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Abstract

There are a lot of refinements of the discrete Jensen’s inequality, and this problem has
been studied by many authors. It is also a natural problem to give analogous results
for the classical Jensen’s inequality. In spite of this, few papers have been published
dealing with this problem. The purpose of this paper is to give some refinements of
the classical Jensen’s inequality. The results give a new approach of this topic.
Moreover, new discrete inequalities can be derived, and the integral analogous of
discrete inequalities can be obtained. We also have new refinements of the left-hand
side of the Hermite-Hadamard inequality.
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1 Introduction
In view of applications in different parts of mathematics, the classical Jensen’s inequality

is especially noteworthy, as well as useful.

Theorem A (see [2]) Let fbe an integrable function on a probability space (X, A, P) taking
values in an interval I C R. Then [, f dP lies in 1. If q is a convex function on I such that
qof is P-integrable, then

q( / fdP) < [orar w

The discrete version of the Jensen’s inequality is also particularly important.

Theorem B (see [8]) Let C be a convex subset of a real vector space V, and let q: C —
R be a convex function. If ps, ..., p, are nonnegative numbers with p, + --- + p, = 1, and
Viy...,Vy € C, then

q(ZPiVi) <Y pav. (2)
i=1 i=1

Various attempts have been made by many authors to refine the discrete Jensen’s in-
equality (2). Basic papers in this direction were [10] and [9]. [6] and [4] contain essential
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generalizations of some earlier results. Some other types of refinements have been stud-
ied in the recent papers [12] and [5]. The treatment of the problem is similar in all the

mentioned and other papers: Create an expression A = A(q, v;, p;) satisfying the inequality

q(me) <A< pav), 3)
i=1 i=1

where A is a sum whose index set is a subset (mainly a proper subset) of either {1,...,n}
or {1,...,k}" for some k € {1,2,...}. For further details, see [5].

It is also a natural problem to give analogous results for the classical Jensen’s inequality
(1). In spite of this, few papers have been published dealing with this problem (see [3] and
[11]). One important reason is indicated: It is not possible to use the same machinery that is
used in the discrete case. To the author’s best knowledge, it does not exist any refinements
of (1) in the form

q(/)(fdP)ng/qufdP,

where B = B(q,f, P) is an integral over a proper subset of X* for some k € {1,2,...}.

In this paper, such a refinement of (1) is obtained. The results not only extend and gener-
alize earlier results, but give a new method to refine inequality (1). Moreover, the integral
versions of classical discrete inequalities can be obtained. The inspiration for our result
comes from the approach applied in [6]. We give such a version which shows the new

feature clearly, but the method can be extended.

2 Main results
For the results from integration theory, see [2].
We consider the following conditions:
(Cy) Let (X, A, ) be a o-finite measure space such that u(X) > 0.
The integrable functions are considered to be measurable.
(Cz) Let ¢ be a positive function on X such that [, ¢ du =1.
In this case, the measure P defined on A by

P(A) = fA pdp

is a probability measure having density ¢ with respect to u. An A-measurable function
g:X — R is P-integrable if and only if g¢ is p-integrable, and the relationship between
the P- and pu-integrals is

/gdP:/ggod,u.
X X

(Cs) Let k > 2 be a fixed integer.
The o -algebra in XX generated by the projection mappings pr,, : XX — X (m =1,...,k)

Prm(®1 o5 %) 1= Xy
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is denoted by A*. 1* means the product measure on A*: This measure is uniquely (1 is
o -finite) specified by

PEAL X - X AR) = (A - Ar), Ape Am=1,.. k.

We shall also use the following projection mappings: For m = 1,...,k define pr” : X* —
X*1 by

pris, . xk) 1= (X0 e X1y X1y -+ - > Xk)-
For every Q € A* and for all m = 1,..., k, the sets

Qm,x = {(xl; o s X1 Xmtlr e« ’xk) € Xk71 |

(xb e X% X1 e - rxk) € Q}

and

are called x-sections of Q (x € X) and (x1,...,%u_1, Xms1, . - -, &%) -sections of Q ((xy,...,
X1, Xms1,-- %) € X&), respectively. We note that the sets Q,,, lie in A1, while

(C4) Let S € AX such that

k
prm(S) e A, m=1,...,k and Uprm(S)zX, (4)
m=1
and
k
1):= Y Bt (Sm) €10,00[, x€X,
m=1

where B, ..., By are fixed positive numbers.

