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1 Introduction and preliminaries

The stability problem of functional equations originated from the question of Ulam [1]
concerning the stability of group homomorphisms. Hyers [2] gave the first affirmative par-
tial answer to the question of Ulam for Banach spaces. Hyers’ theorem was generalized by
Aoki [3] for additive mappings and by Rassias [4] for linear mappings by considering an
unbounded Cauchy difference. The paper of Rassias [4] has provided a lot of influence on
the development of what we call Hyers-Ulam stability of functional equations. A general-
ization of the Rassias theorem was obtained by Gavruta [5] by replacing the unbounded
Cauchy difference with a general control function in the spirit of Rassias’ approach. Impor-
tant contributions to Hyers-Ulam stability were made by Forti [6]. For Jensen’s functional
equation stability, significant generalizations were given by Jung [7] and successively, by
Lee and Jun [8] by using the direct method (Hyers-Ulam method).

A Hyers-Ulam stability problem for the quadratic functional equation was proved by
Skof [9] for mappings f : X — Y, where X is a normed space and Y is a Banach space.
Cholewa [10] noticed that the theorem of Skof is still true if the relevant domain X is
replaced with an Abelian group. The stability problems of several functional equations
have been extensively investigated by a number of authors, and there are many interesting
results concerning this problem (see [11-27]).

In the sequel, we adopt the usual terminology, notations and conventions of the theory
of random normed spaces, as in [28—32]. Throughout this paper, A* is the space of dis-
tribution functions, that is, the space of all mappings F : R U {-00, 00} — [0,1] such that
F is left-continuous and non-decreasing on R, F(0) = 0 and F(+oo) = 1. D* is a subset of
A* consisting of all functions F € A* for which [~ F(+00) = 1, where /" f(x) denotes the left
limit of the function f at the point x, that is, [”f(x) = lim;_, .- f(£). The space A* is partially
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ordered by the usual point-wise ordering of functions, i.e., F < G if and only if F(¢) < G(t)
for all ¢ in R. The maximal element for A* in this order is the distribution function &g
given by

0, ift<o0,
go(t) =
1, ift>0.

Definition 1.1 ([31]) A mapping T : [0,1] x [0,1] — [0,1] is a continuous triangular norm
(briefly, a continuous ¢-norm) if T satisfies the following conditions:
(a) T is commutative and associative;
(b) T is continuous;
(¢) T(a,1)=aforall a € [0,1];
(d) T(a,b) <T(c,d) whenevera <cand b <d forall a,b,c,d € [0,1].

Typical examples of continuous ¢-norms are Tp(a,b) = ab, Ty(a,b) = min(a, b) and
T;(a,b) = max(a + b —1,0) (the Lukasiewicz t-norm).

Definition 1.2 ([32]) A random normed space (briefly, RN-space) is a triple (X, u, T),
where X is a vector space, T is a continuous ¢-norm and p is a mapping from X into
Dt such that the following conditions hold:

(RN1) px(t) = eo(t) for all £ > 0 if and only if x = 0;
(RNL) phax(t) = ux(ﬁ) forallx € X, a #0;
(RN3) fhyey(t +5) = T(px(t), pry(s)) for all x,y € X and all £,s > 0.

Every normed space (X, | - ||) defines a random normed space (X, u, Tyr), where

t
£+ |

Hx(E)

for all £ > 0, and T, is the minimum ¢-norm. This space is called the induced random

normed space.

Definition 1.3 A random normed algebra is a random normed space with algebraic struc-
ture such that (RN4) piyy(£s) > i (£)pay(s) forall x, y € X and all £,5 > 0.

Example 1.4 Every normed algebra (X, || - ||) defines a random normed algebra (X, u, Ty),
where

t
t+ x|l

e (t)

for all £ > 0. This space is called the induced random normed algebra.

