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Abstract

This paper introduces and studies a class of generalized multivariate Bernstein
operators defined on the simplex. By means of the modulus of continuity and
so-called Ditzian-Totik’s modulus of function, the direct and inverse inequalities for
the operators approximating multivariate continuous functions are simultaneously
established. From these inequalities, the characterization of approximation of the
operators follows. The obtained results include the corresponding ones of the
classical Bernstein operators.
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1 Introduction

Let N be the set of natural numbers, and {s,}7°; (s, > 1, s, € N) be a sequence. In [3], Cao

introduced the following generalized Bernstein operators defined on [0, 1]:
1 K&, k)
L =— —— ) |P , 1
(Laf)o) = g(/EO:f<n+sn—1)) k() M

where x € [0,1], f € C[0,1], and

Pox(x) = (Z) 41— 2k, (2)

Clearly, when s, =1, £,,f reduce to the classical Bernstein operators, 53,,f, given by

(B := Zf(g)za,k(x). )

k=0

Furthermore, Cao [3] proved that the necessary and sufficient condition of convergence
for the operators is lim,_ . (s,/n) = 0, and he also proved that for n € Q={n:n €
N, and 0 < (s, — 1)/n + 1//n < 1} the following estimate of approximation degree holds:

1oof ~f < 4w<f, w1, %) @)
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Here, o(f,t) is the modulus of continuity of first order of the function f. In [4], some
approximation properties for the operators were further investigated.

In this paper, we will introduce and study the multivariate version defined on the sim-
plex of the generalized Bernstein operators given by (1). The main aim is to establish the
direct and inverse inequalities of approximation, which will imply the characterization of
approximation of the operators.

For convenience, we denote by bold letter the vector in R4, Let
e;:=(0,0,...,0,1,0,...,0)

denote the canonical unit vector in R?, i.e., its ith component is 1 and the others are 0,
and let

d
T:=Ty:={x=(x,%...,%5) € R?: x; ZO,i:I,Z,...,d,infl (5)
i=1

be the simplex in R%. For x € T, k:= (k, ko, ..., ky) € Ng, we denote as usual
d d
x| := in, X< = xlqugz . ~x§”’, k| := Zk,', K':=Fk'ky! - k. (6)
i=1 i=1

Then the well-known Bernstein basis function on T is given by

!

Pua) = e i

-k
K1-1x)"™, xeT. 7)
By means of the basis function, we define the multivariate generalized Bernstein operators

on the simplex T as

ISEEDS Pn,k(x>( ) f(%)) ®

) ljl<sn-1

Obviously, when d =1, these operators reduce to the univariate operators defined by (1),
and when s, = 1 they are just the well-known multivariate Bernstein operators on the sim-
plex T, B, 4, defined by

Brafw = Y- 2ot () ©)

[k|<n

Let C(T) denote the space of continuous functions on 7 with the norm defined by
If1l := maxyer |f(x)], f € C(T). For arbitrary vector e € R?, we write for the rth symmetric
difference of a function f in the direction of e

YD) (x+ (5 —ihe), x+2eeT,

) otherwise.

AL f(x) :=
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Then the Ditzian-Totik’s modulus of function f € C(T) is defined by (see [1])

w (f t):= sup Z || hrpl,e,

0<h <t1<;</<d

where the weighted functions

0i(X) =\ Jxi(1-x]), 1<i<d;  @;(x):= %%, 1<i<j<d,

and

Define differential operators:

0
Di::Di[Iza—y 1<i<d; DU =D, — D 1§l<]§d;
Xi
Dj=Dy(Dj'), 1<i<j<dreN,
then the weighted Sobolev space can be defined by
D/(Ty):={ge C(T):g € C'(T), and ¢}Djg € C(T),1 <i<j<d),

where T is inner of T and the Peetre K -functional on C (T) is given by

}, t>0.

Berens and Xu [1] proved that IC; (f,t") is equivalent to wy, (f,t), ie.,

]C;(f,t’):: nf. {l[f gl+e 3 | oiDif]

1<l<]<d

Caw(f,t) < Ky (f,1") < Caly(f, 1), (10)

here and in the following C denotes a positive constant independent of f and #, but its
value may be different at a different occurrence.
We also need the usual modulus of continuity of function f € C(T) defined by (see [8])

o(f,t):= sup Hf(-+h)—f(-) ,

0O<[h|p <t

where h = (I3, hy, ..., hy) € R? and |h|, := (Zil h?)V2, and another K-functional given by
(see [8])

d
’C ,t = i f - t Di .
(f,0) gelgm{uf gl+ed | gn}

i=1

It is shown in [8] that

Clo(f, 1) < K(f,t) < Colf,t). (11)
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Now we state the main results of this paper as follows.