We stress that the first condition in (4) is necessary. For example, there exists a Borel
set in R? whose image under the first projection map is not a Borel set in R (see [7]). The
function / is .A-measurable.

Under the conditions (C;)-(Cy), we introduce the functions ¥ : X* — 10, co[

k
Bio(x))
WXy, ..., x0) = —_—
! 121: I(%)

and ¢! : XK1 —10,00[ (i=1,...,k)

k
VXL e Xi1, K, - X) 1= Z

j=1

ji

Bip(x;)
lx)
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Since

Bi(g o pry)
V= Z Lopr; ’

¥ is AX-measurable. Similarly, ¥/ (i = 1,..., k) is A*!-measurable.
(Cs) Suppose pr'(S) e A< (m=1,...,k).

Now we formulate the main results.

Theorem 1 Assume (Cy1)-(Cy). Let f : X — R be a P-integrable function taking values in
an interval I C R, and let q be a convex function on I such that q o f is P-integrable. Then

(a)

q(/xfdP> _ q(/xﬂﬂdu) Y
W Bl x/ k
= [Sq< xl: rxk) Z 1) >¢(x1, ;xk)dﬂ (xl:“'rxk)

S/X(qu)(pdu=/Xq°fdP

(b) If (Cs) is also satisfied, then
q(/xfdP> = q(/xfwdu) <Nk <N

i=1

1 Bie( x,
X .
q(vfl(xlwu:xi—l’xﬂb )xk) Z l(x]
;/

X wi(xl;o~uxi—l;xiﬂy~~~»xk)dﬂk_l(xl»~-~:xi—1,xi+],~~:xk)

5/}((qu)¢@=qu°de"

By applying the method used in the proof of the preceding theorem, it is possible to
obtain a chain of refinements of the form

q</f¢du> SN <N < <N 5N1=/(q<>f)<pdu,
X X

but some measurability problems crop up and it is not so easy to construct the expressions
N; (i=k-2,...,2). These difficulties disappear entirely if S := X. In this case, we have the
following theorem.

Theorem 2 Assume (C1)-(Cs), and let n(X) < 0o. If f : X — R is a P-integrable func-

tion taking values in an interval I C R, and q is a convex function on I such that q o f
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is P-integrable, then

o(frer) = ol [oae)

s~~~sts~~~5N25N1=/(qof)<pdu:/q0fd1’, k=1,
X X
where
1 Z lgo(x,)fx,)
Negi=———— = o) dur(xe, ..., x0), k>1.
CT Ok /qu< Z] Lo(x) 21: nanE ‘

3 Discussion and applications

The following special situations show the force of our results: They extend and general-
ize some earlier results; new refinements of the discrete Jensen’s inequality can be con-
structed; the integral version of known discrete inequalities can be derived.

1. Suppose (X, A, 11) is a probability space, p(x) := 1 (x € X), S := X¥, and an:l Bm = 1.
Then (C;)-(Cs) are satisfied. Suppose also that f : X — R is a j-integrable function taking
values in an interval / C R, and ¢ is a convex function on [ such that g o f is p-integrable.
In this case, Theorem 1(a) gives Theorem 1.3(a) in [3]:

k
q( /X fdu> < /X [1(121 ﬁ;f(x;)) e, ) < /X (gof)dn. (5)

If B = % (m =1,...,k) also holds, then Theorem 1.3(b) in [3] comes from Theorem 1(b):

k+1

1
/xkﬂ Q(m ?:1 J (xj)> dﬂkﬂ(xh . Y
1k
= _/);k q(z ;:1 J (x])> dﬂk(th,xk), k > 1 (6)

We can see that Theorem 1 is much more general than (5) even if u is a probability

measure. Moreover, Theorem 1(b) makes it possible to obtain a chain of refinements in

(5):
k
. . k
o [ran) < kaq(;ﬁﬂx,)) Aoy x0)

1 &
< (1-8)
(k-1) 12:1:

X/ q(l Bi Zﬁlf Xj )dﬂk Y01, ey X1y K10 XR)

1#1

< /X(q of)du.

