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Abstract

Let /8/(1 be the multilinear fractional type operator defined by

g o (Hx) = Jan QUITTY, fi= 601y dy. In this paper, we study the weighted
estimates for the Trudinger inequality associated to /801 with rough homogeneous

kernels, which improve some known results signiﬁcar{tly. A similar Trudinger
inequality holds for another type of fractional integral defined by

7 7 T 1601211
/Q,ot(f)(x):f(RnW 1% =

Y1 XY 20 XYm)| T

dy, where dy = dy - - - dyp,.

Keywords: Riesz potential; multilinear fractional integral; A, weights; A, , weights;
Trudinger inequality

1 Introduction

The Trudinger inequality (also sometimes called the Moser-Trudinger inequality) is
named after N. Trudinger who first put forward this inequality in [22]. Later, ]. Moser
[14] gave a sharp form of this Trudinger inequality. It provides an inequality between a
certain Sobolev space norm and an Orlicz space norm of a function. In [14], ]. Moser gave
the largest positive number By, such that if # € C}(R”), normalized and supported in a
domain D with finite measure in R”, such that [ |[Vu(x)|” dx <1, then there is a constant

1/(n-1

¢o depending only on # such that for all 8 < By = nw,,_; ), where w,_1 is the area of the

surface of the unit n-ball. The following inequality holds:

/Dexp(ﬂ |u(x)|n/(n_1)) dx < ¢o|D). (1.1)

In1971, D. Adams [1] considered the similar inequality of ]. Moser for higher order deriva-
tives. The key, for him, was to write the function u as a potential I, (see the definition
below) and prove the analogue of (1.1) as follows:

Lof (x)

fool
X
AR T

Variant forms of the Trudinger inequality as a generalization of the classical results,

n/(n—a)
>dx§colD|, fora =n/p,f € L’ (1 <p<o0). (1.2)

especially in the literature associated with multilinear Riesz potential or multilinear frac-
tional integral, have been studied in recently years (see, for example, [2, 3, 6, 7, 10, 14, 16—
18,
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20, 21]). This kind of inequality plays an important role in Harmonic analysis and other
fields, such as PDE.

We begin by introducing a class of multilinear maximal function and multilinear frac-
tional integral operators. Suppose that n > 2, 0 < « < 1, Q is homogeneous of degree zero,
and Q € L°(S") (s > 1), where S"! denotes the unit sphere of R”. The multilinear maximal

function and multilinear fractional integral is defined by
19, ) = /R ) Q) ﬁﬁ(x — 09|yl dy 1.3)
j=1
and the fractional maximal operator Mg, defined by
M3, (@) = S;‘:gr%a fmqlﬂ(y){ ﬁ%(x—G;y)ldy. (1.4)
j=

Multilinear fractional integral 18,01 can be looked at as a natural generalization of the
classical fractional integral, which has a very profound background of partial differential
equations and is a very important operator in Harmonic analysis. In fact, if we take K =1,
6y =1, and Q = 1, then I, is just the well-known classical fractional integral operator
studied by Muckenhoupt and Wheeden in [15]. We denote it by I,. If Q =1, we simply
denote Ig’a =19. In recent years, the study of the Trudinger inequality associated to mul-
tilinear type operators has received increasing attention. Among them, it is well known
that Grafakos considered the boundedness of a family of related fractional integrals in [7].
After that, in [6], Y. Ding and S. Lu gave the following Trudinger inequality with rough
kernels.

Theorem A ([6]) Let0<a<n,s=§,%zpil+pi2+~~~+$,p,>1,j:1,2,...,m,m22.

Denote B as a ball with a radius R in R". If f; € L?(B), supp(f;)) C B, and Q € LHn-a)(gn-1),
then for any y <1, there is a constant C, independent of n, o, 6;, y, such that

LI@ 7 X n/(n-a)
/exp (ny( Q’“(f),s, ) ) ) dx < CR",
B €20 prrir-o T T2 Il 25

where L =T171 10,9, © = (01,05,....0m), f = (fofor. fon) and

i« ) (n—a)/n

n/(n-a

”Q”Ln/(n—a) = (/ . |Q(x)| dG(?C)) .
Sn=

The definition of multiple weights A3 ; was given in [5] and [13] independently, including
some weighted estimates for a class of multilinear fractional type operators. These results
together with [12] answered an open problem in [8], namely the existence of the multiple
weights.

