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Abstract
In this paper, we establish the general solution and investigate the generalized
Hyers-Ulam stability of the following mixed additive and quadratic functional
equation: f (kx + ly) + f (kx – ly) = f (kx) + f (x) + 1

2 (k – 1)[(k + 2)f (x) + kf (–x)] + l2[f (y) + f (–y)]
(k, l ∈ Z\{0}) in β-Banach modules on a Banach algebra. In addition, we show that
under some suitable conditions, an approximately mixed additive-quadratic function
can be approximated by a mixed additive and quadratic mapping.
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1 Introduction and preliminaries
Starting with the article of Hyers [] and continuing with those of Rassias [], Găvruţa [],
Czervick [] and so on, the authors used the ‘direct method’ to prove the stability prop-
erties for functional equations. Namely, the exact solution of the functional equation is
explicitly constructed as a limit of a sequence starting from the given approximate solu-
tion.
On the other hand, Baker [] used the Banach fixed point theorem to give a Hyers-Ulam

stability result for a nonlinear functional equation in a single variable. In , Cădariu
and Radu delivered a lecture entitled ‘On the stability of the Cauchy functional equation: a
fixed point approach’ in ‘The th European Conference on Iteration Theory - ECIT ,
Evora, Portugal, ’. Their idea was to obtain, in β-normed spaces, the existence of the
exact solution and the error estimations by using the fixed point alternative theorem [].
This newmethod was used in two successive papers [, ] in  to obtain the properties
of generalizedHyers-Ulam stability for Jensen’s functional equation. Also, the lecture from
ECIT  was materialized in []. After that, a lot of papers used the ‘fixed point alterna-
tive’ to obtain generalized Hyers-Ulam stability results for different functional equations
in various spaces. The reader is referred to the following books and research papers which
provide an extensive account of the progress made on Ulam’s problem during the last sev-
enty years (see, for instance, [–]).
The motivation of this paper is to present a new mixed additive and quadratic (‘AQ’ for

short) functional equation.We obtain the general solution of the AQ-functional equation.
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Moreover, we prove the generalized Hyers-Ulam stability of the AQ-functional equation
in Banach modules on a Banach algebra using the fixed point method.
The functional equation

f (x + y) + f (x – y) = f (x) + f (y) (.)

is related to a symmetric bi-additive function []. It is natural that such an equation
is called a quadratic functional equation. In particular, every solution of the quadratic
equation (.) is said to be a quadratic function. It is well known that a function f be-
tween real vector spaces is quadratic if and only if there exists a unique symmetric bi-
additive function B such that f (x) = B(x,x) for all x (see []). The bi-additive function
B is given by B(x, y) = 

 (f (x + y) + f (x – y)). In [], Czerwik proved the Hyers-Ulam sta-
bility of the quadratic functional equation (.). A Hyers-Ulam stability problem for the
quadratic functional equation (.) was proved by Skof for functions f : E → E, where
E is a normed space and E is a Banach space (see []). Cholewa [] noticed that the
theorem of Skof is still true if the relevant domain E is replaced by an Abelian group.
Grabiec in [] has generalized the above mentioned results. The quadratic functional
equation and several other functional equations are useful to characterize inner product
spaces (see, for instance, [, , , , ]).
Now, we consider a mapping f : X → Y that satisfies the following general mixed addi-

tive and quadratic functional equation:

f (kx + ly) + f (kx – ly) = f (kx) + f (x) +


(k – )

[
(k + )f (x) + kf (–x)

]
+ l

[
f (y) + f (–y)

]
, (.)

where k, l ∈ Z\{}. It is easy to see that the function f (x) = ax + bx is a solution of the
functional equation (.).
Let β be a real number with  < β ≤ , and let K denote either R or C. Let X be a linear

space overK. A real-valued function ‖ ·‖β is called a β-norm onX if and only if it satisfies

(βN) ‖x‖β =  if and only if x = ;
(βN) ‖λx‖β = |λ|β · ‖x‖β for all λ ∈K and all x ∈ X ;
(βN) ‖x + y‖β ≤ ‖x‖β + ‖y‖β for all x, y ∈ X .

The pair (X,‖ · ‖β ) is called a β-normed space (see []). A β-Banach space is a complete
β-normed space.
For explicit later use, we recall the following result by Diaz and Margolis [].

Theorem . Let (�,d) be a complete generalized metric space and J :� → � be a strictly
contractive mapping with the Lipschitz constant L < , that is,

d(Jx, Jy) ≤ Ld(x, y), ∀x, y ∈ �.

Then for each given x ∈ �, either

d
(
Jnx, Jn+x

)
= ∞, ∀n≥ ,

or there exists a non-negative integer n such that
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() d(Jnx, Jn+x) < ∞ for all n≥ n;
() the sequence {Jnx} converges to a fixed point y* of J ;
() y* is the unique fixed point of J in the set �* = {y ∈ � | d(Jnx, y) < ∞};
() d(y, y*) ≤ 

–Ld(y, Jy) for all y ∈ �*.