Theorem 1.1 Letf € C(T), thenforne Q={n:neN, and 0 < % + ﬁ <1}, there holds

1Loaf —11l < 4dw(f, 2y %)

Theorem 1.2 [ff € C(T) and lim,,_, »(s,/n) = 0, then

ICnaf ~fIl < c(wg, (f, %) + w(f, HST_I_J + %ufn).

Theorem 1.3 Iff € C(T) and lim,,_, o (s,/n) = 0, then there hold

1 ~ n
A (f ) < on PR

and

a)(f, %) <Cnt (Z I Liaf =1l + ILfII).
k=1

From Theorem 1.2 and Theorem 1.3, we easily obtain the following corollaries, which

characterize the approximation feature of the multivariate operators £, ; given by (8).

Corollary 1.1 Let f € C(T), 0 < o < 1. Then, for the Bernstein operators given by (9), the

necessary and sufficient condition for which

1Boaf —f1 = o(ni) s> o0

is W2(f, ) = O() (t — 0).

Corollary 1.2 Iff € C(T), 0 < <1, 5, > 1 and lim,,, o (s,/n) = 0, then w}(f,t) = O(t>*)
and o(f,t) = O@t*)(t — 0) imply

Vondf ~ 11 = O(<—_1)) 5 0.

Corollary 1.3 Ifs, > 1 and s, = O(n*™¢) (n — 00), 0 < € <1, then for any f € C(T) and

0 < a < 1, the statement
I Lnaf =fl=O(n®), n— o0
implies that w3 (f,t) = O(t**) and w(f,t) = O*) (t — 0).

From Corollary 1.2 and Corollary 1.3, we have the following.
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Corollary1.4 LetO <o <landl<s, =0O(1)(n— o) then, foranyf € C(T) the necessary
and sufficient condition for which

1
naf ~1=0(5z), >0
is w3 (f,t) = O(t*) and w(f,t) = O(t) (t — 0).
2 Some lemmas
In this section, we prove some lemmas.
Defining the transformation 7; (i = 1,2,...,d) from T to itself, i.e.,

T(x):=u, u= (xl,...,xi_l,l - |x|,x,-+1,...,xd), xeT,

we have the following symmetric property for the operators £, 4, which is similar to the
known one of the multivariate Bernstein operators (see [6, 7]).

Lemma 2.1 For the above transformation T;, i = 1,2,...,d, there holds
(Lnaf )(x) = (Lonafi) (W),

where f;(x) = f(T;(x)), u = T;(x).

Proof 1t is sufficient to prove the case i =1. Let

1=, 0,..., 1), I'=(,..., 1), L=n-]k| L=k, i=23,...,d,

t:(tl,tz,.,.,td), t*=(t2,--~,td), tIZSn_l_U" ti:jir i:2;3w--)dr

and x = (x,X) € T, X = (%2,%3,...,%4). Then, from definition (8), it follows that

k+j
L, = — P,
CCE R DO Crey]
1 n! P (Y h
==y 1-
Sn |1|X<;: o <) A=)
n—|1l-t| 1+t
x { Z f( n+s,—1 n+s,—1
[t|<sp—1
~ . m+1¢ I+t
_—ZPM |x|,x){ Zf<1_n+sn—1’n+sn—1
" M=n |l <sp-1
= (Luafi)(u
The proof of Lemma 2.1 is completed. d

To prove Theorem 1.3, we need some the following lemmas. At first, similar to the es-
timates for the Bernstein operators (see [2, 5, 6]), it is not difficult to derive the following
Lemma 2.2.
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Lemma 2.2 The following inequalities hold:

DL < {2V STy g,
1D, feCYT),

an|fll, feC(T),

|DHCha) < .
IDfIl, f € CHD),

Secondly, we need prove two Bernstein type inequalities.

Lemma 2.3 Letf € C(T),1<i<j<d. Then

le3D(Laah)| < 2nIlf 1.

