Long and Wu Journal of Inequalities and Applications 2012, 2012:160 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2012/1/160 a SpringerOpen Journal

RESEARCH Open Access

Weighted composition followed and
proceeded by differentiation operators from
Qx(p, g) spaces to Bloch-type spaces

Jianren Long” and Pengcheng Wu

“Correspondence:
longjianren2004@163.com Abstract
School of Mathematics and

Computer Science, Guizhou Normal In this paper, we investigate boundedness and compactness of the weighted

University, Guiyang, Guizhou composition followed and proceeded by differentiation operators from Qx(p, g)

550001, China spaces to Bloch-type spaces and little Bloch-type spaces. Some sufficient and
necessary conditions for the boundedness and compactness of these operators are
obtained.

MSC: 47B38; 30D45

Keywords: Qi(p,g) spaces; Bloch-type spaces; weighted composition followed and
proceeded by differentiation operators; boundedness; compactness

1 Introduction

Let A be an open unit disc in the complex plane, and let H(A) be the class of all analytic
functions on A. The «-Bloch space B* (« > 0) is, by definition, the set of all function f in
H(A) such that

Ifllge = [f(0)] + sug(l - 1z)*|f'(2)| < c0.

Under the above norm, B* is a Banach space. When « = 1, B! = B is the well-known Bloch
space. Let Bj denote the subspace of B, for f

By =1f:(1-1z*)°|f ()| > O as |zl > 1,f € B*}.
This space is called a little a-Bloch space.

Assume that  is a positive continuous function on [0, 1), having the property that there

exist positive numbers s and £, 0 < s < £, and § € [0, 1), such that

(IM _(rr))s is decreasing on [5»1)’?2} (1M_(r3)s -
(IM _(rr))t is increasing on [571)7113} (IM_(rr))t -

Then w is called a normal function (see [9]).
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Denote (see, e.g., [2, 4, 10])
B, = {f: Iflls, = f(0)] + sugu(|z|)V’(z)| <oo,f € H(A)}.

It is known that B, is a Banach space with the norm | - ||, (see [4]).
Let B, o denote the subspace of B,,, i.e.,

Buo=1{f:u(lzl)|[f'(z)| = Oas |z| = 1,f € B,}.

This space is called a little Bloch-type space. When p(r) = (1 - r)%, the induced space B,
becomes the «-Bloch space B*.

Throughout this paper, we assume that K is a right continuous and nonnegative nonde-
creasing function. For 0 < p < 00, -2 < g < 00, we say that a function f € H(A) belongs to
the space Qk(p, q) (see, [11]), if

If1l = {sup / If' @ (1-12*) 'K (¢(z, @) dA(z)}p <00,
zeA JA

where dA denotes the normalized Lebesgue area measure on A, g(z, a) is the Green func-

tion with logarithmic singularity at a, that is, g(z,a) = log m, where ¢,(z) = {= for

a € A. When K(x) = x°, s > 0, the space Qk(p, q) equals to F(p,q,s), which is introduced

q+2

+2 =
by Zhao in [13]. Moreover (see [13]), we have that F(p, q,s) = BqT and Fo(p,g,s) = B,” for
q+2

+2 q*z
s>1,F(p,q,s) BqT and Fy(p, q,s) C Bo” for 0 <s<1. When p > 1, Qk(p, q) is a Banach
space with the norm

Il ety = [FO)] + IF1-

+2 +2
From [11], we know that Qx(p,q) < BqT, Qk(p,q) = BqT if and only if

! 1 _
/ I(<log —)(1—r2) *rdr < 0.
0 r

Moreover, ||[f|| 42 < Cl|fllo,pg (see [11, Theorem 2.1]).
B P

Throughout the paper, we assume that

1 1
f K(log —)(l—rz)qrdr< 00,
0 r

otherwise Qx(p, q) consists only of constant functions (see [11]).
Let ¢ be a nonconstant analytic self-map of A, and let ¢ be an analytic function in A.
We define the linear operators

¢C,Df =d(f'op) =¢f'(9) and ¢DC,f = ¢(fop) = of ()¢, forf e H(A).