Definition 1.5
(1) Let (X, u, Tar) and (Y, u, Tar) be random normed algebras. An R-linear mapping
f:X — Y is called a random homomorphism if f(xy) = f(x)f (y) for all x,y € X.
(2) An R-linear mapping f : X — X is called a random derivation if f (xy) = f(x)y + xf (y)
forall x,y € X.
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Definition 1.6 Let (X, u, T) be an RN-space.
(1) A sequence {x,} in X is said to be convergent to x in X if, for every € >0 and A > 0,
there exists a positive integer N such that jt,, _x(€) >1— A whenever n > N.
(2) A sequence {x,} in X is called a Cauchy sequence if, for every € > 0 and A > 0, there

exists a positive integer N such that p,_, (€) >1 — X whenever n > m > N.

—Xm

(3) An RN-space (X, i, T) is said to be complete if and only if every Cauchy sequence in

X is convergent to a point in X.

Theorem 1.7 ([31]) If (X, u, T) is an RN-space and {x,} is a sequence such that x,, — x,

then limy,_, oo [y, (t) = t(2) almost everywhere.

Let X be a set. A function d : X x X — [0,00] is called a generalized metric on X if d
satisfies the following:

(1) d(x,y) =0 ifand only if x = y;

(2) d(x,y)=d(y,x) forall x,y € X;

(3) d(x,z) <d(x,y) +d(y,z) forall x,y,z € X.

We recall a fundamental result in fixed point theory.

Theorem 1.8 ([33-35]) Let (X, d) be a complete generalized metric spaceand let] : X — X
be a strictly contractive mapping with the Lipschitz constant L < 1. Then for each given

element x € X, either
d("x,]"'x) = oo

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"x,]"x) < 0o, Vi > ny;
(2) the sequence {J"x} converges to a fixed point y of J;
(3) ¥y is the unique fixed point of ] in the set Y = {y € X | d(J™x, y) < 00};
4) dy,y) < 2d0,Jy) forally € Y.

In 1996, Isac and Rassias [36] were the first to provide applications of the stability the-
ory of functional equations for the proof of new fixed point theorems with applications.
Starting with 2003, the fixed point alternative was applied to investigate the Hyers-Ulam
stability for Jensen’s functional equation in [26, 33, 37] as well as for the Cauchy functional
equation in [38] (see also [39] for quadratic functional equations, [40] for monomial func-
tional equations and [41] for operatorial equations etc.). By using fixed point methods, the
stability problems of several functional equations have been extensively investigated by a
number of authors (see [26, 29, 33, 37-40, 42—-441]).

Gilanyi [45] showed that if f satisfies the functional inequality

|2f ) + 20 () = f = )| < |G+ )], (L)

then f satisfies the Jordan-von Neumann functional equation

2f () + 2f () = fx + ) + f(x = ).
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See also [46]. Fechner [47] and Gildnyi [48] proved the Hyers-Ulam stability of the func-
tional inequality (1.1). Park, Cho and Han [49] investigated the Cauchy additive functional
inequality

|V(x) +f(y) +f(2) H < |Lf(x +y+2) || 1.2)

and the Cauchy-Jensen additive functional inequality

2f(¥ +z)

and proved the Hyers-Ulam stability of the functional inequalities (1.2) and (1.3) in Banach

If ) +f ) +f(22)] <

| (13)

spaces.

Throughout this paper, assume that (X, i, Ty) is a random normed algebra and that
(Y, , Tar) is a complete random normed algebra.

The Hyers-Ulam stability of different functional equations in random normed and fuzzy
normed spaces has been recently studied in [29, 30, 39, 50-53]. They are completed with
the recent paper [54], which contains some stability results for functional equations in
probabilistic metric and random normed spaces.

This paper is organized as follows. In Section 2, we prove the Hyers-Ulam stability
of random homomorphisms in complete random normed algebras associated with the
Cauchy additive functional inequality (1.2). In Section 3, we prove the Hyers-Ulam sta-
bility of random derivations in complete random normed algebras associated with the
Cauchy-Jensen additive functional inequality (1.3).

2 Stability of random homomorphisms in random normed algebras

In this section, using the fixed point method, we prove the Hyers-Ulam stability of ran-
dom homomorphisms in complete random normed algebras associated with the Cauchy
additive functional inequality (1.2).

