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1 Introduction
The stochastic functional Kolomogorov-type systems for z interacting species is described

by the following stochastic functional differential equation:

dx(t) = diag(xy, ... ,xn)[f(xt) dt + g(x¢) dw(t)], (1.1)

where x = (x1,...,%,)7, diag(x,...,x,) represents the # x n matrix with all elements zero

except those on the diagonal which are x;, ..., x,, w(¢) is a scalar Brownian motion, and
f= . f)’ : C([-1,0R") - R, g=(g,....g)" : C([-7,0;R") > R".

There is an extensive literature concerned with the dynamics of this system and we here
only mention [7, 9, 10]. References [7, 9, 10] study existence and uniqueness of the global
positive solution of Eq. (1.1), and its asymptotic bound properties and moment average in
time. The nice positive property provides us with a great opportunity to discuss further
how the solutions vary in R’} in more detail. Our interest is to discuss pathwise estimation
of the global positive solutions for stochastic functional Kolomogorov-type systems with
infinite delay.

There is an extensive literature concerned with the dynamics of the Kolomogorov-type
systems (1.1) without the stochastic perturbation and we here only mention [3-5, 21].
As a special case, multispecies Lotka-Volterra-type systems with bounded delay and un-
bounded delay are studied. For example, He and Gopalsamy [16] consider the global pos-
itive solution for a two-dimensional Lotka-Volterra system. Kuang [19] examines global
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stability for infinite delay Lotka-Volterra-type systems. For more details about the Lotka-
Volterra-type systems, we refer the reader to see [6,11-13, 15, 20] and references therein.
In fact, population systems are often subject to environmental noise. It is therefore useful
to reveal how the noise affects on the Kolmogorov-type systems. Recently, the stochastic
Lotka-Volterra systems have received increasing attention. References [1, 17] reveal that
the noise plays an important role to suppress the growth of the solution. References [2, 18]
show the stochastic system behaves similarly to the corresponding deterministic system
under different stochastic perturbations, respectively. These indicate clearly that different
structures of environmental noise may have different effects on Lotka-Volterra systems.

However, little is yet known about the pathwise property of the stochastic functional
Kolmogorov-type systems with infinite delay although they may be seen as a generalized
stochastic functional Lotka-Volterra system. This paper will examine the pathwise estima-
tion of the stochastic functional Kolmogorov-type systems under the general noise struc-
tures. Consider the n-dimensional unbounded delay stochastic functional Kolmogorov-
type systems

dx(t) = diag(xl(t), ... ,x,,(t)) D’(xt) de + g(xy) dw(t)] (1.2)
on t > 0, where w(¢) is an m-dimensional Brownian motion, and
f:BC((-00,0];R") — R, g:BC((-00,0];R") — R™™,

where the initial data space BC((—00,0];R”) denotes the family of bounded continuous
R”-value functions ¢ defined on (—o0, 0] with the norm ||¢|| = supyq [¢(6)| < c0. Here, f
and g are local Lipschitz continuous. Clearly, Eq. (1.2) includes the following forms:

dx(t) = diag(x1(2), ..., () [ (%) dt + g(x(2)) dw(2)], 1.3)
dx(t) = diag (x1(0) ..., 2 (0)) [£ (x(0)) dt + glx) d(0)]. (1.4)

Since this paper mainly examines the pathwise estimation of the solution for stochastic
functional Kolmogorov-type systems with infinite delay, we assume that there exists a
unique global positive solution for all discussed equations (see [8, 14]).

In the next section, we give some necessary notations and lemmas. To show our idea
clearly, Section 2 also studies the pathwise estimation for general stochastic functional
differential equations with infinite delay. Applying the result of Section 2, we give vari-
ous conditions under which stochastic functional Kolmogorov systems with infinite de-
lay show the nice pathwise properties in Section 3. As in the applications of Section 2
and Section 3, Section 4 discusses several special equations, including various stochastic
Lotka-Volterra systems with infinite delay.