They are called weighted composition followed and proceeded by differentiation opera-
tors respectively, where C, and D are composition and differentiation operators respec-
tively. The boundedness and compactness of DC, on the Hardy spaces were investigated
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by Hibschweiler and Portnoy in [3] and by Ohno in [8]. In [6], Li and Stevi¢ studied the
boundedness and compactness of the operator DC, on the o-Bloch spaces. In [7], Li and
Stevi¢ studied the boundedness and compactness of the composition and differentiation
operators between H* and «a-Bloch spaces. In [12], Yang studied the boundedness and
compactness of the operator DC, (or C,D) from Qi(p, q) to the Bloch-type spaces.

In this paper, we investigate the operators ¢DC,, and ¢C,D from Qi(p,q) spaces to
Bloch-type spaces and little Bloch-type spaces. Some sufficient and necessary conditions
for the boundedness and compactness of these operators are given. Our results also gen-
eralize some known results in [12].

Throughout this paper, constants are denoted by C, they are positive and may differ from
one occurrence to the other. The notation A & B means that there is a positive constant C
such that % <A <CB.

2 Statement of the main results
In this paper, we shall prove the following results.

Theorem 2.1 Let ¢ be an analytic self-map of A, and let ¢ be an analytic function in A.
Suppose that w is normal, p >0, g > -2, and K is a nonnegative nondecreasing function on
[0, 00) such that

1 1 ) 1 \*1@
/ K <log —> (1 - p)min{-1g} <log —) rdr < 0o, (2.1)
0 r 1-r
where x4(x) denote the characteristic function of the set A. Then ¢DC,, : Qx(p,q) — B, is
bounded if and only if
19(2) (¢’ (2))?| [p(2)p" (2) + ¢'(2)¢' ()]
sup ,u(|z|) QUG 0, sup,u(|z|) A% 9@y <0 (2.2)

P2 2
zeh 1-lp@E)*) 7 zen A-lp@)?)»

Theorem 2.2 Let ¢ be an analytic self-map of A, and let ¢ be an analytic function in A.
Suppose that v is normal, p > 0, q > =2, and K is a nonnegative nondecreasing function on
[0, 00) such that (2.1) hold. Then ¢DC, : Qk(p,q) — B,, is compact if and only if $DC,, :
Q«(p,q) — By, is bounded, and

$(2)(¢" ()] _

lim s (lz]) s =
p

WAL T 1= 1))
. lp(2)¢" (2) + ¢ (2)¢' (2)]
lim u(lzl) =

q+2 0 (23)
@1 1-lp@)?) 7

Theorem 2.3 Let ¢ be an analytic self-map of A, and let ¢ be an analytic function in A.
Suppose that w is normal, p >0, g > -2, and K is a nonnegative nondecreasing function on
[0, 00) such that (2.1) hold. Then ¢DC, : Qi(p,q) — B0 is compact if and only if

) |¢(2)¢" (2) + ' (2)¢’ (2)]

q+2
p

fim () QG

—W = 0. (24)
=t A-lp@)%) 7 =t (1-1lp(2)2)

From the above three theorems, we get the following
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Corollary 2.4 Let ¢ be an analytic self-map of A, and let ¢ be an analytic function in A.
Then the following statements hold.
(i) ¢DC, : B— B is bounded if and only if

Sup(l— |Z|2) |¢(z)(<p’(z))2| < 00, sup(l— |z|2) 19(=)(¢"(2)) + ¢'(2)¢'(2)] < 00.

e 1 -lgp(2)*)? zed 1-le()?

(i) ¢DC, : B — B is compact if and only if ¢DC,, : B— B is bounded, and

. NI
oo, ) R

. Ly 12@)(0"(2) + 9'(2)¢'(2)] _
\w};ﬂnil(l ) 1-lg(2))? -

(iii)) ¢DC, : B— By is compact if and only if

0.

fim (1) PR

o [0(2)(0"(2) + ¢'(2)¢'(2)]
el 1 (1-lp@P)?* tim (1= F) B

1-|p(2)]?

