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Abstract

In (J. Inequal. Appl. 201 T:Article ID 55, Section 4, 2011), Jang and Park proved the
Hyers-Ulam stability of quadratic x-derivations on Banach %-algebras. One can easily
show that all the quadratic x-derivations § in Section 4 must be trivial. So the results
are trivial. In this paper, we correct the statements and prove the corrected results.
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1 Introduction and preliminaries

Suppose that A is a complex Banach *-algebra. A C-linear mapping 8 : D(§) — A is said
to be a derivation on A if §(ab) = §(a)b + ad(b) for all a,b € A, where D(8) is a domain of
8 and D(8) is dense in A. If § satisfies the additional condition 8(a’) = §(a)” for all a € A,
then § is called a *-derivation on A. It is well known that if A is a C -algebra and D(5) is
A, then the derivation § is bounded.

A C-dynamical system is a triple (A, G, ) consisting of a C"-algebra A, a locally com-
pact group G, and a pointwise norm continuous homomorphism « of G into the group
Aut(A) of x-automorphisms of A. Every bounded x-derivation § arises as an infinitesimal
generator of a dynamical system for R. In fact, if § is a bounded *-derivation of A on a
Hilbert space H, then there exists an element / in the enveloping von Neumann algebra
A” such that

8(x) = adiu(x)

for all x € A. The theory of bounded derivations of C -algebras is important in the quan-
tum mechanics (see [2—4]).

A functional equation is called stable if any function satisfying the functional equation
‘approximately’ is near to a true solution of the functional equation.

In 1940, Ulam [5] proposed the following question concerning the stability of group
homomorphisms: Under what condition does there exist an additive mapping near an
approximately additive mapping? Hyers [6] answered the problem of Ulam for the case
where G; and G, are Banach spaces. A generalized version of the theorem of Hyers for an
© 2012 Park et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2012/1/183
mailto:dyshin@uos.ac.kr
http://creativecommons.org/licenses/by/2.0

Park et al. Journal of Inequalities and Applications 2012,2012:183 Page2of 6
http://www.journalofinequalitiesandapplications.com/content/2012/1/183

approximately linear mapping was given by Rassias [7]. Since then, the stability problems
of various functional equations have been extensively investigated by a number of authors
(see [8-20]).

Jang and Park [1, Section 4] proved the Hyers-Ulam stability of quadratic *-derivations
on Banach x-algebras.

Theorem 1.1 ([1, Theorem 4.2]) Suppose that f : A — A is a mapping with f(0) = 0 for
which there exists a function ¢ : A* — [0,00) such that

oo

1
¢(a,b,c,d) := Z H¢(2ka, 2K, 2%¢, 2kd) < 00,
k=0

If(a + Ab + cd) + f(ha — Ab + cd) — 2)°f (a) — 22°f (b) — 2f (c)d* - 2*f(d) | 1.1)
S (/J((l; br c d);
f(a)-f@ | <¢laaaa)
foralla,b,c,d € Aandall . € T:={u € C:|u| =1}. Also, if for each fixed a € A the map-

pingt — f(ta) from R to A is continuous, then there exists a unique quadratic x-derivation
8 on A satisfying

“f((l) - 8(“) || f (ZJ(&Z, a, O¢ 0)

=

forallae A.
Letting A =1, b = 0 and d = I (identity) in (1.1) of Theorem 1.1, we get
|f(a+c)+fla+c)-2f(a) - 2f(c) - 2¢°f ()| < p(a,0,c,1)

and

—~

1
olf

=

2"(a+c)) +f(2"(a+c)) - 2f(2"a) - 2f (2"c) -2 - 4">f(2"]) |

¢(2"a,0,2"¢,2"1)

S

for all a,c € A. Thus 28(a + ¢) = 28(a) + 28(c) + 2¢c*d’ for some d’ € A. Since § is quadratic,

28(a) + 28(—c) + 2(=c)®d’ = 28(a) + 28(c) + 2¢*d’ and 50 28(a + ) = 28(a — c). Letting c = a in

the last equality, we get 28(2a) = 25(0) = 0. So § must be zero. Thus the results are trivial.
In this paper, we correct the wrong statements in [1] and prove the corrected results.

2 Hyers-Ulam stability of quadratic #-derivations on Banach %-algebras
In this section, we correct the statements of [1, Section 4] and prove the Hyers-Ulam sta-
bility of the corrected results.

Definition 2.1 Let .4 be a x-normed algebra. A mapping § : A — A is a quadratic
x-derivation on A if § satisfies the following properties:
(1) 8 is a quadratic mapping,
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(2) 8 is quadratic homogeneous, that is, §(Aa) = A25(a) for alla € Aand all » € C,
(3) 8(ab) = 8(a)b® + a*s(b) forall a,b € A,
(4) 8(a’) =8(a) foralla e A.

Example 2.2 Let .4 be a commutative *-normed algebra. For a given self-adjoint element
x€ A, leté: A— Abe given by

8(a) = i(xa2 - azx)
for all x € A. Then it is easy to show that § : 4 — A is a quadratic *-derivation on A.