In 2010, W. Li, Q. Xue, and K. Yabuta [16] obtained the weighted estimates for the
Trudinger inequality associated to I° as follows.

Theorem B ([16]) LetO<a <ns=7, % :pil+pl2+--~+ﬁ,pj>1, wj(x)eApj,andwsz

j=12,...mm=>2,v; = ]_[;ZI w;/p/. Denote B as a ball with the radius R in R", iff; Lf; (B),
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supp(f;) C B, j=1,2,...,m, then for any y <1, there is a constant C, independent of n, , 6,
y, such that

n LI®(F)(x) )”“’H”) "
ex — vadx < C| | wi(B),
fB p(wn_l i’ (H,-zl Wl [Te
u)]‘

j-1

where L = [, 16;"71, © = 01,0210 £ = (Fisfor oo fon)

On the other hand, in 1999, Kenig and Stein [11] considered another more general type
of multilinear fractional integral which was defined by

- 1 "
o = T N mn—-a i\ti IERRSN 4772} d i
I ‘A(f)(x) KRK)M |()’1,...yym)|mn “ ll;[f(e 0/1 y x)) y

where ¢; is a linear combination of y;s and x depending on the matrix A. They showed that
I 4 was of strong type (L#* x --- x LP7,L7) and weak type (L! x --- x [P, [7%°). When
(1., Ym> %) = x — y;, we denote this multilinear fractional type operator by I,. In 2008,
L. Tang [20] obtained the estimation of the exponential integrability of the above operator
I, which is quite similar to Theorem B.

Thus, it is natural to ask whether Theorem B is true or not for I§ , with rough kernels.
Moreover, one may ask if Theorem B still holds or not for the operator with rough kernels
defined by

O e et e

@y (X = Y10 = Yo, ety X = Yppy) |17

Inspired by the works above, in this paper, we study the Trudinger inequality associated
to multilinear fractional integral operators Ig,a and I, with rough homogeneous kernels.
Precisely, we obtain the following theorems, which give a positive answer to the above

questions.

Theorem 1.1 Let0<a<n,s:ﬂ,1:L+i+~~~+i,pr>1,j:1,2,...,m,mz2,Den0te
o’s  p1 o p2 pm’ £

B as a ball with radius R in R"; if f; € LZ (B), supp(f) CB(i=1,2,...,m), @ € L") (sn-1),

and v = ]_[lrz1 wjp/ , Where w; € Ag, wj > 1. Then for any y <1, there is a constant C, inde-

pendent of n, a, 0, y, such that

L[(-) 7 X n/(n—a) m
fexp(ny( Qa(f),f, ) ) )v(;)dxf Cij(B),
B 12| p/n-e Hi=1 |l}§||LPj
o

j=1

where L =TT, 61", © = (01,60,....0u), f = (hofor- oS-

Remark 1.1 If we take @ = 1, then Theorem 1.1 coincides with Theorem B. If w; =1 for
j=1,...,K, then Theorem 1.1 is just Theorem A that appeared in [6]. We give an example
of v; as follows: Let w;(x) = (1 + |x)% (o > O for each j), then v, (x) satisfy the conditions
of the above Theorem 1.1.
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Remark 1.2 Assume m = 1, w; = 1. If & = 1, Trudinger [20] proved exponential integrabil-
ity of I,, (f), and Strichartz [19] for other «. In 1972, Hedberg [9] gave a simpler proof for
all . In 1970, Hempel-Morris-Trudinger [10] showed that if y > 1, for & = 1 the inequality
in Theorem 1.1 cannot hold, and later Adams [1] obtained the same conclusion for all «;
meanwhile, in the endpoint case y =1, it is true. In 1985, Chang and Marshall [4] proved
a similar sharp exponential inequality concerning the Dirichlet integral. Assume m > 2,

w; = 1, then the result was obtained by Grafakos [7] as we have already mentioned above.

Corollary 1.2 Let B, f;, p;, s, and v be the same as in Theorem 1.1, then Ig,a(}?) is in
Li(vg(B)) for every q > 0, that is,

m
1282 ) ooy sy < ClI R mtoarsnny [ TI51
]

j=1
for some constant C depending only on q on n on a and on the 6;’s.