2 A general result

Throughout this paper, unless otherwise specified, we use the following notations. Let | - |
denote the Euclidean norm in R”. If A is a vector or matrix, its transpose is denoted by
AT, If A is matrix, its trace norm is denoted by |A| = \/m. Let R” = {x e R": x; <
Oforalll<i<n},RI={xeR":x;>0foralll<i<n},R? ={xeR":x;>0foralll <

i < mn}. For any ¢ = (c1y...,cn)T € R%,, let ¢ = min{cy,...,c,} and ¢ = max{cy,...,c,}. Let
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(2, F,P) be a complete probability space with a filtration {F;};>¢ satisfying the usual con-
ditions, that is, it is right continuous and increasing while F, contains all P-null sets. Let
w(t) be an m-dimensional Brownian motion defined on the complete probability space.
If x(¢) is an R”-valued stochastic process on ¢ € R, we let x; = {x(¢ + 6) : 6 € (00, 0]} for
t>0.

Let M, be the family of the probability measures u on (-00,0]. Let & > 0. For any
¢ € [0,80], we define a set of the probability measure

0

M, = {M € Mo, pe ::/

—00

e du(o) < oo}.

Clearly, M., € M, € M, and p, is continuously dependent on ¢ on [0, &], and p, — 1
as € — 0. For the arbitrary V(x) € C*(R";R), define

2
V(o) = (BV(x)’m’aV(x))’ Vo) = (8 V(x)) .

0x1 0xy, 0x;x;

The following lemma shows boundedness of polynomial functions.

Lemma 2.1 For any positive constants b, o, and the function h(x) € C(R;R), if h(x) =

o(|x]|*), as |x| — o0o. Then

sup [-blx|* + h(x)] < co.

n
xeRY

Proof We may choose ¢ > 0 such that |/i(x)| < |x|* for any |x|* > ¢, which implies —b|x|* +
h(x) < 0. Therefore, we have

sup [—b|x|°‘ + h(x)] = sup [—b|x|°‘ + h(x)] < 00,

xeRY x€RY |x|<c
as required. O

To show our idea about the pathwise estimation of solutions clearly, we first consider
the following general n-dimensional stochastic functional differential equation:

dx() = F(t,%,) dt + G(¢t,x,) dw(t) (2.1)
on ¢t > 0. Here,

F:R, xBC(R,;]R”)—)]R”, G:R, xBC(R,;]R")—)R”X’”
are local Lipschitz continuous and w(t) is an m-dimensional Brownian motion. Assume
that Eq. (2.1) almost surely admits a unique global positive solution. Then we have the

following pathwise estimation.

Theorem 2.1 Let p > 0 and x(t) = x(¢, &) be the global positive solution of Eq. (2.1). If there
exists a vector ¢ € R}, such that for any € € (0,&0] and an integer ] > 0, there are constants
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K, K; > 0, o and probability measures j1; € M, (1 <j <]) such that

TF(t9) p-1 [CTG(t, ®)

2
T
T(0) + 5 T o(0) ] +810g(c (p(O))

] 0
§I<+ZK;(/ lo(0)] duj(9)—u;g|¢(0)|“’> (2.2)
=1 -

for any t > 0 and ¢ € BC(R_;RY,). Then for any given initial data & € BC(R_;R”,) N

+

LY(R_;R"), where g = mini<j<;(;), the solution x(t) of Eq. (2.1) has the following property:

1 t 1
sy 2EOD _ 1

< a.s. (2.3)
t—00 logt P

Proof Define
Vx)=c'x, onxeR”

For any ¢ € (0, o], applying the It6 formula to e’ log V (x(¢)) yields
e log V (x(2))

=log V(%(0)) + fot d[e* log V(x(s))]

=1log V(£(0))
+ /0 t e”[CTCI;S(’:)“S) - % <CTC§3(:(:)C))2 +elog v(x(s))} ds + M(t), (2.4)
where
M= [T g

is a continuous local martingale with the quadratic variation

t T 2
() o) - | w(M) “
0

cTx(s)