Theorem 2.1 Let ¢ : X> — [0,00) be a function such that there exists an L < % with

L
90(96:)’:2) = 5(/7(295’ 2y, 2z)

forallx,y,ze X. Let f : X — Y be an odd mapping satisfying

. t t
Mrf(x)+f(ry)+f(rz)(t) > mln{ﬂf(rxwywz) (5): W }, (21)
t
_ t)> —— 2.2
W)@ (8) = — 257,0) (2.2)

Jorallr € R, allx,y,z € X and all t > 0. Then H(x) := lim,_,  2"f(55) exists for each x € X
and defines a random homomorphism H : X — Y such that
(2 —2L)t

_ t) > 2.3
-4 (8) = (2-2L)t + Lo(x,x,—2x) 23)

forallx e X and all t > 0.
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Proof Since f is odd, f(0) = 0. So 1/(0)(£) = 1. Letting =1 and y = x and replacing z by
—2x in (2.1), we get

t

e 2.4
W) 2 m e !

forall x € X.

Consider the set
S={g: X—->Y}

and introduce the generalized metric on S:

d(g,h) =infqv e R, : _ t)> —— ,Vxe X,Vt> 04,
(gh) =i {U + 1 Mg) h(x)(v)_t+go(x,x,—2x) x > }

where, as usual, inf¢ = +00. It is easy to show that (S, d) is complete (see the proof of [30,
Lemma 2.1]).

Now we consider the linear mapping / : S — S such that

Je) = 2g<§)

forallx € X.
Let g, i € S be given such that d(g, &) = ¢. Then
({;‘t) > ;
He@r-htole8) = 37 (%, %, —2x)

for all x € X and all £ > 0. Hence

Wg()-nx) (Let) = Mzg(g)_zh(g)(llst)

1l

<

R

=

IR
TN
N |~

™

AN
\_/

Lt Lt

v

It | L
5+ 59 x,—2x)
t + o(x,x,—2x)

for all x € X and all £ > 0. So d(g, &) = ¢ implies that d(Jg, Jh) < Le. This means that

d(lg,Jh) < Ld(g, h)

forallg,heS.
It follows from (2.4) that

L t
Mﬂx)-zf(;‘)(?) = Tt enm—2%)

forallx € X and all £ > 0. So d(f, Jf) < %
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By Theorem 1.8, there exists a mapping H : X — Y satisfying the following:
(1) H is a fixed point of ], i.e.,

H(g) - %H(x) 2.5)

forallx € X. Since f: X — Y is odd, H : X — Y is an odd mapping. The mapping H is a
unique fixed point of / in the set

M={geS:d(f,g) < oo}

This implies that H is a unique mapping satisfying (2.5) such that there exists a v € (0, c0)
satisfying

_ vt) > —
W (VD) = t + o(x,x, —2x)

for all x € X;
(2) d(J"f,H) — 0 as n — oo. This implies the equality

()

forall x € X;
(3)d(f,H) < ﬁd(f,]f), which implies the inequality

L
H) < ———.
a(f )52_2L

This implies that the inequality (2.3) holds.
Let = 1in (2.1). By (2.1),

n
Mo 2 uf2ef (2 (27)
t t

’ x —x= = x X
t+¢(2_n¢2y_nv zny)} t+<,0(2—n; Zln; Zny

> min { Wang(0) (2n_1t)

forallx,y € X,allt>0and all n e N. So

i
on

5+ 5oy, —x - )

Hoan(r( 2y (e (22 (8 =

L
o1

forall x,y € X, all £ > 0 and all # € N. Since lim,,_, o0 —2———
2—n+2—nw(x,%—x—y)

allt>0,

=1forallx,y € X and

MH(x)+H(y)+H(—x—y)(t) = 1

for all x,y € X and all ¢ > 0. So the mapping H : X — Y is Cauchy additive.