2 General solution
Throughout this section, X and Y will be real vector spaces. Before proceeding with the
proof of Theorem ., which is the main result in this section, we shall need the following
two lemmas:

Lemma . If an odd mapping f : X → Y satisfies (.) for all x, y ∈ X, then f is additive.

Proof Since f satisfies the functional equation (.), putting x = y =  in (.), we get ( –
k – l)f () = , or f () =  if k + l 	= . Note that, in view of the oddness of f , we
have f (–x) = –f (x) for all x ∈ X. If x =  in f (–x) = –f (x), one gets f () = –f (), or f () = 
without assuming the condition k + l 	= . Yet, it is assumed that f is odd. Hence, (.)
implies the following equation:

f (kx + ly) + f (kx – ly) = f (kx) + kf (x) (.)

for all x, y ∈ X. Letting y =  in (.), we get

f (kx) = kf (x) (.)

for all x ∈ X. Replacing x and y by lx and kx, respectively, in (.) and using (.), we have

f (lx) = f (lx) (.)

for all x ∈ X. Replacing y by x
l in (.), we get

f (x) = f (x) (.)

for all x ∈ X. Replacing y by ky
l in (.) and using (.), we obtain

f (x + y) + f (x – y) = f (x) (.)

for all x, y ∈ X. Replacing x and y by x+y
 and x–y

 , respectively, in (.) and using (.), we
get

f (x + y) = f (x) + f (y) (.)

for all x, y ∈ X. Therefore, the mapping f : X → Y is additive. �

Lemma . If an evenmapping f : X → Y satisfies (.) for all x, y ∈ X, then f is quadratic.
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Proof Since f satisfies the functional equation (.), putting x = y =  in (.), we get
f () = . Note that, in view of the evenness of f , we have f (–x) = f (x) for all x ∈ X. Hence,
(.) implies the following equation:

f (kx + ly) + f (kx – ly) = f (kx) + kf (x) + lf (y) (.)

for all x, y ∈ X. Letting y =  in (.) and using f () = , we get

f (kx) = kf (x) (.)

for all x ∈ X. Replacing x and y by  and x, respectively, in (.) and using f () = , we have

f (lx) = lf (x) (.)

for all x ∈ X. Replacing x by lx in (.) and using (.), we get

f (kx + y) + f (kx – y) = f (kx) + kf (x) + f (y) (.)

for all x ∈ X. Replacing y by ky in (.) and using (.), we obtain

f (x + y) + f (x – y) = f (x) + f (y) (.)

for all x, y ∈ X. Therefore, the function f : X → Y is quadratic. �

Now, we are ready to find the general solution of (.).

Theorem . Amapping f : X → Y satisfies (.) for all x, y ∈ X if and only if there exist a
symmetric bi-additive mapping B : X × X → Y and an additive mapping A : X → Y such
that f (x) = B(x,x) +A(x) for all x ∈ X.

Proof If there exist a symmetric bi-additive function B : X ×X → Y and an additive func-
tion A : X → Y such that f (x) = B(x,x) +A(x) for all x ∈ X, it is easy to show that

f (kx + ly) + f (kx – ly) = kB(x,x) + lB(y, y) + kA(x)

= f (kx) + f (x) +


(k – )

[
(k + )f (x) + kf (–x)

]
+ l

[
f (y) + f (–y)

]
for all x, y ∈ X. Therefore, the function f : X → Y satisfies (.).
Conversely, we decompose f into the odd part and the even part by putting

fo(x) =
f (x) – f (–x)


and fe(x) =

f (x) + f (–x)


for all x ∈ X. It is clear that f (x) = fo(x) + fe(x) for all x ∈ X. It is easy to show that the
functions fo and fe satisfy (.).Hence, by Lemmas . and ., we achieve that the functions
fo and fe are additive and quadratic, respectively. Therefore, there exists a symmetric bi-
additive function B : X ×X → Y such that fe(x) = B(x,x) for all x ∈ X (see []). So,

f (x) = B(x,x) +A(x)

for all x ∈ X, where A(x) = fo(x) for all x ∈ X. �

http://www.journalofinequalitiesandapplications.com/content/2012/1/204


Xu and Rassias Journal of Inequalities and Applications 2012, 2012:204 Page 5 of 18
http://www.journalofinequalitiesandapplications.com/content/2012/1/204

3 Approximatemixed additive and quadratic mappings
In this section, we prove the generalized Hyers-Ulam stability of the mixed additive and
quadratic functional equation (.) using the fixed point method introduced by Radu in
[] (see also [, , –]).
Throughout this section, let B be a unital Banach algebra with norm ‖ · ‖B, B = {b ∈ B |

‖b‖B = }, X be a β-normed left B-module and Y be a β-normed left Banach B-module,
and let k, l ∈ Z\{} be fixed integers. For a given mapping f : X → Y , we define the differ-
ence operators

Dbf (x, y) = f (kbx + lby) + f (kbx – lby) – bf (kx) – bf (x)

–


(k – )b

[
(k + )f (x) + kf (–x)

]
– lb

[
f (y) + f (–y)

]
and

D̃bf (x, y) = f (kbx + lby) + f (kbx – lby) – bf (kx) – bf (x)

–


(k – )b

[
(k + )f (x) + kf (–x)

]
– lb

[
f (y) + f (–y)

]
for all x, y ∈ X and b ∈ B.