Proof For d =1, by direct computation we have (see [9])

n+s,—

n sp—1 .
(Lof) (%) = Slso"‘ @)1 D rug@)Pu() (Zf (&
" k=1 j=0

)

where

2

k 2 y:
k(%) = (——x) —(1—2x)_<2_x_'
n " P
Noting that
k 2 k 2
’r":k(x)| = (‘ —x) +(1-2x)— + x_,
n 7 P

we obtain

n

0> (L) @)| < Il @n* Y 1) [ Pu(x) < 2n[f]l.

k=0

This inequality shows that Lemma 2.3 is valid for d = 1. For the proof of the case d > 1, we

use a decomposition technique and the induction. In fact, let

ki+j ki+j
gk,,;l(u):=f< L (1 L >u) W= (g, U,y U 1)

n+s,—1 n+s,—1
and
X2 X9 Xd
Z::(ZI}ZZ;'HIZd—l):: ) Yoo )
l—xl 1—x1 1—x1

d
K o= (kpks,ooka)y K=k,
i=2

jyﬂu

j* = (jZ:ij .o ~1jd):

d
= Zji,
=2
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then we can decompose the generalized Bernstein operators as

Lrdh) = = Puige) Y P
n k1=0

K" |<n—ki

()

J1=0 |j" | <sp—1-j;

Y 2

j1=0

(£n—k1 ,d—lg/q,jl )(Z)) .

n

Therefore,

(Pzz (X)Dzz E df Z P, k1 (xl (Z ]1 90121 (Z)Dfl (En—kl,d—lgkl,jl)(z)) . (12)

k1=0 j1=0 Sn

Now, suppose that Lemma 2.3 is valid for d — 1, then from (12) it follows that

n sp—1 o
|032(0D3(Laf )] <27 Py (1) (Z S”S M- k) g ) ||) < 2n[f]l.

k1=0 j1=0

So, Lemma 2.3 is true for i = 2. From the symmetry, the proof of the cases i =1,3,4,...,d
is the same. For the cases 1 <i<j <d, we use Lemma 2.1 and obtain that

|03 D3 (Lol = |@2DHLnaf))] < 21llfill < 2nlIf .
So, the proof of Lemma 2.3 is complete. d
Lemma 2.4 Forf € C*(T),1<i<j<d, one has

leiDiLnaf)| < | €iDif || + =~ IIDifII
Proof We only need to prove the case s, > 1 because the case s, =1 has been shown in [1].

Our approach is based on the induction. At first, for d =1, let & = (n + s, — 1), then by
simple calculation we have

©Lof)! _n(n-1) =2 [ oo f kK+j+1
nf) (%) = s Z Z A;f m Pn—z,k(x)o
n =0 n

k=0
Therefore,
> (@) (L) )]
122 Bl k+j+1
) ;(/H n-k-1) <;): J(m))l’n,m(x)

1 n-1 sp-1 k n_k k+]
A2 P
h25nk2=;;n+sn—ln+sn—1 hf(n+sn—1) ik (%)
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_ 1 ”2_1:5"2_1 9 k+j 2 k+j %)
k(e
~ h3s, p ;=oq) n+s,—1 n+s,—1 k
n-1 sp-1
1 — of k+j
— P,
h%,,;}zo(p <n+s,,—1> ()

/2 h/2
( +5+ t) ds dt‘.
) n+S, — 1

Lety=(k+j)/(n+s,—1),thenwehaveforl <k<mn-1,0<j<s,-1,

1 1
h=——<y<l-——=1-h
n+s,—1 n+s,—1

and for |u| < h, there holds |1 — 2y — u| < 1. Hence,
P*0) =@’ +u) —u(l -2y —u) <@*(y+u) + |ul <@*(y+u) +h,

which implies

hi2  ph/2

P’ )| AL < wz(y)‘/:h/z _h/zf”(y+s+t)dsdt
W2 phi2
5/ / (P*G+s+O)+h)|f"(y+s+1)|dsdt
/2 J-hi2

=i (|e" | +nlr"]).
So,
4 1! 1 !
le* @[ <l + ~ 1]l

Now, assume that Lemma 2.4 is valid for d — 1, then by (12)

|03, D3, (L,4f) ()|
sp—1
1
= ZP" ki xl)(Z L (||‘P121D%1gk1,1’1 | + PP | D4k, H))
Jj1=0 n

Also, we can check the following inequalities:

ki+i \° kit ki + i
Do, . =[|1- —— e
| 11gk1,11(z)| ‘( }'1+Sn—1) 27f n+s,,—1 n+s,—1 g

/(1+j1 2 5
= (1_ n+sn—1> |22

and

ki +j ki +j
G @Dhe @) = (03 (S (1= B ) | < i

n+s,—1 n+s,—
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Thus,

1
l02:0%(Lnad)] = [ 02:05f | + —|1D5f [

Similarly, the cases i = 1,3,4,...,d can be proved. For the case 1 <i <j < d, we use the

transformation 7; and Lemma 2.1, it is easy to verify

le5D5Lnal)]| = |oiDi(Lna)]
= |eipifll +n™ [ D

= leiDif | +n |1 Dif |-

Hence, the proof of Lemma 2.4 is complete. O

We also need the following two interesting results related to nonnegative numerical se-
quence. The proof of the first result can be found in [10], and the proof of the other is
similar to Lemma 2.1 of [10] where the proof of case v; = 0 and C =1 was given.