For any given k € N and § > 1, the exponential martingale inequality yields

t T 2 ek
p 9es [ € G(8,%5) set“logn 1
P M(t) — - ) ds|l>—=2"V < —.
{oi‘igk[ © 238/(/0 ‘ ( axs) ) 17T TR

8

Since X22,n~° < 00, the well-known Borel-Cantelli lemma yields that there exists an Q¢ C
Q with P(€29) =1 such that for any w € Q2 there exists an integer ko(w), when k > ko(w)

andk-1<t<k,

t TG X 2 St D oo (f + 1
Mo <2 / o5 ﬂ) g4 38 M loglt +1) (2.5)
2 Jo cTx(s) p
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Substituting the inequalities (2.5) into (2.4), and letting ¢ sufficiently large, it is obtained
almost surely that

e log V(x(t)) <log V(£(0)) +p 18 log(t +1) + 1,

where

t 2
I= / e”|:CTF(S’ %) - ! (CTG(S’xS)> +elog V(x(s))] ds.
0

cTx(s) 2 cTx(s)

By the condition (2.2), we obtain that

0
00

¢ J o o
IS/O ess{l<+1_21](1|:/ x(5+9)’ ]dlj,j(g)—l/bjg‘x(s)‘ /i|}d3

J t 0
< e lKe + ZK,/ et (/ |lx(s +0)|7 dui(0) - we |x(s)|a/) ds.
0 —00

j=1

We may compute that

t 0
/ e / (s +0) [ dye;(6) ds
0 —00
0 t ,
:/ du,(e)/ e“|x(s+9)|a’ ds
oo 0
0 t+0 )
[ [ rova
oo 0
0 0 ) ¢ .
5/ e duj(e)[/ e‘”|x(s)|a’ds+/ e‘”fx(s){a’ d~{|
—00 —00 0
t .
= Wje Caj + e / ess‘x(‘g)‘a] ds,
0
where

0 0
Co; = / |£(s)|” ds < o0, Wje = f e dpi(0) < o0,

o0 o0

for all 1 <j <]J. Therefore,

J
e“log V(x(t)) <log V(£(0)) + e 'Ke™ + ZKj,u/g Co +p 18" D log(t +1).
j=1
This implies
. log(V(x(2))) _ de
limsup —— < —,
t—>00 logt )4

Noting the inequality

0<clx| < V(x) <|cllx|, forxeR"

++7
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and letting § — 1, ¢ — 0, we obtain that

. log(lx(£)]) 1
msuyp —— < —,
t—>00 logt )4

as required. d

The result (2.3) shows that for any ¢ > 0, there is a positive random time T, such that,
with probability one, for any ¢ > T,

@) < £, (2.6)

In other words, with probability one, the solution will not grow faster than ey,
In this theorem, it is a key to compute the condition (2.2). In the following section, we
apply Theorem 2.1 to examine stochastic functional Kolmogorov-type systems.

3 Main result
This section mainly applies the result of Theorem 2.1 to Eq. (1.2). For any x € R”, and
¢ € BC(R_;R",), we firstly list the following conditions for both f and g that we will need.

(H1) These exist o > 0, k,k > 0 and the probability measure u € M., where ¢ € (0, &]
and @ < g, such that

0
IF(0)] < c|p(O)[ +7 / 0] du(6) + o(|0(0)]°).

(H2) There exist 8 >0, A, A > 0 and the probability measure v € M,, where ¢ € (0, &] and
B < g, such that

0
le(@)] < 2l0(0)| + 7 / 10| dv(6) + o(|p(0)[).