Page 5 of 19
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2. Let X := [a,b] C R (a < b). The set of the Borel subsets of R (R¥) is denoted by B (B%).
A means the Lebesgue measure on B. Let g : [a, b] — R be a convex function.
The classical Hermite-Hadamard inequality (see [1]) says

b 1 b .
Q<a; >5m/a q(x)dxgw'

We can obtain the following refinement of the left-hand side of the Hermite-Hadamard
inequality.

Corollary 3 Let S C [a,b]* be a Borel set such that
k
pra(S)eB, m=1,...k and | Jpr.(S)=la,b],
m=1
and
k
&)=Y Bk (Swa) >0, x€[a,b],

m=1

where B,, >0 (m=1,...,k).
Then

a+b 1 : Bix; k
Q< ) )S/S‘Q<(b_a)w(xb“”xk);m)¢(x1,...,xk)du (1, ... %)

b
<. ; q(x)dx. (7)

Proof We can apply Theorem 1(a) to the pair of functions ¢,f : [a,b] - R, ¢(x) = ﬁ, and
Sf(x) = x. O

If S = [a,b]* and an:l B, = 1, then we have from (7) and Theorem 1(b) one of the main
results in [13] as a special case:

a+b 1 k )

=1

k

1- B
Z(k 1)(b — a)k1

k
1
X q —E Bixi | A e, i1, Kivts s XK)
,/[.a,b]kl (l_ﬂi = //> i i+

#
1 b

= b—a g q(x) dx.

Another concrete example can be constructed for (7) by using Corollary 5.
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3. In the following results, we consider noteworthy proper subsets of R¥.
(a) Let z,w € R, z < w, and m > 1 be an integer. The simplex S7', is defined by

S =G oxm) ER" [z2<x <+ <X < wh

Let X := [a,b] C R (a < b), and p be a finite measure on the trace o -algebra [a, b] N B such
that w([a, b]) > 0. Suppose ¢ : [a,b] — R is a positive function such that f[u’b] @dp = 1. Fix
an integer k > 2, and let 8, >0 (m =1,...,k).

Choose S := S’;,b. Then

Sie=Sh Ska=Sl Swx=SEtx ST, 2<m<k-1,
once the appropriate identification of R*~! with Ri-! x R (2 < j < k—1) has been made.

Therefore,

Zﬂ’”“ S"’ 1 wk= "‘(S’;,Z’”) >0, x¢€la,b],

where 1°(89,) = u°(S9,) := 1. Thus,

k

Bio(x)) .
it v (e x0) € a,b]"
1 ' 12=1: Yoneet Bt (S1) Mkfm(S,'ﬁ;Zq ) ! k

We can see that under the above assumptions (C;)-(Cy) are satisfied, so Theorem 1 can

be applied.

Corollary 4 Iff : [a,b] — R is a P-integrable function taking values in an interval I C R,
and q is a convex function on I such that q o f is P-integrable, then

(L)

=q ( fo du)
(a.b]

1 L Bio()f (%)
= /sq(zk Bjo(x)) Z Z 1/3m,um 1(5 )Mk m(Sk m)

S Y

k

Bio(x)) .
" /:Zl er(nzl ﬁm,u'm I(S )Mk Wl(Sk m) /.L (xl""’xk)
<[ @opwdu= [ qofar. o
[ab] [ab]

Specifically, if u = A, we have

1 <& k-1
l(x) = &0 ;ﬂm (m _ 1) (@ —a)" (b-x)", x€la,bl.

Page 7 of 19
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When 8, = - -+ = B = B, this says

I(x) = b-a)", xelabl,

(k-1)!

and in this case we have the inequality for the cube [a, b]¥

(L)

(k—1)! 1

j=1

1 1 k
e /[a,b]k q(Z, Lolm) & Z‘p e ) 2N )

b
< / (q0f)pd.

Next, we show that inequality (8) extends the following well-known discrete inequality
to an integral form. Similar results are quite rare in the literature (see [3]).

Theorem C (see [9]) Let I be an interval in R, and let q: I — R be a convex function. If
Vi,...,Vy €1, then for each k > 1

1o 1 ;
q(;zvl)s e L o) <) zqm ©)
i=1 ( k ) 1<ii<--<ix<n

LetX:=[l,Ln] CR(n>1isan integer) and let 1 be the measure on the trace o -algebra
[1,n]N B defined by p:= Y _ em, where ¢,, is the unit mass at m (m =1,...,n). Suppose

px):=1(xe(l,n]),k>2isa ﬁxed integer, and B, =1 (m=1,...,k).