Theorem 1.3 Let m>2,0<a<mn 1/p=1/p1+1/ps+ -+ +1/py =a/nwithl < p; < oo
fori=1,2,...,m. Let B be a ball with radius R in R" and let f; € L¥(B) be supported in B,
and if Q; is homogeneous of degree zero, and Q; € L” ) (8™1), where S"™! denotes the sphere
of R", and v;(y) = [, a);/pi(yj), where y = (91,¥2,...,Ym) and w; € A, @; > 1. Then there
exist constants ky, ko depending only on n, m, a, p, and the p; such that

7 7 nl(mn—a) m
/ exp<k1<l_[m loal)) ) )v;u(x) dx <k [ y(B).
B

j=1 ”Qj”Lp/,'(snfl)|m”LZ -1

Remark 1.3 If we take 2 =1, w; =1 for j = 1,...,m, then Theorem 1.3 is just as Theo-
rem 1.3 appeared in [20]. But there is something that needs to be changed in the proof
of Theorem 1.3 in [20]. In the case r; =1y = --- = 1,,,_1 = 0, one cannot obtain the con-
clusion that F, < C,[log @](”‘”’“)/ . Thus, our proof gives an alternative correction of
Theorem 1.3 in [20].

Corollary 1.4 Let B, f;, pj, s, and vg be the same as in Theorem 1.3. Then jg,a(}?) is in
Li(v;(B)) for every q > 0, that is,

m
TGl Prm—— CE[ e

for some constant C depending only on q on n on .

Corollary 1.2 and Corollary 1.4 follow since exponential integrability of I, (}? ) implies in-
tegrability to any power g.
On the other hand, we shall study the boundedness of the multilinear fractional maximal

operator with a weighted norm. It follows the following theorem.
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pi

A .
=y 5} L=l o e Al %), 1/r; = 1p;(1 - as/n),

j=12,...,m v = I—[}m=1 wj, then there is a constant C, independent f;, such that

Theorem 1.5 If1 < p; < oo, 1

S

( /R n (Mfa(f)(x)vg)(x))rdx)r < C!—II( A;{ ey dx> 7,

where f = (fi,foo...f) f; € Lt} (R").

2 The proof of Theorem 1.1

In this section, we will prove Theorem 1.1.

Proof Foranyé >0,

o) [ 15— dy.

i=s V1" i1

0 ()| < C8* Mo (F)() +

Set P = 2m1n{ :j=1,2,...,K}. For any R > 0, denote B(R) as a ball with radius R in R”,
then for any x e B(R), when |x — 0| <R, |6;y| < 2R for j =1,..., m. Therefore, |y| < RP. So,

| | fo gl ay= [ Hf(x Gyl dy.
y>

B=IyI<PR

According to the relationship between s and Pty ot Ly

—1___1, from the
pm  nl(n-a)

Holder’s inequality and vg > 1, it follows that

Q TP
/5<IyI<PR (y)gﬁ(x ;J’)Iyl ly

Vs ) S
) </8<yl<PR<Hf(x 01)’) d)’) (/8<Iy|<PR<||j/2|t(7y?1|) dy)l/

n-a

m 1/s n-a
PR\ 7
(/ ]_[ﬁ(x—é);y)sva(x—@;y)dy) IIQIILS/<IH?>
S<|yl<PR "

j=1

m 1 N =4
: j 1 PR g

1'[( / [fi(x = 0| oy (x — 69) dy) gl (— 1n<—) )

: S<|y|<PR n 1)

j=1

- 1. /PR\"\ "
Tl i (5n(5) )
R

Hence, we obtain that

IA

IA

0. ()| < C8"Maf (x) + L™ l_lllfll 121, (_ (1;12))

j=1
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Set 8 = £(1S,, () (%)|/ CMa(f) (%)), then

LIS, () >—} ] (Mg(h(x))"’a
— <InCR"| ———
exp{"y(nsznp/ AT =B

19,
HQ”Ln/(n—a) H;:l ”f;” pj
La

/ ( ( L18, ()) )”/‘”‘“)) d
exp\ 7y i Ve (x) dx
B 120 pren-o) TTZ U712

7

: MQ(?)(x))"/“
C P — ) d
=R /1;1(18,0[(][)@) valx) dx

M 7 nla

<CRrR" / < Q(f)(,f,c) > v (%) dx.
B \ N e TTZ 25

@j

> 1}, B, =B-By, thus

Now we put B; = {x € B:

By the fact that

r>0

Ma(F)(x) = sup / | 10)| =5 [0 dy
yl<r j=1

S

SSUP!i(lfM}Q(ylf % e,y)dy)

S

=1

~.