Theorem . Let ϕ : X → [,∞) be a function such that

lim
n→∞


|k|nβ

ϕ
(
knx,kny

)
=  (.)

for all x, y ∈ X. Let f : X → Y be an odd mapping such that

∥∥Dbf (x, y)
∥∥

β
≤ ϕ(x, y) (.)

for all x, y ∈ X and all b ∈ B. If there exists a Lipschitz constant  < L <  such that

ϕ(kx, )≤ |k|βLϕ(x, ) (.)

for all x ∈ X, then there exists a unique additive mapping A : X → Y such that

∥∥f (x) –A(x)
∥∥

β
≤ 

|k|β ( – L)
ϕ(x, ) (.)

for all x ∈ X.Moreover, if f (tx) is continuous in t ∈R for each fixed x ∈ X, then A is B-linear,
i.e., A(bx) = bA(x) for all x ∈ X and all b ∈ B.

Proof Letting b =  and y =  in (.), we get

∥∥f (kx) – kf (x)
∥∥

β
≤ ϕ(x, ) (.)

for all x ∈ X. Consider the set � := {g | g : X → Y , g() = } and introduce the generalized
metric on �:

d(g,h) = inf
{
C ∈ [,∞) | ∥∥g(x) – h(x)

∥∥
β

≤ Cϕ(x, ),∀x ∈ X
}
. (.)
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It is easy to show that (�,d) is a complete generalized metric space (see the Theorem .
of []). We now define a function J :� → � by

(Jg)(x) =

k
g(kx), ∀g ∈ �,x ∈ X. (.)

Let g,h ∈ � and C ∈ [,∞] be an arbitrary constant with d(g,h) < C; by the definition of
d, it follows

∥∥g(x) – h(x)
∥∥

β
≤ Cϕ(x, ), ∀x ∈ X. (.)

By the given hypothesis and the last inequality, one has∥∥∥∥ k g(kx) – 
k
h(kx)

∥∥∥∥
β

≤ CLϕ(x, ), ∀x ∈ X. (.)

Hence, it holds that d(Jg, Jh) ≤ Ld(g,h). It follows from (.) that d(Jf , f ) ≤ 
|k|β < ∞. There-

fore, by Theorem ., J has a unique fixed point A : X → Y in the set �* = {g ∈ � | d(f , g) <
∞} such that

A(x) := lim
n→∞

(
Jnf

)
(x) = lim

n→∞

kn

f
(
knx

)
(.)

and A(kx) = kA(x) for all x ∈ X. Also,

d(A, f ) ≤ 
 – L

d(Jf , f ) ≤ 
|k|β ( – L)

. (.)

This means that (.) holds for all x ∈ X.
Now, we show that A is additive. By (.), (.) and (.), we have

∥∥DA(x, y)
∥∥

β
= lim

n→∞


|k|nβ

∥∥Df
(
knx,kny

)∥∥
β

≤ lim
n→∞


|k|nβ

ϕ
(
knx,kny

)
= ,

that is,

f (kx + ly) + f (kx – ly) = f (kx) + f (x) +


(k – )

[
(k + )f (x) + kf (–x)

]
+ l

[
f (y) + f (–y)

]
for all x, y ∈ X. Therefore, by Lemma ., we get that the mapping A is additive. To prove
the uniqueness assertion, let us assume that there exists an additive function T : X → Y
which satisfies (.). Since d(f ,T) ≤ /[|k|β ( – L)] and T is additive, we get T ∈ �* and
(JT)(x) = 

k T(kx) = T(x) for all x ∈ X, i.e., T is a fixed point of J . Since A is the unique fixed
point of J in �*, then T = A.
Moreover, if f (tx) is continuous in t ∈ R for each fixed x ∈ X, then, by the same rea-

soning as in the proof of [], A is R-linear. Since A is additive, A(rx) = rA(x) for any ra-
tional number r. Fix x ∈ X and ρ ∈ Y * (the dual space of Y ). Consider the mapping
ϕ : R → R, ϕ(t) := ρ(A(tx)), t ∈ R. Then ϕ(t + s) = ϕ(t) + ϕ(s), t, s ∈ R, i.e. ϕ is a group
homomorphism. Moreover, ϕ is a Borel function because of the following reasoning. Let
ϕ(t) = limn→∞ ρ(f (kntx))/kn and put ϕn(t) = ρ(f (kntx))/kn. Then ϕn(t) are continuous

http://www.journalofinequalitiesandapplications.com/content/2012/1/204
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functions. But ϕ(t) is the pointwise limit of continuous functions, thus ϕ(t) is a Borel
function. It is a known fact that if ϕ : R → R is a function such that ϕ is a group homo-
morphism, i.e. ϕ(t + s) = ϕ(t) + ϕ(s) and ϕ is a measurable function, then ϕ is continuous.
Therefore, ϕ(t) is a continuous function. Let a ∈ R. Then a = limn→∞ rn, where {rn} is a
sequence of rational numbers. Thus

ϕ(at) = ϕ
(
t lim
n→∞ rn

)
= lim

n→∞ϕ(trn) =
(
lim
n→∞ rn

)
ϕ(t) = aϕ(t).