Some easy combinatorial considerations yield that for everyx € [1,n] and m =1,...,k

1 _L ] +m =2\ [(n-[x]+k-m
12 (Sm,x)—nkl< m—1 )( k—m )r

where [x] is the largest natural number that does not exceed x. Therefore,

1 <n+k—1

l(x):F k-1 ), x € [1,n].

Now, if I is an interval in R, g : I — R is a convex function, and f : [1, n] — R defined by

f@):=

0, elsewhere,

then (9) follows immediately from (8).
(b) Let m > 1 be an integer, z € R, and r > 0. The open ball of radius r centered at the
point z is denoted by B,,(z,r).
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Consider the measure space (]a, b[, B, 1) (a < b). Suppose ¢ : ]a, b[ — R is a positive func-
tion such that f: @d) = 1. Fix an integer k > 2, and let 8,, >0 (m =1,..., k). Choose

a+b a+b\ b-a
S := By sy T )

Then forallx €]a,b[and m =1,...,k

Simx =Bk-1<(a;b,-.., a;—b), (b—x)(x—a)).

Consequently,

2/(—1
(k=11

(54 .
1) = k (%) (b-D-a) T, xelabl.

According to this, for all (xi,...,x;) €la, bk,

o) = L Bio(x))
1reeerhk) = 1 § 1
Zkl.,( T T S Bul(b - %) - a)'T

It is not hard to check that (C;)-(C,) are satisfied in this situation, and thus Theorem 1

says:

Corollary 5 Iff :]a,b[ — R is a P-integrable function taking values in an interval I C R,
and q is a convex function on I such that q o f is P-integrable, then

(L)

b 1
= )< ———
q(/a re ) Tk (E)T
k

1 ﬁ/@(x])f(x)
X ~[§q<zk Bip()) Z > 1'Bm((b x,)(x/—ﬂ))kzl>

-1 &1 j=1
Sk Bl(b-x)-a) 2

k
Bip(x)) k
X — d) (%1, ..., %)
2 by ®

< / qopvd- /]a’b[qofdl’-

By applying this result (¢,f : [2,b] - R, ¢(x) = ;= and f(x) = x), we can have a special
case of the refinement of the left-hand side of the Hermlte Hadamard inequality in (7).

4. We turn now to the case where X is a countable set.

(C}) Consider the measure space (X, 2%, 11), where either X := {1,..., n} for some positive
integer n or X := {0,1,...}, 2% denotes the power set of X, and u({u}) := u, is a positive
number for all u € X.

(Cl) Let (pu)uex be a sequence of positive numbers for which > wex Pulbu = 1.

Page 9 of 19
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(C}) Let k > 2 be a fixed integer.
We define the functions o}, (v€ X, j = 1,...,k) on X* by

) 1, ifu;=v,
ol (ug, ... up) =
0, ifu#v.

Then Z]];l o:{,(ul, ..., 1) means the number of occurrences of vin (1, ...,ux) € XK. If S C
X*, we introduce the following sums:

and

ag,V::E o, veX.
j=1

Every sum is either a nonnegative integer or oo.
(Ch) Let S € XX such that as, > 1 for all v € X, and

k
)= Bt (Smu) <00, ueX,
m=1

where 8, >0 (m=1,...,k).
Since p, > 0 for all u € X, () > O for all # € X. By the definition of the measure u,

k
l(u) = ZIBWI Z My == H’uj,l/"bu/url oMy, U eX.
m=1

(U1 yeeestj 15U U4 15ees U ) ES

In this case, the function ¢ has the form

k

w:Xk—>]0,oo[, Y(uy,...,uy) ::Z

Jj=1

Iijuj
)

Now Theorem 1(a) can be formulated in the following way.

Corollary 6 Assume (C})-(C}), and let (f,),cx be a sequence taking values in an in-
terval I C R such that ),y |fulputtu < 0. If q is a convex function on I such that

ZueX |q(fu)|PuMu < 00, then

q(Z&mw)

ueX
1 “ B
< Y o
N 2 q(w(ul,...,uk)Zz(u,f)ﬁ">¢’(”1 b B
UL ,ellfc)ES j=1
fzq(fu)PuMw

ueX

Page 10 of 19
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Assume (C})-(Cl), and suppose u is the counting measure on P(X), that is, p, := 1 for
all u € X. For aset A € 2%, let |A| denote the number of elements of A. Then )", p, =1,

k
Wu) = Z:Bmag,lw uelX,
m=1

and

k

¥ix* 10,000 Wl m)i= Y i

<
j=1 2o :Bmag,qu,-
We note explicitly this particular case of Corollary 6.