Theorem 2.5 Let ¢ be an analytic self-map of A, and let ¢ be an analytic function in A.
Suppose that v is normal, p > 0, g > =2, and K is a nonnegative nondecreasing function on
[0, 00) such that (2.1) hold. Then the following statements hold.

(i) $C,D: Qi(p,q) — B, is bounded if and only if

sup a(121) [p(2)¢' ()] <0, sup a(121) ¢’ (2)]

) 2 < Q.
en 1-le)I?) » zen 1-le@I?)»

(i) ¢CyoD: Qk(p,q) — By, is compact if and only if $C,D : Qi(p,q) — B, is bounded,

and
lim Id)(Z)go/(zl)gIW2 _o, lim pu(12l) 19’ (2)] -
N (S O N (OIS
(iii) ¢CyD: Q(p,q) — By is compact if and only if
lim M(|z|)M/(zi|+q+2 =0, lim u(|z|)L)|q+2 =0.
N (RGO A -l

From Theorem 2.5, we get the following

Corollary 2.6 Let ¢ be an analytic self-map of A, and let ¢ be an analytic function in A.
Then the following statements hold.
(i) $C,D: B — B is bounded if and only if

n 19(2)¢'(2) n 192
(= 12) e < Sl T o <

(i) ¢C,D:B — B is compact if and only if $C,D : B— B is bounded, and

, Ly 0@e' @) : Ly 9@
\w};ﬂnll(l 2 )(1—|g0(z)|2)2_ ’ \w}zlnnll(l 2 )1—|<p(2)|2_

Page 4 of 12
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(iii) ¢Cy,D: B — By is compact if and only if

oy [9@e'(@)] S S L 2l
lim 0= 120 e =@l (=) o =

3 Proofs of the main results
In this section, we will prove our main results. For this purpose, we need some auxiliary

results.

Lemma 3.1 Let ¢ be an analytic self-map of A, ¢ be an analytic function in A. Sup-
pose p>0, g > =2. Then ¢DC, (or C,D) : Qr(p,q) — B, is compact if and only if
¢DC, (or pC,D) : Qk(p,q) — B, is bounded and for any bounded sequence {f,},cn in
Qi(p,q) which converges to zero uniformly on compact subsets of A as n — 0o, and
l¢DCyfulls, — 0 (or ll$CyDfylls, — 0) as n — oo.

Lemma 3.1 can be proved by standard way (see [1, Proposition 3.11]).

Lemma 3.2 A closed set K of B, o is compact if and only if it is bounded and satisfies
lim sup u(|2])|f'(2)| = 0. (3.1)
|z\—>1fEK

Proof First of all, we suppose that K is compact and let & > 0. By the definition of B, o, we
can choose an §-net which center at fy,f3,...,f, in K respectively, and a positive number
7 (0 <r<1) such that u(|2l)|f/ (2)| < §, for 1 <i<mand |z| > r. If f € K, ||f —fillp, < § for
some f;, so we have

w(l2)|[f'@)| < If -fills, + n(lzl)|[ff 2] <&,
for |z| > r. This establishes (3.1). O

On the other hand, if K is a closed bounded set which satisfies (3.1) and {f,} is a sequence
in K, then by the Montel’s theorem, there is a subsequence {f,, } which converges uniformly
on compact subsets of A to some analytic function f, and also {f, } converges uniformly to

f’ on compact subsets of A. According to (3.1), for every ¢ > 0, thereisanr, 0 <r <1, such
that for all g € K, u(|z])|g'(2)| < 5, if |z| > r. It follows that u(|z|)|f'(2)| < §, if |z| > r. Since
{fic} converges uniformly to f and {f, } converges uniformly to f” on |z| <r, it follows that
limy_, oo sup [|fu, —fllB, <&, i€, limi oo |Ifi, —fliB, =0, so that K is compact.