Therefore, ϕ(at) = aϕ(t) for any a ∈R. And then, A(ax) = aA(x) for any a ∈R. Hence, the
additive mapping A is R-linear.
Letting y =  in (.), we get

∥∥f (kbx) – bf (kx) – kbf (x)
∥∥

β
≤ ϕ(x, ) (.)

for all x ∈ X and all b ∈ B. By definition of A, (.) and (.), we obtain

∥∥A(kbx) – bA(kx) – kbA(x)
∥∥

β
= lim

n→∞


|k|nβ

∥∥f (kn+bx) – bf
(
kn+x

)
– kbf

(
knx

)∥∥
β

≤ lim
n→∞


|k|nβ

ϕ
(
knx, 

)
= 

for all x ∈ X and all b ∈ B. So, A(kbx) – bA(kx) – kbA(x) =  for all x ∈ X and all b ∈ B.
Since A is additive, we get A(bx) = bA(x) for all x ∈ X and all b ∈ B ∪ {}. Now, let a ∈
B\{}. Since A is R-linear,

A(bx) = A
(

‖b‖B · b
‖b‖B x

)
= ‖b‖B ·A

(
b

‖b‖B x
)

= ‖b‖B · b
‖b‖B A(x) = bA(x)

for all x ∈ X and all b ∈ B. This proves that A is B-linear. �

Corollary . Let  < p < , δ, θ ∈ [,∞), and let f : X → Y be an odd mapping for which

∥∥Dbf (x, y)
∥∥

β
≤ δ + θ

(‖x‖pβ + ‖y‖pβ
)

(.)

for all x, y ∈ X and b ∈ B. Then there exists a unique additive mapping A : X → Y such
that

∥∥f (x) –A(x)
∥∥

β
≤ 

|k|β – |k|βp δ +


|k|β – |k|βp θ‖x‖pβ

for all x ∈ X.Moreover, if f (tx) is continuous in t ∈R for each fixed x ∈ X, then A is B-linear.

Proof The proof follows from Theorem . by taking ϕ(x, y) = δ + θ (‖x‖pβ + ‖y‖pβ ) for all
x, y ∈ X. We can choose L = |k|β(p–) to get the desired result. �

The generalized Hyers-Ulam stability problem for the case of p =  was excluded in
Corollary .. In fact, the functional equation (.) is not stable for p =  in (.) as we

http://www.journalofinequalitiesandapplications.com/content/2012/1/204
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shall see in the following example, which is based on the example given in [] (see also
[]).

Example . Let φ :C →C be defined by

φ(x) =

⎧⎨⎩x, for |x| < ,

, for |x| ≥ .

Consider the function f :C →C be defined by

f (x) =
∞∑
m=

α–mφ
(
αmx

)
for all x ∈C, where α >max{|k|, |l|}. Let

Dbf (x, y) = f (kbx + lby) + f (kbx – lby) – bf (kx) – bf (x)

–


(k – )b

[
(k + )f (x) + kf (–x)

]
– lb

[
f (y) + f (–y)

]
for all x, y ∈ C and b ∈ T := {λ ∈C | |λ| = }. Then f satisfies the functional inequality

∣∣Dbf (x, y)
∣∣ ≤ α(k +  + l)

α – 
(|x| + |y|) (.)

for all x, y ∈C, but there do not exist an additive mapping A :C →C and a constant d > 
such that |f (x) –A(x)| ≤ d|x| for all x ∈ C.
It is clear that f is bounded by α

α– on C. If |x| + |y| =  or |x| + |y| ≥ 
α
, then

∣∣Dμf (x, y)
∣∣ ≤ α(k +  + l)

α – 
(|x| + |y|).

Now, suppose that  < |x| + |y| < 
α
. Then there exists an integer n ≥  such that


αn+ ≤ |x| + |y| < 

αn . (.)

Hence,

αm|kbx± lby| < , αm|kx| < , αm|x| < , αm|y| < 

for allm = , , . . . ,n – . From the definition of f and (.), we obtain that

∣∣Dbf (x, y)
∣∣ = ∣∣∣∣∣

∞∑
m=n

α–mφ
(
αm(kbx + lby)

)
+

∞∑
m=n

α–mφ
(
αm(kbx – lby)

)
– b

∞∑
m=n

α–mφ
(
αmkx

)
– b

∞∑
m=n

α–mφ
(
αmx

)
–


(k – )b

[
(k + )

∞∑
m=n

α–mφ
(
αmx

)
+ k

∞∑
m=n

α–mφ
(
–αmx

)]
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+ lb

[ ∞∑
m=n

α–mφ
(
αmy

)
+

∞∑
m=n

α–mφ
(
–αmy

)]∣∣∣∣∣
≤ α(k +  + l)

α – 
(|x| + |y|).