Corollary 7 Assume (C})-(C}), where 1 is the counting measure on 2%, and let (f,),cx be
a sequence taking values in an interval I C R such that )",y |fulpu < 0. If q is a convex
Sunction on I such that )", 1q(f.)|pu < 00, then

q(qupu>

ueX

L ﬂipuj 1 k :B'pu,'
T e Mo e bt

k m k m
- o - o
(1t )€S \ j=1 Zm:l IBWI S.uj j=1 Zk B j=1 Zm:l le S.uj
m=1Pm S,uj

<> 4P

ueX

Corollary 6 corresponds to Theorem 2 in [4], but in [4] only finite sets are considered. If
X={1,...,n}and B,, =1 (m=1,...,k), then Theorem 1(a) in [6] contains Corollary 7, but
Corollary 6 makes sense in a lot of other cases (for example, for countably infinite sets).

Next, some examples are given.

The first example deals with a relatively flexile case.

Example 8 (a) Assume (C;)-(C3), and let A,,, € A (m =1,...,k) such that 0 < u(4,,) < 00
(m=1,...,k) and Ufn:lAm = X. Define S:= A; x --- x Ag. Then (4) holds and

L (B ()
I(x) = M(Am)> (&> xeX,

where 8,, >0 (m=1,...,k), and y,, : X — R means the characteristic function of A,, (m =
1,...,k). We can see that (C,) is satisfied and

k

1 Bjo () "
w(x,...,x)Z 3 (x,...,x)GX.
v ) & Gy

The condition (Cs) is also true, since

pri(S)=Ar x -+ X Ay g X A1 X - X Ay, m=1,...,k.
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Moreover, for m =1,...,k,

Ay (0, X1, Xmals o9 Xk) €EAL X oo X Ayl X A1 X - X Ap,

@, otherwise.
It follows that Theorem 1 can be applied.
(b) We consider the special case of (a), when the sets A,, (m =1,..., k) are pairwise dis-
joint (a special partition of X). Let the function t be defined on X by

t(x):=m, ifxecA,.

Then

_ Bets
i) = (]‘[u(@)) My <X

and

k
ﬁj(p x/)“ r(xj))
(nm llu’ ; ,Br(x]

s (1., xx) € XK.

w(xlr-'-’xk) =

The second example corresponds to Corollary 6.

Example 9 Let X :={0,1,...}, let (p,)$2, be a sequence of positive numbers for which
> opu =1, and let (f,)3°, be a sequence taking values in an interval I C R such that
Y oo Vfulpu < 00. Define

S:= {(Ltl,lztz) EX2 |u <up < 2141}

An easy calculation shows that () = a5, = u + [5] + 2 (= 2) for all u € X, where [5] de-
notes the greatest integer that does not exceed 5. If g is a convex function on [ such that
> > o 1a(fi)lpu < 0o, then by Corollary 7

oo 00 2u
Pu Pv
q(;fupu) = — <2<u+ [5]+2 * v+ [%] +2)

V=

u+ +f;" v+ +f"
q< [1]7”2 " 12 )) Zq(fu)pu

u+[51+2 v+[%]+2

The final example illustrates the case X := R.

Example 10 Consider the measure space (R,5,1). The function ¢ : R — R, ¢(x) =

1 %%
=
Let

is the density of the standard normal distribution on R, and thus f_ogogo =1

={xyeR|x-1<y<x+1}.
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Then (C;)-(Cs) are satisfied. Let f : R — R be a Borel measurable function taking values
in an interval I C R such that f¢ is integrable, and let g be a convex function on I such
that (g o )¢ is integrable. By Theorem 1(a),

q(/_ fw)
1 0 x+1 e /Zf(x + e /Qf(y) .
S4\/E —oo(/x—l ( 202 4 g P2 )( +ey/2)dy)d
S[ (gof)e.

4 Preliminary results and the proof of the main result
We first establish a result which will be fundamental to our treatment.