Page 6 of 13
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Lety=-xand z =0 in (2.1). By (2.1),

t
Hangimyamp( ) (2") = 5
o o t+ (37, 51,0)

forallreR,allx € X, allt>0and all » € N. So

£
on

Manp(y_onpp(x)(£) > ——Fr——
=21t L+ Zor,—x,0)
t
forallr e R,allx € X, all £ > 0 and all # € N. Since lim,,_, » %0) =1forallx e X
and all £ > 0,

M H (rx)—rH (x) (t) =1

forall r e R, all x € X and all £ > 0. Thus the additive mapping H : X — Y is R-linear.
By (2.2),

n
Rarg(Grgor-2s G (4'0) 2

forallx,y € X,allt>0and all n e N. So
&t
4”

s 2y-anp( )2 (&) = T ———
G- G20 = T )

21"

t
forall x,y € X, all £ > 0 and all # € N. Since lim,,_,.c —+——— =1for all x,y € X and all
4_n+2_n(p(x1yv0)
t>0,

MH(xy)-H@Hp) () = 1

for all x,y € X and all £ > 0. Thus the mapping H : X — Y is multiplicative.
Therefore, there exists a unique random homomorphism H : X — Y satisfying (2.3).
O

Theorem 2.2 Let ¢ : X3 — [0,00) be a function such that there exists an L <1 with
Xy z
» ) =< 2L N’A’A
p.y,2) < <ﬂ<2 5 2)

forallx,y,z€ X. Let f : X — Y be an odd mapping satisfying (2.1) and (2.2). Then H(x) :=
lim,_, Zlnf (2"x) exists for each x € X and defines a random homomorphism H: X — Y
such that

(2-2L)t
2 = 2L)t + p(x,x, —2x)

W @)-H (&) = ( (2.6)

forallx e X and all t > 0.
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Proof Let (S,d) be the generalized metric space defined in the proof of Theorem 2.1.
Consider the linear mapping / : S — S such that

Jg(x) = %g(Zx)

for allx € X.
It follows from (2.4) that

1 t
“f(x)—%f@x)(it) = 1 plom—22)

forallx € X and all £ > 0. So d(f, Jf) < %
By Theorem 1.8, there exists a mapping H : X — Y satisfying the following:
(1) H is a fixed point of ], i.e.,

H(2x) = 2H(x) (2.7)

for allx € X. Since f: X — Y is odd, H : X — Y is an odd mapping. The mapping H is a

unique fixed point of / in the set
M= {geS:d(f,g)<oo}.

This implies that H is a unique mapping satisfying (2.7) such that there exists a v € (0, 00)
satisfying

X)—. X t Z -, AN
Hyw-He (VE) t + o(x,x, —2x)
forall x € X;
(2) d(J"f,H) — 0 as n — oo. This implies the equality

IE—

forall x € X;
(3) d(f, H) < —X-d(f,]f), which implies the inequality

— 1-L

1
dif,H) < ——.
(.H) < 2-2L
This implies that the inequality (2.6) holds.
The rest of the proof is similar to the proof of Theorem 2.1. d

3 Stability of random derivations on random normed algebras
In this section, using the fixed point method, we prove the Hyers-Ulam stability of random
derivations on complete random normed algebras associated with the Cauchy-Jensen ad-

ditive functional inequality (1.3).

Page 8 of 13
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Theorem 3.1 Let ¢ : Y3 — [0,00) be a function such that there exists an L < % with

(%, y,2) < —p(2x,2y,22)

N~

forallx,y,ze Y. Letf: Y — Y be an odd mapping satisfying

2t t
agssorat) = mind o o (), ————1, 3D
f ()4 (ry) 0 (22) YA\ 3 ) ¢+ o(x,y,2)

s a)~f @y ) (£) = (3.2)

t+¢(x,y,0)

Jorallr e R, allx,y,z€ Y and all t > 0. Then D(x) := lim,,_,  2"f (35) exists for eachx € Y
and defines a random derivation D : Y — Y such that

) > (2-2L)¢ (3.3)
Hre-Da\t) = (2 —2L)t + Lo(x,x, —x) '
forallx e Y and all t > 0.
Note that pcf(o)(%) =1
Proof Letting y = x = —z in (3.1), we get
t
I 22)-2f ) (£) (3.4)

>
T+ o(x,x,—x)

forallxeY.
Consider the set

S={g: Y —>Y}

and introduce the generalized metric on S:

d(g, h) = inf{v ceR,: Hg(x)—h(x)(‘)t) > ,Vxe Y,Vt > 0},

L+ @x,x,—x)

where, as usual, inf¢ = +00. It is easy to show that (S, d) is complete (see the proof of [30,
Lemma 2.1]).