(H3) There exist ¢ = (ci,...,¢,)T € R*,, B,b >0, ¢ > 0 and the probability measure v €

++7

M, where € € (0,&9] and 28 < ¢, such that

0
10(0)| [0 (0)Ce(0)] = ble(O)[ - / 0(0)) dv(6) + o(|e(0)[**),

where C = diag(cy,...,c,).
(H4) There exist c € R}, @,b >0, 0 > 0 and the probability measure & € M., where ¢ €
(0,&0] and « < g, such that

0
10(0)[ 6T (0)Cf (9) < ~b|(O)[ + o / 0" d7z(6) + o(|p(0)[%),

where C = diag(cy, ..., cy).
When f(x) and g(x) replace f(¢) and g(¢), the above conditions may be rewritten as

(H1") These exist o > 0, ¥ > 0 such that

[f(x)‘ <rlx|*+ o(|x|"‘).


http://www.journalofinequalitiesandapplications.com/content/2012/1/171

Zhu and Xu Journal of Inequalities and Applications 2012, 2012:171
http://www.journalofinequalitiesandapplications.com/content/2012/1/171

(H2') There exist 8 >0, A > 0 such that
2G| < Alxl” +o(|xl”).

(H3’) There exist ¢ € R”

++7

B,b > 0 such that
[+" Cg()]” = bl + o(|x27*2),

where C = diag(cy,...,cy).
(H4’) There exist c € R7,, a,b > 0 such that

xTCf(x) < —blx|**! + o(lxl‘”l),

where C = diag(cy,...,c,).

Here, we emphasize that the same letter represents the same parameter when we use the
several conditions simultaneously. In the following sections, we always assume that the
initial data xo € BC(R";R" ) N L@A)(R”; R"). Applying the conditions (H1) and (H3) to
stochastic functional Kolmogorov systems (1.2) gives

Theorem 3.1 Under the conditions (H1) and (H3), for the global positive solution x(t) of
Eq. (1.2), if one of the following conditions

p=1, o <2p, b>o; (3.1a)

2|c|? K
O<p<l, a=28, b>a+M (3.1b)
—-p

holds, then

1 )P
lim sup M <1, a.s. (3.2)

t—00 log(t)
Proof To apply Theorem 2.1, we need to compute the condition (2.2). Substituting

F(t,¢) = diag(¢1(0),...,94(0))f (¢) and G(t, ¢) = diag(¢1(0), ..., ¢.(0))g(e) into the condi-
tion (2.2) yields

_e"OC() p-1 [wT(O)Cg(t,go)
T cTp(0) 2 cTp(0)

=5 + L + elog(c"¢(0)), (3.3)

2
] +¢ log(cho(O))

where C = diag(cy, ..., c,). By the condition (H1),
h < max {£i(g)}
<|f(o)|

0
<k|pO)]* +7% / l0(6)[" du(®) + o([eO)|%).

Page 7 of 15


http://www.journalofinequalitiesandapplications.com/content/2012/1/171

Zhu and Xu Journal of Inequalities and Applications 2012, 2012:171
http://www.journalofinequalitiesandapplications.com/content/2012/1/171

Noting p <1, by the condition (H3),

b- T 2
b= Sereop s €W

-1 0 )
<2 [b‘w(o)w ~o [l as0)+ o(\¢<o>\”)]

Substituting I; and I, into (3.3) and noting that & log(c? ¢(0)) < o(|¢(0)|*), we get

o(l-p) [° _
s ) el v©

0
b, <% / l0(6)[" du(®) +

b(1-p)

s £ +o(le@)")

+x)(0)|" -

0
=E[ / |¢(9)|adu(9)—us|<p(0)|a}

a-p[ (" oo
TR [ / _le@)" dv6) - vsw(onﬂ +1,

where

I= —;‘C fj (b—07.)|@0)” + (c + )| 0(0)]|* + o(|(0)[**). (3.4)

If the condition (3.1a) holds, choosing § € (0,1) to replace p in (3.4), then we have

-4
1= =222 b= 1|0 + o(|p()[*) = b1 0O + o(|0(@)[*).

20l
Noting b > o and v, — 1as ¢ — 0, choose ¢ sufficiently small such that b; > 0. Lemma 2.1
gives I < const, which implies the condition (2.2) is satisfied. Letting § — 1, Theorem 2.1
gives the desired result under p = 1.
If the condition (3.1b) holds,

_1-p _ 2lel e + K pe) 26 28
1__2|C|2<b_m8_T)|¢(o>| +o(lo())

= by |(0)[” + o(|(0)[*").