Lemma 2.5 Let w,, v,, and , are all nonnegative numerical sequence, and 11 = vy = 0. If
forO<r<sandl <k <mn, neN, there holds

KK\ kK\?
Mn < P Mk + Vi + Y vy < p Vi + Y,

then

n
nn < Cn™" Zk’_Iwk.

k=1

Lemma 2.6 Let v, and V¥, are all nonnegative numerical sequence. If for s >0 and 1 < k <
n, n €N, there holds v, < (g)svk + Cyry, then

v, <Cn* (Z KN+ v1>.

k=1

3 The proof of main results
First, we prove Theorem 1.1. By straight calculation, we have (see also [3])

Sy —1

(Lo — %)) (x) = (L (i — %)) (%) = -

d

(Lna(la=x13)) ) = > (Lal; - x:)°) (1)

i=1

d
i(L—x)(n— (s, —1)*) (s, —1)(2(s, —1) +1)
_ Z X

N (n+s,—-1)2 i 6(n+s,—1)>2

2% - 1),
—(2xi=1)

n

i=1

4 (s, -1?% 1
<5 (5 )

i=1
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Then we use the same method as Theorem 2 of [3] and obtain easily

NLwaf —f1l < 4dw(f, % ¥ %)

We now prove Theorem 1.2. We use a known estimation on Bernstein operators (see

[1]) as an intermediate step to deduce the direct theorem. Since

k+j 1 [k(s, — 1) — j|
Sn Z P( ) (”+Sn_1>’_5_ Z w<f, n(n+sn—1)>

" ljl<sn-1 " Jjl<sn-1
S, —1
< w(f, 7) |kl <n
n+s,+1
from the fact that (see [1])

1Budf ~f1 = C(w; (f, %) + %Ilfll),

we get

I Lnaf =fI < 1Buaf =f + 1Buaf = Lnaf

<c(ei(r ) )
v 3 ()
R ) ).

This completes the proof of Theorem 1.2.
Finally, we prove Theorem 1.3. Let

Pn,k (X)

1<i<j<d,

pn=n" ||¢§D?

=n
and ¥, = 4||(L,,4f)=f |, then pq = v; = 0 and from Lemma 2.2, Lemma 2.3, and Lemma 2.4,

we haveforl <k <mn

tn <1 @iD (nd(ﬁkdf)nﬂﬂ lesD5(Lna(Laaf - 1)) |

< @iDi(Leaf)] + — ||D (Laah)|| + 20 Liaf — 1|

gy

k
< (—)p,k + Vg + Vi,
n
v, <n? ||Df'(£n,d(£k,df)) | +n2 ||DL'2'(£n,d(£/<,df N
< n?| D Lraf)| + 4 Lraf — £

k 2
= <;) Vi + Y

Page 10 of 12
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which implies from Lemma 2.5 that u, < Cn™! Y/, ¥, i.e.,

|eiD3(Lnaf)| <CD NLkaf -fI, 1<i<j<d. (13)
k=1

Let v, = |Di(L,.qf)|l and ¥, be the same as the above, then we have by Lemma 2.2

So, using Lemma 2.6 gives v, < Cn™'(}_}_; ¥« + v1), namely,

|DiLnaf)| < C| D NLkaf —f1+ | DiLrah] | < C{ DI Luaf ~FI+1F1 ). (14)

k=0 k=0

For n>2,thereisan m € N, such that n/2 <m < mnand || L,,4f —f|l < ||ILraf —f hold for
1 <k <n. Then

1omaf ~F1= 5 S Ukaf =1, 15)

k=n/2

So, combining (10), (13), and (15) we see
() <erx(rl) <cuc HlpzDA(L
iz ) SRS, ) = COLnds ~A1 [0} Lnap])

<Cn Y N Lkaf - £1.

k=1

Also, collecting (11), (13), and (15) implies

w(f, %) < CIC(f l) < C(”Emdf ~fl+n Y HD;-(@,J)H)

b
n
1<i<d

< Cn Yy (I1Lkaf = £+ IIf1)-

k=1

The proof of Theorem 1.3 is complete.
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