Lemma 3.3 ([14]) Let « > 0 and f € H(A). Then we have
sup(l - |z|2)a[f’(z)| A [f’(0)| + sup(l - |z|2)m+1 [f”(z)|.
zZEA zZEA

Proof of Theorem 2.1 First, suppose that the conditions in (2.2) hold. Then for any z € A
and f € Qi(p, q), by use of the fact ||f|| 42 < C||fllQ, (9 and Lemma 3.3, we have
B P

w(lz]) [(@DC,f) (2)]
= 1(121)[¢' @¢' @) (9(2) + p@[f" (0(2) (¢ (D) + 1 (9(2)) 9" (2]
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< u(121) [ (0(2) (¢'@)*] + 1(121) |[¢(@)¢" (@) + ¢ (D¢’ D)]f (#(2))]

’ 2 1 / /
< u(2)C | (2) (e (Z)3+61|+2 VI e+ n(l2l) lp(2)p"(z) + ¢ (Zq)ff (2| 1l a2
1-le@?) *» By 1-le@P) 7 By
/ 2 V / ’
- {M(|Z|)C |p(2) (¢ (Z)3+01|+2 +M(|Z|)I¢(Z)<p (2)+¢ (7%) (2) }W”ka. (3.2)
(1-lp)?) » 1-le)?) 7

Taking the supremum in (3.2) for z € A, and employing (2.2), we deduce that

¢DC, : Qi(p,q) — By,

is bounded.

Conversely, suppose that $DC,, : Qi(p,q) — B,, is bounded. Then there exists a constant
Csuchthat [|pDCyf ||, < Cllf llqi(p.g forallf € Qk(p, g). Taking the functions f(z) = z,and
flr)= %, which belong to Qx(p, q), we get

sup 1(121)|¢(2)¢" (2) + ¢'(2)¢'(2)| < 00 (3.3)
and
sup w(l2)[p(2)(¢' @) + 9(2)[$(2)¢"(2) + ¢' ()¢ ()] | < 0. (3.4)

From (3.3), (3.4), and the boundedness of the function ¢(z), it follows that
SUEM(|Z|)|¢(Z)(§0/(Z))2| < co. (3.5)
ze

For w € A, let

by direct calculation, we get

q+2 w g+2p+q+2 w?

fow) = ———,  fiw)
Poa-wp)v PP a-wp)

From [5], we know that f,, € Qi(p, g), for each w € A. Moreover, there is a positive constant

C such that sup, . IIfiwlloi(n.g) < C. Hence, we have

Cll¢DCyll > ||¢Dcwf<p(z)||B,L
g+2p+q+2 19(2)(¢'(2))*(9(2))?|
Z - M |Z| pq+2
P r (1-lp@) 7
) lp(2)p" (2) + ¢'(2)¢' (2)|lp(2)]

1-lp@R)%

q+2
+

()2l

Page 6 of 12
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for z € A. Therefore, we obtain

l6(2)¢"(z) + ¢'(2)¢" (2) @ (2)]
M(|Z|) q+2
1-le)?) 7
p+q+2 19(2)(¢'(2)*(p(2))?|
» ,u( z .

| |) pq+2
A-le@I?) 7

= Cll¢DCy|l +

Next, for w € A, let

2(2) = A-w?? p+g+2 1-|w?
w - g2
(-w2) 7

q+2 °

q+2 Q-wz) 7

Then from [5], we see that g,,(z) € Qx(p,q) and sup,,c 5 llgwllQ.(r.q) < 0. Since

joprar2 P

Z(9@) =0, ’&Z(Z) (¢(2) PR
P 1-lp@P) »

we have

o0 > CligDCy || = [[¢DCygy(z) I3,

_ptaq+2 ¢(2)(¢'(2))* (¢ (2))°|

= /L(|Z| prqi2
1-le@I*) 7
Thus
l9(2)(¢'(2))?|
sup p(lzl) ———zm
lp@I>% A-lp@)?) 7
/ 2 2
< sup 4u(|z|)|¢(z)(¢ (2)) (f(:)z) | < ClI$DC, | < .
lo@)1>3 1-lp@)?) »
Inequality (3.5) gives
/ 2 4 p+++2
() FEEEL < (5) T e n(e) b )] <o
lp(2)|<3% 1-1ez)?) » lo(2) <1