By the condition (3.1b), choose ¢ sufficiently small such that b, > 0, so we have I < const,
which implies the condition (2.2) and further gives the desired result by Theorem 2.1. O

Applying Theorem 3.1 to Eq. (1.3), the condition (H3) should be replaced by (H3’), which
implies o = 0. This result may be described as follows.

Corollary 3.2 Under the conditions (H1) and (H3'), for the global positive solution x(t) of
Egq. (1.3), if one of the following conditions

b= 1, o < 2181 b> o; (353)
O<p<l, a =28, b(1-p) > 2|c/*(k +%) (3.5b)

is satisfied, then (3.2) holds.

Page 8 of 15
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Applying Theorem 3.1 to Eq. (1.4), the condition (H1) should be replaced by (H1’), which

is equivalent to choose k = 0 in (H1). Then we may obtain the following corollary.

Corollary 3.3 Under the conditions (HI') and (H3), for the global positive solution x(t) of
Egq. (1.4), if one of the following conditions

p=1, o <2p, b>o; (3.6a)
2 2

O<p<l, a=28, b>o + el (3.6b)
1-p

holds, then
1 )P
limsu M <1, a.s. (3.7)
t>o0o  log(t)

In these results above, the condition (H3) or (H3’) plays an important role to sup-
press growth of the solution. To use the condition (H3) or (H3'), it is necessary to re-
quire p < 1. To avoid the condition (H3) or (H3'), we may impose another condition on
the function f to suppress growth of the solution. This idea leads to the following theo-

rem.

Theorem 3.4 Under the conditions (H2) and (H4), for the global positive solution x(t) of

Eq.(1.2), if
a>28, b>|clo/c (3.8)
hold, then
I
lim sup M <0, as (3.9)
t—00 10g(t)
Ifp>1and
A+ A (p-1
w=2p,  b> o 1OV -1 (3.10)
c 2
hold, then
12
lim sup M <1, a.s. (3.11)
t—00 log(t)

Proof Repeating the proof process of Theorem 3.1 obtains Eq. (3.3). Then by the condi-
tions (H2) and (H4), we may estimate /; and I,. By the condition (H4),

- lp(0)|
cTp(0)

0
[—b|go(0>|°‘ e f |go<e)|“dn(e>+o(|go(0)|“)]

b « 0 o« @
<=2l + 5 [ lot®)]" ame) +of o))
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Note the elementary inequality: for any x,y > 0 and u € (0,1)

2 2
x

(x+y)2§—+
u

1-u

Then for any u,v € (0,1), by the condition (H2) and the Hélder inequality,

2
P-1"| <& cigi(0)
b= { > To0) ’gi((/’)|j|

i=1

< (p;l) 1r1<1ia<>;\gi(w(o))!2
p-1*
2
p-1*
2u
(p_1)+ ')\'2

lp(0)]* = o 2
| S0 s = [ e o) |+ ofeo) ).

2

IA

B 0
1o + 7 / o) dv() +o(l¢(0)|ﬂ)]

IA

_ _ 0 2 )
A|¢(0>|ﬁ+x/ |¢(9)|ﬁdv(9>} + o(|p(0)[*)

=<

Substituting [; and I into (3.3) yields
(o2 0 o o
v < [ ol o) -l |
CLJ-

_ +72 0
O [ el wo-vijeo |1

where

b o, o -f 2 i (3 «
1-~( 2 - T2 Yoo+ (2 22 Yo offol0) ).

|c| 2u 1-v

If the condition (3.8) holds, we can choose sufficiently small ¢ such that b > |c|o @, /¢ > 0.

Then, by Lemma 2.1, we have

b oR, . )
1=‘<H‘G§ )|<P<°>| +0(|p(0)[") < const.