Therefore, f satisfies (.). Now, we claim that the functional equation (.) is not stable
for p =  in Corollary .. Suppose, on the contrary, that there exist an additive mapping
A : C → C and a constant d >  such that |f (x) – A(x)| ≤ d|x| for all x ∈ C. Then there
exists a constant c ∈C such that A(x) = cx for all rational numbers x. So, we obtain that

∣∣f (x)∣∣ ≤ (
d + |c|)|x| (.)

for all rational numbers x. Let s ∈N with s+  > d + |c|. If x is a rational number in (,α–s),
then αmx ∈ (, ) for allm = , , . . . , s, and for this x, we get

f (x) =
∞∑
m=

φ(αmx)
αm ≥

s∑
m=

φ(αmx)
αm = (s + )x >

(
d + |c|)x,

which contradicts (.).

Corollary . Let t, s >  such that λ := t + s <  and δ, θ be non-negative real numbers,
and let f : X → Y be an odd mapping for which

∥∥Dbf (x, y)
∥∥

β
≤ δ + θ

[‖x‖tβ‖y‖sβ +
(‖x‖λ

β + ‖y‖λ
β

)]
for all x, y ∈ X and b ∈ B. Then there exists a unique additive mapping A : X → Y such
that

∥∥f (x) –A(x)
∥∥

β
≤ 

|k|β – |k|βλ
δ +


|k|β – |k|βλ

θ‖x‖λ
β

for all x ∈ X.Moreover, if f (tx) is continuous in t ∈R for each fixed x ∈ X, then A is B-linear.

Proof The proof follows from Theorem . by taking ϕ(x, y) = δ + θ [‖x‖rβ‖y‖sβ + (‖x‖λ
β +

‖y‖λ
β )] for all x, y ∈ X. We can choose L = |k|β(λ–) to get the desired result. �

The generalized Hyers-Ulam stability problem for the case of λ =  was excluded in
Corollary .. Similar to Theorem ., one can obtain the following theorem.

Theorem . Let ϕ : X → [,∞) be a function such that

lim
n→∞|k|nβϕ

(
x
kn

,
y
kn

)
= 

for all x, y ∈ X. Let f : X → Y be an odd mapping such that

∥∥Dbf (x, y)
∥∥

β
≤ ϕ(x, y)

http://www.journalofinequalitiesandapplications.com/content/2012/1/204
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for all x, y ∈ X and all b ∈ B. If there exists a Lipschitz constant  < L <  such that ϕ(x, )≤
|k|–βLϕ(kx, ) for all x ∈ X, then there exists a unique additive mapping A : X → Y such
that

∥∥f (x) –A(x)
∥∥

β
≤ L

|k|β ( – L)
ϕ(x, )

for all x ∈ X.Moreover, if f (tx) is continuous in t ∈R for each fixed x ∈ X, then A is B-linear.

As applications of Theorem ., one can get the following Corollaries . and ..

Corollary . Let r >  and θ be a non-negative real number, and let f : X → Y be an odd
mapping such that

∥∥Dbf (x, y)
∥∥

β
≤ θ

(‖x‖rβ + ‖y‖rβ
)

for all x, y ∈ X and b ∈ B. Then there exists a unique additive mapping A : X → Y such
that

∥∥f (x) –A(x)
∥∥

β
≤ 

|k|βr – |k|β θ‖x‖rβ

for all x ∈ X.Moreover, if f (tx) is continuous in t ∈R for each fixed x ∈ X, then A is B-linear.

Corollary . Let t, s >  such that λ := t + s >  and θ be a non-negative real number, and
let f : X → Y be an odd mapping such that

∥∥Dbf (x, y)
∥∥

β
≤ θ

[‖x‖tβ‖y‖sβ +
(‖x‖λ

β + ‖y‖λ
β

)]
for all x, y ∈ X and b ∈ B. Then there exists a unique additive mapping A : X → Y such
that

∥∥f (x) –A(x)
∥∥

β
≤ 

|k|βλ – |k|β θ‖x‖λ
β

for all x ∈ X.Moreover, if f (tx) is continuous in t ∈R for each fixed x ∈ X, then A is B-linear.

Theorem . Let ϕ : X → [,∞) be a function such that

lim
n→∞


|k|nβ

ϕ
(
knx,kny

)
=  (.)

for all x, y ∈ X. Let f : X → Y be an even mapping with f () =  such that

∥∥D̃bf (x, y)
∥∥

β
≤ ϕ(x, y) (.)

for all x, y ∈ X and all b ∈ B. If there exists a Lipschitz constant  < L <  such that

ϕ(kx, )≤ |k|βLϕ(x, ) (.)

http://www.journalofinequalitiesandapplications.com/content/2012/1/204
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for all x ∈ X, then there exists a unique quadratic mapping Q : X → Y such that

∥∥f (x) –Q(x)
∥∥

β
≤ 

|k|β ( – L)
ϕ(x, ) (.)

for all x ∈ X. Moreover, if f (tx) is continuous in t ∈ R for each fixed x ∈ X, then Q is B-
quadratic, i.e., Q(bx) = bQ(x) for all x ∈ X and all b ∈ B.