Lemma 11 Assume (C1)-(Cy), and let f : X — R be a P-integrable function. Then

[ rap= [ roan- f ( ﬁ"(”(’“’)f( ,))du (0.

Proof The functions

BOoPn) e b i1,k
Lopr;

are obviously .Af-measurable on S.
Suppose first that the function f is nonnegative. By (Cs), pr;(S) € A, and hence the the-
orem of Fubini implies that

()
/s ﬂl;("le f @) dp (.o x1)

= /p‘r " < - ﬂ}l((pT(j;])f(xl) duk_l(xl, ERRPY.\7 8 PR/ 75 PRO ,xk)> du(x])

ﬁj(p(xj)f(x,»)uk’l(sj,xj) du(x), j=1,....k 10)

s 1)

It follows from (10) that

[ (Z L ,)) A )
/

j=1

/ 2 "”(’" Fe) (S () (1)

j=1 /

If (i1, ..., i) € {0,1}%, then let
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where

. 7m(S), ifi, =1,
Pron(S)m) .= pra(S) m=1,...,k.
X\ pru(S), ifi,=0,

The sets A;,, i, ((i1,..., i) € {0,1}%) are pairwise disjoint and measurable. Moreover, by

,,,,,

(4),
k
U Ai1 ,,,, ik:Uprm(S):X.
(i1,ig) €{0,1}K m=1

These establishments with (11) imply that

/ (Z 2 ’;(”("’)f( ,)) A (0

Jj=1

= f (W )Z Bttt 1(sym»)am(x) 12)

(i1,-ig)€{0,1}K

i and i,, = 0, and hence

.....

Therefore, (12) gives

“ Bio()
/ (Z oty )) A x0)
1

j-1

-y f of di = ff(pdu

(i1,ig) €{0,1}K Ay

Having disposed of the nonnegativity of the function f, we have from the first part of
the proof that

Bie(x;)
fxmdpzfxmwdu=/s<2 o ,)|>du (1050,

j-1

and, therefore, the functions

BOoPD) o i1,k
lopr/

are uX-integrable over S. By using this, the result follows by an argument entirely similar
to that for the nonnegative case.
The proof is complete. O
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Remark 12 Under the conditions of Lemma 11, we have
(a) The functions

Bi(g o pry) ,
LAt S0 Loi=1,...,
loprj fopr] ] k

are u*-integrable over S.
(b) The measure Py defined on S N AX by

k

Pr(A) 1=LW¢M](=L(Z %?) dpf @y, x0)

j=1
is a probability measure.

Lemma 13 Assume (C1)-(Cy). Let f : X — R be a P-integrable function taking values in an
interval I C R, and let q be a convex function on I such that q o f is P-integrable.
(a) The function

_ 1 5 Blg opr) ,
g.—(q (w;ilopr; (fopry) | |

is uX-integrable over S.
(b) The functions

k
b= (qo ( 1 Z'B’((poP}ﬂ)(fopr;)))(Wopr"), i=1,...,k
1

¥io prt - Lo pr;
J#i

are j1¥-integrable over S.

Proof (a) It is easy to check that for fixed (x1,...,x¢) € S

1 ﬂ;w(xj)’ =1k
Vxn,..ox0)  x)
are positive numbers with
k
1 Z Bip(x)) 1
V(%1505 %K) U(x;)

j=1
This gives immediately that for every (x;,...,%) € S
k

1 Bip(x; '
Y(xg,...,x%) Z l(xj) f(x]) el,

Jj=1

and, therefore, by Theorem B,

k
g(x, ... %) < Z Mg(f(x,«)), (x1,..., %) €S. (13)

)
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Since the function ¢ is convex on I, it is lower semicontinuous on [ and, therefore, the
function g is AX-measurable.

Choose an interior point a of I. The convexity of g on I implies that

qt) > qa) + 4, (a)(t-a), tel,

where ¢/, (@) means the right-hand derivative of g at a. It follows from this and from (13)
that

k
@Y (a1, %) + €,(a) (Z B ) - ar o, ..,xk)>

k
<glxy,...,x0) < Z ﬁ’(p('x’)q(f(x,-)), (%1,...,x¢) €S.

j=1

Now we can apply Remark 12(a), by the P-integrability of the functions 1x, f and g o f.
(b) Fix i from the set {1,...,k}. We can prove as in (a) by using the A*-measurability of

h; and the estimates

q(ﬂ)wi(xl, e K1 Xigls e e 1xk)

+q/+(6l)<z ﬂ]l(f ) f( ]) fll// X15 . ~rxi1>xi+1r~'-,xk)>
j=1

J7i

< hixy, .. xp) < Z'le((p) q(f(x)),  (&1,...,%) €S.
[ER

j#i
The proof is complete. d

Now we are able to prove the main results.