Page 7 of 12

3.7)

(3.8)

(3.9)

(3.10)

Therefore, the first inequality in (2.2) follows from (3.9) and (3.10). From (3.7) and (3.8),

we obtain
|p(2)¢" (2) + ¢'(2)¢' (2) |9 (2)]
Sup M('Zl) q+2 <00
€A (1-lp)?) 7

Inequalities (3.3) and (3.11) imply

[p(2)e" (2) + ¢’ (2)¢’ (2)]
sup u(lz]) o
lp(2)]>1 1-le@)|*) 7
<2 sup u(lel) [¢(2)¢" () +¢/(2)90;S)|I<p(2)| < oo
lo@)I>3 1-lp@») 7

)

(3.11)

(3.12)
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and

lp(2)e" (2) + ¢’ (2)¢' (2)]
sup u(2) o
@<} 1-le@*) 7

q+2

5(% " sup u(l2)[6@e" @) + ¢ @) @) < oo (3.13)
lo(z)<}

Inequality (3.12) together with (3.13) implies the second inequality of (2.2). The proof of
Theorem 2.1 is completed. 0

Proof of Theorem 2.2 First, suppose that ¢ DC,, : Qi(p,q) — B, is bounded and (2.3) hold.
Let {fu}uen be a sequence in Qi(p,q) such that sup, .y Ilfull Q. (g < 00, and f, converges
to 0 uniformly on compact subsets of A as n — oo. By the assumption, for any ¢ > 0, there
exists a § € (0,1) such that

] |$(2)(¢' (2))]

(1-1le@I?) »
and

1¢(2)¢" (2) + ¢'(2)¢' ()|
M(|Z|) q+2 <&
1-le@)P) 7

hold for § < |¢(z)| < 1. Since $DC,, : Qk(p,q) — B, is bounded, it follows from the proof of
Theorem 2.1 that

My = sup u(Iz]) |9(2)@" (2) + ¢’ (2)¢' (2)| < o0,

zeA

My = sugu(IZI) |6(2)(¢'(2))*] < 0.
Let K={z € A:|p(z)| <8}. Then we have

¢DCyfolls, = SHEM(IZI)!(¢DC¢ ) (2)| +|6(0)f;(0(0))@' (0)]

< sup u(12)) |9 @)f (¢(2)) (¢ (2)°

zeA

+sup u(lzl) |p(2)@" (2) + ¢' (D)9’ (2)||f;(9(2)) | + [#(0)f;((0))¢'(0)]

zeA

< su}gu(lZl)|¢(Z)fn”(<0(2))(go/(Z))2|

+sup u(|z]) |p(2)@" (2) + ¢/ (2)¢' (2) ||, (9 (2)) |

zeK

+ sup )M(IZI)|¢>(Z)ﬁ§/(<p(2))(<p/(2))2|

ze(A-K
+ ?lAlpK)u(IZI) |6(2)¢" (2) + ¢'(2)¢' (D) |, (¢(2))| + |#(0)f; (¢(0)) ¢ (0)]
’|

< su]gu(IZI)!¢(Z)f,!(</>(2))(s0/(2))
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- SHHEM(IZI) |p(2)¢" (2) + ¢' (D)9’ 2)||f;1(2(2)| + |#(0)f;; (0(0)) ¢’ (0)]
lp(2)(¢'(2))?|

+C sup M(IZI)—WM"Qk(pq
ze(A-K) 1-le@I?) »
. sup M(|Z|)I¢(Z) ¢"(2) + ¢>() ‘(2 Vol
z€(A-K) 1-lp@) 7 a