Proof Letting b =  and y =  in (.), we get

∥∥f (kx) – kf (x)
∥∥

β
≤ ϕ(x, ) (.)

for all x ∈ X. Consider the set � := {g | g : X → Y , g() = } and introduce the generalized
metric on �:

d(g,h) = inf
{
C ∈ [,∞) | ∥∥g(x) – h(x)

∥∥
β

≤ Cϕ(x, ),∀x ∈ X
}
.

It is easy to show that (�,d) is a complete generalized metric space (see Theorem . of
[]). We now define a function J :� → � by

(Jg)(x) =

k

g(kx), ∀g ∈ �,x ∈ X.

Let g,h ∈ � and C ∈ [,∞] be an arbitrary constant with d(g,h) < C; by the definition of d,
it follows

∥∥g(x) – h(x)
∥∥

β
≤ Cϕ(x, ), ∀x ∈ X.

By the given hypothesis and the last inequality, one has∥∥∥∥ 
k

g(kx) –

k

h(kx)
∥∥∥∥

β

≤ CLϕ(x, ), ∀x ∈ X.

Hence, it holds that d(Jg, Jh) ≤ Ld(g,h). It follows from (.) that d(Jf , f ) ≤ /|k|β < ∞.
Therefore, by Theorem ., J has a unique fixed point Q : X → Y in the set �* = {g ∈ � |
d(f , g) <∞} such that

Q(x) := lim
n→∞

(
Jnf

)
(x) = lim

n→∞

kn

f
(
knx

)
(.)

and Q(kx) = kQ(x) for all x ∈ X. Also,

d(Q, f ) ≤ 
 – L

d(Jf , f )≤ 
|k|β ( – L)

.

This means that (.) holds for all x ∈ X. The mapping Q is quadratic because it satisfies
equation (.) as follows:

∥∥D̃Q(x, y)
∥∥

β
= lim

n→∞


|k|nβ

∥∥D̃f
(
knx,kny

)∥∥
β

≤ lim
n→∞


|k|nβ

ϕ
(
knx,kny

)
= 

http://www.journalofinequalitiesandapplications.com/content/2012/1/204
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for all x, y ∈ X; therefore, by Lemma ., it is quadratic. To prove the uniqueness assertion,
let us assume that there exists a quadratic mapping S : X → Y which satisfies (.). Since
d(f ,S) ≤ /[|k|β ( – L)] and S is quadratic, we get S ∈ �* and (JS)(x) = 

k S(kx) = S(x) for
all x ∈ X, i.e., S is a fixed point of J . SinceQ is the unique fixed point of J in �*, then S =Q.
Moreover, if f (tx) is continuous in t ∈R for each fixed x ∈ X, then by the same reasoning

as in the proof of [], Q is R-quadratic. Letting y =  in (.), we get

∥∥f (kbx) – bf (kx) – kbf (x)
∥∥

β
≤ ϕ(x, ) (.)

for all x ∈ X and all b ∈ B. By definition of Q, (.) and (.), we obtain

∥∥Q(kbx) – bQ(kx) – kbQ(x)
∥∥

β
≤ lim

n→∞


knβ
ϕ
(
knx, 

)
= 

for all x ∈ X and all b ∈ B. So, Q(kbx) – bQ(kx) – kbQ(x) =  for all x ∈ X and all
b ∈ B. Since Q(kx) = kQ(x), we get Q(bx) = bQ(x) for all x ∈ X and all b ∈ B ∪ {}. Now,
let b ∈ B\{}. Since Q is R-quadratic,

Q(bx) = Q
(

‖b‖B · b
‖b‖B x

)
= ‖b‖B ·Q

(
b

‖b‖B x
)

= ‖b‖B ·
(

b
‖b‖B

)

Q(x) = bQ(x)

for all x ∈ X and all b ∈ B. This proves that Q is B-quadratic. �

Corollary . Let  < p < , δ, θ ∈ [,∞), and let f : X → Y be an even mapping with
f () =  such that

∥∥D̃bf (x, y)
∥∥

β
≤ δ + θ

(‖x‖pβ + ‖y‖pβ
)

for all x, y ∈ X and b ∈ B. Then there exists a unique quadratic mapping Q : X → Y such
that

∥∥f (x) –Q(x)
∥∥

β
≤ 

|k|β – |k|βp δ +


|k|β – |k|βp θ‖x‖pβ

for all x ∈ X. Moreover, if f (tx) is continuous in t ∈ R for each fixed x ∈ X, then Q is B-
quadratic.

Proof The proof follows from Theorem . by taking ϕ(x, y) = δ + θ (‖x‖pβ + ‖y‖pβ ) for all
x, y ∈ X. We can choose L = |k|β(p–) to get the desired result. �

The following example shows that the generalized Hyers-Ulam stability problem for the
case of p =  was excluded in Corollary .. This example is a modified version of Czer-
wik [].