Therefore, we get

[ ( ( L1, (H®) >"f<w>> i
exp\ ny 7 Vg (x) dx
By p ||Q||Ln/(rl—0t) ]_[/:1 ”fl‘”lf;/

- (*x))) ¥ vz (x) dx
”Q”Ln/nat j= 1”f||Sp/ ‘/Bll h ))
m P 152
CR" f /I 7
= Ma(f;® (%)) w;(x) dx)
21 -0 [T} 1|[f||L,, S H( Bl( ofi* @) @

_IIQIILn/M AP H’V H

17,/1
“j

<CR".

Here, in the above third inequality, we have used the well-known weighted result of Hardy-

Littlewood maximal function.

Page 6 of 12
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From w; >1(j=1,2,...,m), we get

R' = c/ dx < c/ w;(x) dx = cw;i(B).
B B

Hence,
LI@) 7 X nl(n—a) m
/ exp (ny ( o (f)W(, ) > )v(;,(x) dx<C l_[ w;(B)
o 120 T 11 z
“j
On the other hand,

/ ( ( LIS, (f)(x) )””"“”) d
exp\ ny VoX)ax
ATy y AT

7

L\
<espn) (=) [ vatwds
Ls 2

j-1

From the above all, we obtain that

LI® 7 nl(n-c) m
/ exp (ny ( 2o (f),flx) ) ) vp(x)dx < C 1_[ wj(B).
B €21 o0 TTiZ W1 2 .
)

J=1

3 The proof of Theorem 1.5
In this section, we will prove Theorem 1.5.

Proof By the well-known Hoélder’s inequality, we get

waﬁjvxy

My, (f)x) = sup

>0 |7’
J 7
=S rl>1£) |r|n * H( |y|<rf (x y) y)
m 1 o b
| frx-yd
= !:II(SVE(I)) |r|n—ot |y|<rf1‘ (x y) y)
= [T (7))
j=1
Hence,
1r m r 1/r
(/ (Mla(f)(x)\)g)(x)) dx) < |:/ (H[Ml (fl’//s)(x) P//s( )] ) dxi|
R” R\

Page 7 of 12
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In addition, from the condition a)f’ s(x) € A(s, ;Lf), it follows that
7

l/}'
[ / (M (F7") W) ))"'/""d} [ / (7" @t )de} ".
R~7

According to the above, we obtain that

Ir m 1/p;
(/ (Mla(f)(x)vw(x) dx) H([Rn(ﬁ(x)wj(x))l’i dx) .

It is easy to see that

MO (f)(x)—SUP e / ]—[lf<x 6)| dy,
y<r

where © = (01,6,,...,6.), 0; € R holds, also.

4 The proof of Theorem 1.3
In this section, we will prove Theorem 1.3.

Proof Foranyd >0 and x € B,

|ZQ,oz(fl) 27"'1fm)(x)|
</ [T 19250601 5
|(B=y1,%=y 2%~y m) | <8 I(

S e=yrx-y2,0 X ) x_yljx_yb'“lx_ym)'mnia

+/ [T 120,601 5
[(F=91,%=y25.¥=Ym) | =8 I(

..... g8 [(E = YL X = Yo, 8 = Yppy) |1

= Fl + Fz.

For F, leta = 3 7 o with o = n/p; for j=1,2,...,m. Then

00
Fl = -/(x—m X=Y2 dy

..... K=y <8 1_[ 21 e ="

<

“ / 1505091
|

1
x—yjl<é |x J/|" %

< C] [8Me,(f)(x)

j=1

= G [ [ Mo, (f) @),
j=1

where Mg denotes as Mq(f)(x) = sup,, o f w—yl<r [QQ0)f ()| dy.

Fong,lf(yl,yg, -»Ym) satisfies [(x—y1,Xx—y2,...,%—¥,,)| = §,thenforsomej e 1,2,...

lx =yl < f Without losing the generalization, we set j = m.