Now we consider the linear mapping J : S — S such that

Jg(x) = 2g<§>

forallxe Y.
It follows from (3.4) that

L t
Mf(x)—2f(’g‘>(§t) =t pwn )

forallx € Y and all £ > 0. So d(f, Jf) < %
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By Theorem 1.8, there exists a mapping D: Y — Y satisfying the following:
(1) D is a fixed point of ], i.e.,

x 1
D|-)==D 35
(5)- 30 ©5)
forallx € Y. Since f:Y — Yisodd, D: Y — Y is an odd mapping. The mapping D is a
unique fixed point of / in the set

M:{geS:d(f,g)<oo}.

This implies that D is a unique mapping satisfying (3.5) such that there exists a v € (0, 00)
satisfying

t

_ vt) > ——
f()-D(x) (VE) = PR p—

forallx € Y;
(2) d(J"f,D) — 0 as n — oo. This implies the equality

lim 2"f<ﬁ) - D(x)
n— 00 on
forallx € Y;

(3) d(f,D) < =-d(f,Jf), which implies the inequality

— 1-L

L
,D) < ——.
af )<2—2L

This implies that the inequality (3.3) holds.
Letr=1in(3.1). By (3.1),

n
Mg 2 uf2ef (22 (27)

- { (2”t> t } t

> minyg pons — ) = [ = =
O3 ) b oG 2 o) |t 0(as 2r ot

forallx,ye Y,allt>0and all » € N. So

t
21

>
u— n —X—
7+ 5y =72)

P2y (a2 ()

L
for allx,y € Y, all £ > 0 and all n € N. Since lim,,_, % =1forallx,y € Y and

n —X—
S oy, =2
all£>0,

MD(x)+D(y)+D(—x-y) (t) >1

forall x,y € Y and all £ > 0. So the mapping D: Y — Y is Cauchy additive.

Page 10 0of 13
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Letr=1,z=0and y = —xin (3.1). By (3.1),

t

Wiy (2'0) 2 fro(Z,250)
271’ 2}’[’

forallreR,allxe Y,allt>0andall#» € N. So

t
Thanp(se)-amp( ) () = T
2f n 2rf n 2%+12‘_n(p(x’_x’0)

forallr e R,allx € Y, all £ >0 and all » € N. Since limn_>oo+(o) =1forallxeY
2n+2n§0

and all £ > 0,

M D(rx)-rD(x) (t) =1

forallr e R, allx € Y and all £ > 0. Thus the additive mapping D: Y — Y is R-linear.
By (3.2),

Mgt s (40 2 T m
2”’ 2”,

forallx,ye Y,allt>0andall n e N. So

t

g 2y anf( 2 )y oy (£) =

4'f on rl) zf(zn)y xzf(zn) 471 + 2nga(x’y’o)

forallx,y € Y, all £ > 0 and all n € N. Since lim,,_>oo+()=1f0r all x,y € Y and all
w1 Tom PNy

t>0,

M D(xy)-D(x)y—xD(y) (t) =1

for all x,y € Y and all £ > 0. Thus the mapping D : Y — Y satisfies D(xy) = D(x)y + xD(y)
forallx,ye Y.
Therefore, there exists a unique random derivation D : Y — Y satisfying (3.3). O

Theorem 3.2 Let ¢ : Y2 — [0,00) be a function such that there exists an L <1 with

y z
' ) <2L
¢(x,9,2) <p<222)

forallx,y,z€ Y. Let f : Y — Y be an odd mapping satisfying (3.1) and (3.2). Then D(x) :=
lim,_, Zlnf (2"x) exists for each x € Y and defines a random derivation D : Y — Y such
that

(2-2L)t

_pw) () = 2 2L)t + 9% —) (3.6)

forallx e Y and all t > 0.
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Proof Let (S,d) be the generalized metric space defined in the proof of Theorem 3.1.
Consider the linear mapping / : S — S such that

Je) = 225)

forallxeY.
The rest of the proof is similar to the proofs of Theorems 2.1 and 3.1. d
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