Example . Let φ :C →C be defined by

φ(x) =

⎧⎨⎩x, for |x| < ,

, for |x| ≥ .

http://www.journalofinequalitiesandapplications.com/content/2012/1/204
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Consider the function f :C →C be defined by

f (x) =
∞∑
m=

α–mφ
(
αmx

)
for all x ∈C, where α >max{|k|, |l|}. Let

D̃bf (x, y) = f (kbx + lby) + f (kbx – lby) – bf (kx) – bf (x)

–


(k – )b

[
(k + )f (x) + kf (–x)

]
– lb

[
f (y) + f (–y)

]
for all x, y ∈ C and b ∈ T := {λ ∈C | |λ| = }. Then f satisfies the functional inequality

∣∣D̃μf (x, y)
∣∣ ≤ (k +  + l)α

α – 
(|x| + |y|) (.)

for all x, y ∈C, but there do not exist a quadratic mapping Q :C →C and a constant d > 
such that |f (x) –Q(x)| ≤ d|x| for all x ∈C.
It is clear that f is bounded by α

α– on C. If |x| + |y| =  or |x| + |y| ≥ 
α
, then

∣∣D̃μf (x, y)
∣∣ ≤ (k +  + l)α

α – 
(|x| + |y|).

Now, suppose that  < |x| + |y| < 
α
. Then there exists an integer n≥  such that


α(n+) ≤ |x| + |y| < 

α(n+) . (.)

Hence,

αm|kbx± lby| < , αm|kx| < , αm|x| < , αm|y| < 

for allm = , , . . . ,n – . From the definition of f and the inequality (.), we obtain that

∣∣D̃μf (x, y)
∣∣ ≤ (k +  + l)α

α – 
(|x| + |y|).

Now, we claim that the functional equation (.) is not stable for p =  in Corollary ..
Suppose, on the contrary, that there exist a quadratic mapping Q :C → C and a constant
d >  such that |f (x) –Q(x)| ≤ d|x| for all x ∈ C. Then there exists a constant c ∈ C such
that Q(x) = cx for all rational numbers x. So, we obtain that

∣∣f (x)∣∣ ≤ (
d + |c|)|x| (.)

for all rational numbers x. Let s ∈N with s+  > d + |c|. If x is a rational number in (,α–s),
then αmx ∈ (, ) for allm = , , . . . , s, and for this x, we get

f (x) =
∞∑
m=

φ(αmx)
αm ≥

s∑
m=

φ(αmx)
αm = (s + )x >

(
d + |c|)x,

which contradicts (.).

http://www.journalofinequalitiesandapplications.com/content/2012/1/204
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Similar to Corollary ., one can obtain the following corollary.

Corollary . Let t, s >  such that λ := t + s <  and δ, θ be non-negative real numbers,
and let f : X → Y be an even mapping with f () =  such that

∥∥D̃bf (x, y)
∥∥

β
≤ δ + θ

[‖x‖tβ‖y‖sβ +
(‖x‖λ

β + ‖y‖λ
β

)]
for all x, y ∈ X and b ∈ B. Then there exists a unique quadratic mapping Q : X → Y such
that

∥∥f (x) –Q(x)
∥∥

β
≤ 

|k|β – |k|βλ
δ +


|k|β – |k|βλ

θ‖x‖λ
β

for all x ∈ X. Moreover, if f (tx) is continuous in t ∈ R for each fixed x ∈ X, then Q is B-
quadratic.

Similar to Theorem ., one can obtain the following theorem.

Theorem . Let ϕ : X → [,∞) be a function such that

lim
n→∞ knβϕ

(
x
kn

,
y
kn

)
=  (.)

for all x, y ∈ X. Let f : X → Y be an even mapping such that

∥∥D̃bf (x, y)
∥∥

β
≤ ϕ(x, y) (.)

for all x, y ∈ X and all b ∈ B. If there exists a Lipschitz constant  < L <  such that ϕ(x, )≤
k–βLϕ(kx, ) for all x ∈ X, then there exists a unique quadratic mapping Q : X → Y such
that

∥∥f (x) –Q(x)
∥∥

β
≤ L

kβ ( – L)
ϕ(x, ) (.)

for all x ∈ X. Moreover, if f (tx) is continuous in t ∈ R for each fixed x ∈ X, then Q is B-
quadratic.

Remark . Let f : X → Y be a mapping for which there exists a function ϕ : X →
[,∞) satisfying (.). Let  < L <  be a constant such that ϕ(x, )≤ k–βLϕ(kx, ) for all
x ∈ X. f () = , since ϕ(, ) = .

We now prove our main theorem in this section.

Theorem . Let ϕ : X → [,∞) be a function such that

lim
n→∞


|k|nβ

ϕ
(
knx,kny

)
=  (.)

for all x, y ∈ X. Let f : X → Y be a mapping with f () =  such that

∥∥Dbf (x, y)
∥∥

β
≤ ϕ(x, y) and

∥∥D̃bf (x, y)
∥∥

β
≤ ϕ(x, y) (.)
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for all x, y ∈ X and all b ∈ B. If there exists a Lipschitz constant  < L <  such that

ϕ(kx, )≤ |k|βLϕ(x, ) (.)

for all x ∈ X, then there exist a unique additivemapping A : X → Y and a unique quadratic
mapping Q : X → Y such that

∥∥f (x) –A(x) –Q(x)
∥∥

β
≤ |k|β + 

|k|β ( – L)
[
ϕ(x, ) + ϕ(–x, )

]
(.)

for all x ∈ X.Moreover, if f (tx) is continuous in t ∈ R for each fixed x ∈ X, then A is B-linear
and Q is B-quadratic.