Theorem 2.3 Suppose that f : A — A is a mapping with f(0) = 0 _for which there exists a
function ¢ : A* — [0, 00) such that

o0

1

@la Z 4— 2’( 2"b < 00,

k=0
|f (A + Ab) + f(ha — Ab) = 20°f (a) - 22°f ()| < ¢(a, D), (2.1)
|f (ed) —f(O)d* - Pf ()| < p(c,d), (22)
If(a") -f(@)| < ¢la,a) (2.3)

foralla,b,c,d € Aandall . € T. Also, if for each fixed a € A the mapping t — f(ta) from
R to A is continuous, then there exists a unique quadratic *-derivation § on A satisfying

1

If(@) - 8(a)| < JP@a (2.4)

foralla e A.

Proof Putting a = b and A =1 in (2.1), we have

If (2a) - 4f ()| < ¢(a,a)
for all 2 € A. One can use induction to show that

Hf (2"a)  f(2"a)

n-1
@(2%a,2%a)
|52 Z bl (2.5)

4k

for all » > m > 0 and all a € A. It follows from (2.5) that the sequence {f @ Y s Cauchy.
Since A is complete, this sequence is convergent. Define

5@ = lim TZ%,

n—oo 471

Since f(0) = 0, we have §(0) = 0. Replacing a and b by 2"a and 2"b, respectively, in (2.1),
we get

Hf(Z”(ka +Ab)) +f(2"(ka —Ab)) ~ 2)sz(Z”a) ~ 2A2f(2nb) H - 0(2"a, Z”b)‘
47 41 47 47 47
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Taking the limit as # — 0o, we obtain
8(ha + Ab) + 8(ha — Ab) = 2X28(a) + 2A28(b) (2.6)

foralla,b € Aandall A € T. Putting A = 1 in (2.6), we obtain that § is a quadratic mapping.
It is well known that the quadratic mapping § satisfying (2.4) is unique (see [4] or [20]).
Setting b := a in (2.6), we get

8(2xra) = 42%8(a)
foralla € Aandall A € T. Hence
8(ra) = 228(a)

forall a € Aand all A € T. Under the assumption that f(¢a) is continuous in ¢ € R for each
fixed a € A, by the same reasoning as in the proof of [9], we obtain that §(Aa) = 128(a) for
alla € A and all A € R. Hence

— A _ }”2 _ )‘2 2 _ 12
8(ra) = a(mma) = W3(|,\|a) = W'M 8(a) = 128(a)

foralla € A and all 1 € C (A #0). This means that § is quadratic homogeneous.
Replacing ¢ and d by 2”¢ and 2"d, respectively, in (2.2), we get

H f@c-2"d) 2212f (2 d) ~ f(2"c)2%1d?
42;1

42;'1 42n
f(%cd) 2% f(2"d)  f(2"c) 22"d?
= 42n - 22n 4n - 4n 22n
n n n n
_ ©(2"¢,2"d) - ©(2"¢,2"d)
- 42n - 4n

forall c,d € A.
Thus we have

2"¢,2"d
[8(cd) - 5(d) - 80| < tim LEZD
n—00 4n
Replacing @ and a” by 2"a and 2"a’, respectively, in (2.3), we get

Passing to the limit as # — oo, we get the §(a’) = §(a)” for all @ € A. So § is a quadratic

1 . 1 * 1
L) - f(ara) H = Lo(ara)

s-derivation on A, as desired. O

Corollary 2.4 Let ¢, p be positive real numbers with p < 2. Suppose that f : A — Aisa
mapping such that

|f (A + 1b) + f(ha — Ab) — 22°f (a) - 22°F(b)|| < &(llal” + |BII7), (2.7)
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If (cd) = f(d) — £ (2| < e(llcll? + IdII?), 2.8)
If(@) -f@| < 2¢llall? (2.9)

for all a,b,c,d € A and all ) € T. Also, if for each fixed a € A the mapping t — f(ta) is
continuous, then there exists a unique quadratic x-derivation § on A satisfying

If (@) - 8(a)] <
forallae A.
Proof Putting ¢(a, b) = &(||all” + ||b||P) in Theorem 2.3, we get the desired result. (|

Similarly, we can obtain the following. We will omit the proof.

Theorem 2.5 Suppose that f : A — A is a mapping with f(0) = 0 _for which there exists a
function ¢ : A* — [0, 00) satisfying (2.1), (2.2), (2.3) and

i <2k 2k> o0

k=1

foralla,b e A. Also, if for each fixed a € A the mapping t — f(ta) from R to A is continu-
ous, then there exists a unique quadratic x-derivation § on A satisfying

1@ -5 < ~¢(aa)
4

forall a € A, where

¢(a,b) _24]( (2k 21()

Corollary 2.6 Let ¢, p be positive real numbers with p > 4. Suppose that f : A — Aisa
mapping satisfying (2.7), (2.8) and (2.9). Also, if for each fixed a € A the mappingt — f(ta)
is continuous, then there exists a unique quadratic x-derivation § on A satisfying

|Lf(ﬂ) 8(a) || < ||tl||p
forallae A.
Proof Putting ¢(a, b) = &(||a||” + ||b||P) in Theorem 2.5, we get the desired result. O
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