,m,

Page 8 of 12
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Thus,

k, </ / [T 1200600 5
= Jst mzix—ymi<ar J@myn1 [(6 = y1,% = Yo,y X = Y|

Define that];0 = fiXBsrymy and 7 = f —]50 for j =1,2,...,m. By the condition of v, we

have
£ / / [T 19,00 OOyl
2 =
reiomaym V SINmla-ym| 2R J (-1 [(X = Y1,% = Y2500y X = Ypu) |1
B f / H;Z;l|sz,-(y,-)ﬁ"(y,»>||szm(ymym(ym)|w 65
 ieiomem JOINmSI-ym] 2R J @1 (= y1,% = g2, =y e ’
where 7 = (r1,19,...,7,). In the case that r; = rp = - - - = 1,1 = 0, by the fact that
| =y 2=y = )| = 1o = Yl ™
m—1 7
= 5= Yl o = g
5\ Zr
> X — m H=em - ’
> %= Yl ( M)
we have

m=110) (2 \FO (.
/ / 2 190001200 o
M= |x—ym | <2R J (R?)m-1

|(x_y1rx_y2!~'7x_ym)|mn «

m-1 n
A QWI mjym m
< 1_[8 pj / kaﬁp’”(ym)dym
. ﬁs\x—ym\SZR |x - J’ml""”m

m-1
gl /'"—y/<8/M|Qj(yj)ﬁ(yf)|‘”;/pi(yj)dyi

2R 1p
< C]"[nsz [ 11 (log f)

j=1

m 2R\/— mn— Ot VI
=c[] e e v/ (log )
j=1

Consider the case where exactly / of the r; are oo for some 1 < [ < m. Without losing the

generalization, we only give the argument for r; = 00, j = 1,2,...,/, then

f f 1 00 T 1 O T R 0Ol
/\/—<|x ym|<2R J (R")

[ = Y1,% = Y25 ooy X = Yppy) |14

kels1 Y [X-yK|<81/m

m-1
=11 / |20 ) [ () e

!
y / |Q,(y;)}§(y,)| wjl/p" o)y,

n—o
i1 ol msla-y| 2R o — ;| "%
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|Qm(ym)fm(ym)| 1/pm
% // ., ()/m)dym

m
S/ m=lx=ym| 2R 12 = Y| L1 %

1
ZJ_R et gy
SC[I } 1:[||sz|| o W2

m _
ZMR (mn—-a)/n
< ClZ[ ||Q;||Lp;(sn_1)|lﬁ||LZ [log 5 ] .
j=

Combining the above cases, we obtain

ZMR (mn-a)/n
F2<C2H||Q|| )|m||Lp,[log 5 }
“j

j=1

Thus, by the estimates for F;, F», we have

Toa(fifor- o fin)®) < C18* | [ Ma, () ()

Jj=1

2\/}’}_’1R ] (mn-a)/n
5 .

+C21_[||Q [ v [log

j=1

In particular, we chose § = 2,/mR for all x € B, then

Ioo(fisfos - o fin) @) < C18° | [ Moy (F)()

j=1

Now, we set

m 1/
§=3(x)= 8|:|7sz,a(f1, 2v~rfm)(x)|/cl HMQj(fj)(x)j| ,
j=1

where ¢ < 1.
Then

’jﬂ,a(flf 290 ’fm)(x)|
< ea |i§2,a(ﬂ’ PARERS 1fm)(x)|

1 (2\/W_1R)H[C l—lrz M /(f)(x)]n/a (mn—-a)/n
A I )|

j=1

Hence,

eXp(k( |79a(f1,f2’ fm)(x)| )n/(mn—a))< C[H;ZIMQi(ﬁ)(x)]n/a
AT = Tonlifor )@

S” 1)
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LetB = {xeB: Maafiforfm_ 1} and B, = B — By, then
Tl Tl
i sr-1y

/exp<k< oulfifor- - fu) )] >"’<'""'“>)va i
1
5 [T R0 7 g 21 ’

[T Mo, (f)(x)  \ "
7 g)d
<CR /31 (Hm ) Ve dx

TN

wo M)y \ e
“j

<CR" )
i 19407 W

< CR"
<C[[ex®.

j

On the other hand,
o (finfor- o f)@)] )0
/ exp<k1< — ) ) )vg)(x) dx
By l_L‘:l ” j”LPI/'(S”*l)”ﬁ”Lpi
<exp (k) l_[/ wj(x) dx
j=1 P2

m
<C[Je®.

j=1

Combining the above results, we obtain

j Fifor e irfn n/(mn-a) m
/exp(kl( ',ff’ Uiofor-: o)) ) )v(;)(x)dxszl_[wj(B),
B Hj=1 ”Qj”Lp/,( )”ﬁ”L”i =1

j(sn-1

where ki, k; are constants depending only on n, m, «, p, and the p;. O
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