Then, for any p > 1, Theorem 2.1 gives

i o 02(O)
imsup —————

t—00 log t

1
S_r
p

Letting p — o0, we get the desired assertion (3.9).
If the condition (3.10) holds, noting « = 28 and p > 1, we have

_ PN
I- —[3 ok -l (A— .2 UE)}MO)V +o(leO)[).

| c 2u v 1-v

Page 10 of 15
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Assume that A, A # 0 (when A, A = 0, the computation is obvious). Choose v = 1/(A + A) €
(0,1) such that

b am_@—n(ﬁjw)_b oF, _(p-1)

c] ¢ 2u v 1-v B B

Noting that the condition (3.10) holds, choose ¢ sufficiently small and « sufficiently near 1
such that b > 0. So I < const. Applying Theorem 2.1 therefore gives the desired assertion
(3.11). O

The result (3.9) is a very strong result. It shows that growth of the solution x(¢) is so slow
that it is near to be bound. By this result, we know that for any ¢ > 0, there is a positive
random time 7, such that, with probability one, for any ¢ > T,

()| < £ (3.12)

In other words, with probability one, the solution will not grow fast than £°.
Applying Theorem 3.4 to Eq. (1.3), the condition (H2) should be replaced by (H2'), which
implies that A = 0 in (H2). We may obtain the following corollary.

Corollary 3.5 Under the conditions (H2') and (H4), for the global positive solution x(t) of
Eq. (1.3), if

a>28, b>|clo/c, (3.13)
then (3.9) holds. If p > 1 and

lelo lelA*(p-1)
L o

o=28, b>— 5
c

(3.14)
then (3.11) holds.

Applying Theorem 3.4 to Eq. (1.4), the condition (H4) should be replaced by (H4'),
which implies that ¢ = 0 in (H4). The corollary follows.

Corollary 3.6 Under the conditions (H2) and (H4'), for the global positive solution x(t) of
Eq. (14), if

a>28, (3.15)
then (3.9) holds. If p > 1 and
o =28, 2b> |c|(A + 1) (p - 1), (3.16)
then (3.11) holds.
Comparing Theorem 3.1 with Theorem 3.4, we conclude that in Theorem 3.1, the func-
tion g plays an important role to suppress growth of the solution in condition (H3). While

in Theorem 3.4, the function f is the main factor to suppress growth of the solution in
condition (H4).
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4 Some special case

In this section, some special Kolmogorov-type equations are considered by applying the
results in the previous two sections to obtain some pathwise estimation, where some spe-
cial noises are chosen. We firstly consider the #-dimensional stochastic functional equa-

tions

dx(t) = diag(xl(t), ... ,x,,(t)) [f(xt) dt + qdw(t)], (4.1)

which is equivalent to choosing g(x) = g € R” in Eq. (1.2). Clearly, the condition (H2') is
satisfied. Applying Corollary 3.5 to Eq. (4.1) gives the following theorem.

Theorem 4.1 Under the condition (H4), if b > |c|o /¢, for the global positive solution x(t) of
Eq. (4.1), then the result (3.9) holds.

Then we consider the functional Lotka-Volterra-type system of Eq. (4.1)

0

dx(t) = diag(x1(2), ..., %4(2)) |:<a + Ax(t) + B/

—0Q

x(t+0) d,u(@)) dt + qdw(t)], (4.2)

where a € R”, A,B € R™" and pu € M, for some suitable ¢ € (0,&]. For any ¢ =
(c1,...,cn)T € R”,. Let C = diag(cy,...,c,), Then we have

0
0T (¢) - ¢T<0)c[a + Ap(0) + B /

—00

¢(9)du(9)]

0
< o7 (0)CAp(0) + |7 (0)CB] / 10| du®) + o(|0(O))

=

0
%A;ax(CA+ATC)|¢(0>I2+E|B|}<o(0)| / |0(6)] d1a(6) + o(|0(0)|*)

0
|¢<o>|[—b|<p<o>| o / 10(0)| du(e)] +o(pO)[), 4.3)

where 2b = —A* (CA + ATC), 0 = ¢|B|. Here we use the notation

max

Ma@M) = sup x"Mx, forasymmetric matrix M € R"*",
xRy, |x|=1

which was introduced by Bahar and Mao [2]. Let us emphasize that this is different from
the largest eigenvalue Apax(M) of the matrix M. Recall the nice property of the largest
eigenvalue:

