, will follow from
the convergence an:l Tm AN (0,1). By the Lyapunov condition, it suffices to show that
for some r > 2,

_ZE|nnm|r_) 0. (3.9)

”ml

Using Theorem 2.5 and Assumptions (A2) and (A4)(iv), we have

km+p—-1
ZEMW,V ZElynml’ ZE > o, wma
m=1 i=km

ror. L r 5
< Dko,w,p? < Cnp?~w; — 0.

So, (3.9) holds. Thus, the proof is complete. O
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