Proof If we decompose f into the even and the odd parts by putting

fe(x) =
f (x) + f (–x)


and fo(x) =

f (x) – f (–x)


(.)

for all x ∈ X, then f (x) = fe(x) + fo(x). Let ψ(x, y) = [ϕ(x, y) + ϕ(–x, –y)]/β , then by (.)-
(.) and (.), we have

lim
n→∞


|k|nβ

ψ
(
knx,kny

)
= , ψ(kx, )≤ |k|βLψ(x, ),∥∥Dbfo(x, y)

∥∥
β

≤ ψ(x, y),
∥∥D̃bfe(x, y)

∥∥
β

≤ ψ(x, y).

Hence, by Theorems . and ., there exist a unique additive mapping A : X → Y and a
unique quadratic mapping Q : X → Y such that

∥∥fo(x) –A(x)
∥∥

β
≤ 

kβ ( – L)
ψ(x, ),

∥∥fe(x) –Q(x)
∥∥

β
≤ 

kβ ( – L)
ψ(x, )

for all x ∈ X. Therefore,∥∥f (x) –A(x) –Q(x)
∥∥

β
≤ ∥∥fo(x) –A(x)

∥∥
β
+

∥∥fe(x) –Q(x)
∥∥

β

≤ 
|k|β ( – L)

ψ(x, ) +


|k|β ( – L)
ψ(x, )

=
|k|β + 

|k|β ( – L)
[
ϕ(x, ) + ϕ(–x, )

]
for all x ∈ X. �

Corollary . Let  < p <  and δ, θ be non-negative real numbers, and let f : X → Y be
a mapping with f () =  such that∥∥Dbf (x, y)

∥∥
β

≤ δ + θ
(‖x‖pβ + ‖y‖pβ

)
and

∥∥D̃bf (x, y)
∥∥

β
≤ δ + θ

(‖x‖pβ + ‖y‖pβ
)

for all x, y ∈ X and b ∈ B. Then there exist a unique additive mapping A : X → Y and a
unique quadratic mapping Q : X → Y such that

∥∥f (x) –A(x) –Q(x)
∥∥

β
≤ (|k|β + )

|k|β – |k|β(p+)
[
δ + θ‖x‖pβ

]
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for all x ∈ X.Moreover, if f (tx) is continuous in t ∈ R for each fixed x ∈ X, then A is B-linear
and Q is B-quadratic.

Thanks to Remark ., by a similarmethod to the proof of Theorem., one can obtain
the following theorem.

Theorem . Let ϕ : X → [,∞) be a function such that

lim
n→∞|k|nβϕ

(
x
kn

,
y
kn

)
= 

for all x, y ∈ X. Let f : X → Y be a mapping such that

∥∥Dbf (x, y)
∥∥

β
≤ ϕ(x, y) and

∥∥D̃bf (x, y)
∥∥

β
≤ ϕ(x, y)

for all x, y ∈ X and all b ∈ B. If there exists a Lipschitz constant  < L <  such that

ϕ(x, )≤ |k|–βLϕ(kx, )

for all x ∈ X, then there exist a unique additivemapping A : X → Y and a unique quadratic
mapping Q : X → Y such that

∥∥f (x) –A(x) –Q(x)
∥∥

β
≤ (|k|β + )L

|k|β ( – L)
[
ϕ(x, ) + ϕ(–x, )

]
for all x ∈ X.Moreover, if f (tx) is continuous in t ∈ R for each fixed x ∈ X, then A is B-linear
and Q is B-quadratic.

Corollary . Let p >  and θ be a non-negative real number, and let f : X → Y be a
mapping for which

∥∥Dbf (x, y)
∥∥

β
≤ θ

(‖x‖pβ + ‖y‖pβ
)

and
∥∥D̃bf (x, y)

∥∥
β

≤ θ
(‖x‖pβ + ‖y‖pβ

)
for all x, y ∈ X and b ∈ B. Then there exist a unique additive mapping A : X → Y and a
unique quadratic mapping Q : X → Y such that

∥∥f (x) –A(x) –Q(x)
∥∥

β
≤ (|k|β + )

|k|pβ – |k|β θ‖x‖pβ

for all x ∈ X.Moreover, if f (tx) is continuous in t ∈ R for each fixed x ∈ X, then A is B-linear
and Q is B-quadratic.

Remark . The generalized Hyers-Ulam stability problem for the cases of p =  and
p =  were excluded in Corollaries . and ., respectively.
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12. Brzdȩk, J: On approximately additive functions. J. Math. Anal. Appl. 381, 299-307 (2011)
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