Amax(M) = sup  xT Mx.

xeR,|x|=1

Clearly, A} (M) < Amax (M), which implies that A} (M) < 0 if the matrix M is negative

max max
definite. (4.3) shows that f satisfies the condition (H4) when we choose « = 1. The condi-
tion b > |c|o /¢ is equivalent to

At (CA +ATC) > 2|c[¢|BI /e, (4.4)

then Theorem 4.1 implies the following corollary.
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Corollary 4.2 If there exists ¢ = (cy,...,¢,)T € R", such that C = diag(c,...,c,) satisfies
the condition (4.4), for the global positive solution x(t) of Eq. (4.2) has the property (3.9).

If we choose p is the Dirac measure at some point 0 < 7 < 0o, then Eq. (4.2) may be

rewritten as
dx(¢) = diag(xl(t), ... ,x,,(t)) [(a + Ax(t) + Bx(t - r)) dt + qdw(t)], (4.5)

which is another Lotka-Volterra type delay equation that has been investigated by Bahar
et al. [2]. Applying Corollary 4.2 to Eq. (4.5) gives the following corollary.

Corollary 4.3 Ifthere exists ¢ = (c1,...,c,)T € R”, such that C = diag(c, ..., cy),
A (CA +ATC) > 21B) /e, (4.6)
then the global positive solution x(t) of Eq. (4.5) has the property (3.9).

Now we consider another Kolmogorov-type equation
dx(¢) = diag(xy, ... ,x,,)[f(xt) dt + Qu(z) dw(t)], (4.7)

where Q = [g;] € R"*”. Clearly, here g satisfies the condition (H2') when we choose that
A =|Q| and B = 1. If the matrix Q satisfies the condition

gi>0 ifl<i<n, while g;>0 ifi#}, (4.8)

then g satisfies the condition (H3’) when we choose that b = maxliif,,{c?q?i}. Then Corol-
lary 3.2 gives the following theorem.

Theorem 4.4 Under the conditions (4.8) and (H1), for the global positive solutions of Eq.
(4.7), if one of the following two conditions

p=1 <2 (4.9a)

2lcl*(k +%
O<p<], a=2, max {c}q;} > M, (4.9b)
i<i<n 1-p

is satisfied, where c = (ci,...,c,)T € R"_, then (3.2) holds.

++7

Roughly speaking, Theorem 4.4 shows that under the condition (4.8), if the growth order
a of f is smaller than 2 (or o = 2 under some conditions), (3.2) is satisfied for all p < 1. To
satisfy (3.2) under p <1, the condition (4.8) plays a crucial role. But here f is only required
to satisfy an unrestrictive condition, which includes the linear growth condition. If f is the

linear growth function, namely,

0
F(@)=a+Ap(0) + B / 0(6) du(6)

—00
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then Eq. (4.7) may be rewritten as

dx(t) = diag (x1 ®),..., xn(t))

X [(a +Ax(t) + B /0 x(t+0) du(@)) dt + Qu(z) dw(t)], (4.10)

o0

where Q € R"*", which is another stochastic functional Lotka-Volterra systems. Clearly,
f satisfies the condition (H1) when we choose that « =1, x =1, ¥ = |B|. So, for p = 1, we

have the following theorem.

Theorem 4.5 Under the condition (4.8), the global positive solution of Eq. (4.10) has the

property
1 t
lim sup Lx() <1, a.s.
t—00 10g t

We further choose that u is a Dirac measure at the point 7, then Eq. (4.10) is written as
the delay stochastic Lotka-Volterra systems

dx(t) = diag(xl(t), ... ,xn(t))[(a + Ax(t) + Bx(t — r)) dt + Qx(¢) dw(t)], (4.11)

which is discussed by [1] where Theorem 5.3 is obtained. This means that our result is

more general.
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