Proof of Theorem 1 (a) By Lemma 11,

q</xfdP> =q /Xf(pdu)
o (&) ot o)

=1

Bip(x;
:q</s(w(xl, ;xk Z ]l( /) f( l)w(xlr vxk)) dﬂk(xl:'--rxk))

= Bio
1 /S(‘ﬁ(xb  XK) Z I(x)) f( 1)> dPi(xy, .. ,xk)>,

j=1
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Since Py is a probability measure on SN .A¥, it follows from the previous part, Theorem A,
Lemma 11, and Lemma 13(a) that

() o o)

1 a ﬁj‘p(]
=< /;q(w(xl,...,xk) le () f(xl )de KXlyernsXi)
Bio(x; .
/ (1//(9511 ,xk)Z I(x;) f(x/)l/’(xlw»xk)du (@1, 2)

k
- By (x;) ’ K . B .
= fs (Z ) q(ﬂx,))) dpt = fx (g0f)pdi= /X gof dp.

j=1

Now (a) has been proven.

(b) By using the convexity of g, an easy manipulation leads to

51(/) /)
( N ,xk)z l(x/) )
k Bivl)
oS ()
=q Zk: le U(x f / wi(xl,“,,xi_l,xiﬂyuo,Xk)
Wi(xb...,xz-1,xi+1,...,xk) (k_l)w(xl,“.,xk)

i=1

k

1 ,

= Zwl(xly---;xi—bxhlx~~rxk)
(k=D (w1, ..o %) <=

1 5 Bo)
q(lﬂi(xl,...,xi1,x,~+1,...,xk) ; l(x,) f(xj))

j#i
s L () )
T (k=1 (xq,...,x%) = \‘a 1(x)) q\J \x;
j#i

! Xk:ﬁjW(xj)q(f(xr)), (%1,..., %) €.
Ym0 1) !

Consequently, by applying (Cs), Lemma 13(b), and the theorem of Fubini, we have

Bio (x;
N :/ ( (X1, ..., %¢) £ Z 11( %) f( /)> Vo) i )

1 K 1 ,B]go(x,)
= k—1 Z/ ( @1 e es X1, XD - o5 Xk) le e })>

J7i

S wi(xlr ey Xic15Xitly e e ;xk) d:uk(xlx e rxk)
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k
1 1
=k—12/' / 4 Yi(x Xi_1,%; xx)
; pri(S) le,.,.,xi_l,xi+1,,.,,xk Lree s Ai-LrXitls o - -9 Xk

i=1

,31’(/’(96;') ‘ ’
l(x,) f(x/)> dﬂ(’@))

j-1
i

X wi(xlr ey X1 Xty e e ;xk) d:u/kil(xli PRI/ 7AS PR /75 PR )xk)
= N1 < /(q of)edu.
X
The proof is complete. d

Proof of Theorem 2 Apply Theorem 1 with S := X* and B,, =1 (m = 1,...,k). Then the
conditions (Cy4) (by using (X) < 00) and (Cs) are satisfied,

1 k
X, ... %) = W ;w(xj), (x1,...,x¢) €S,

and ¥ : X*1 —]0,00[ (i =1,...,k) has the form

k
; 1
YKL, e K1y Kisdy - oo KE) 1= W ;‘P(le
J#i
Therefore,
1 Z 1 9 () () L
N = 4/ ( ) dpc XlyennsXr)
k Kk (X)k1 qu Z, o(x) IXI:(P 1 k
and

Kk elx)
=1 TS (%)

k
Ne- 3 (u(&q(”’—))
—1 4~ Jxra izl (p(xj)

j7i

k

kM(X)k 1 Zgo(x,) A e, i Xt )

m

1 / (ZJ 1 9 ()

= TN v k-1
 k=Dp0R2 Ju T\ Y () )Zw(xf)du (o1, k1)-

The proof is complete. d
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