<M, su}g[ﬁi’(w(Z))l +M; suplfn(w(Z))I
+2Celfull Quipg + |#(0)f;(2(0))¢’ (0)|. (3.14)

From the fact that f, — 0 as n — oo on compact subsets of A, and Cauchy’s estimate,
we conclude that f, — 0 and f,’ — 0 as n — 0o on compact subsets of A. Letting
n — oo in (3.14) and using the fact that ¢ is an arbitrary positive number, we obtain
lim;, o [[9DCfull5, = 0. Applying Lemma 3.1, the result follows.

Conversely, suppose that DC,, : Qx(p,q) — B,, is compact. Then it is clear that ¢DC, :
Q«(p,q) — B, is bounded. Let {z,} be a sequence in A such that |¢(z,)| = 1 as n — 0.
Forn e N, let

I()I2

Jul2) = )
(1-o(zn)z) 7

Then sup, .y Iy llQu(pg) < 00 and f;, converges to O uniformly on compact subsets of A as
n — 00. Since DC,, : Qx(p,q) — B, is compact, by Lemma 3.1, we have lim,,_, o, |[¢DC, x
Jallg, = 0. On the other hand, from (3.6) we have

q+2p+q+ 2u(| ¥ | (z.) (¢’ (zn))z(w(zn))2
A= lpz)?) 7
q+2 |d(z0)¢" (z) + @' (21)¢’ (Zn)| Iw(zn)l
+ —M(lzn|)
P A=l 7

C”¢DC¢J n”Bu z -

which implies that

L prae? 1p(2n) (¢’ (zn))z(w(zn)) |
im 1 (1zal)
lo(zn)l=1  p 1- |<p(Zn)|2) i
Y ]l ek AChUAGHITICHIN (3.15)
lp(zn)| 1 1 -lp@E)) 7

if one of these two limits exists.
Next, for n € N, set

() = A-lo@)P)?*  p+q+2 1-lp@)®
U-9G)2) 7 1*2 (1-9@E)2)7

Then {g,},en is a sequence in Qx(p, ). Notice that g, (¢(z,)) =

2 ok
P (1)) 7

Page 9 of 12
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And g, converges to 0 uniformly on compact subsets of A as # — co. Since ¢$DC,, :
Q«(p,q) — B, is compact, we have lim,,, « [[¢DCygx| 5, = 0. On the other hand, since

p+q+2 19(2)(¢' (24))*(9(20))?]
PrA*2 (12

”¢DC<p n”Bu > | n| prq+2 ’
A= lp)?) 7
we have
/ 2

lim M(|Zn|) |¢(Zn)(§0 (an)quz

et (L-lg()) 7
’ 2 2
i (e PG 16
e A= lp@)P)

From (3.15) and (3.16), we get

|¢(20)¢" (20) + ¢'(20)¢" (20)| _

lim  p(lzal) K 0. (3.17)
o)1 (1-lo)) T
The proof of Theorem 2.2 is completed. g

Proof of Theorem 2.3 First, let f € Qi(p, q). By the proof of Theorem 2.1, we have

[p(2) (¢ (2))?]
A- o@D+
lp(2)e" (2) + @' (2)¢' (2)]

+u(l2l) (

w(12)[(6DCfY (@) < C{M(IZI)‘

752 }llfllek@,q» (3.18)
1-p(2)]?)?

Taking the supremum in (3.18) over all f € Qi(p,q) such that ||f|q,q < 1, we can
get

lim  sup u(|z|)|(¢DC¢f)/(Z)| =0.
FI=L1f ) g o <1

By Lemma 3.2, we see that the operator DC,, : Qx(p,q) — B, is compact.

Conversely, suppose that DC,, : Qc(p,q) — B, is compact. By taking f(z) = z and
using the boundedness of ¢DC, : Qi(p,q) — B, 0, we get

lim u(j2l)[¢(@)¢"(@) + ¢ )¢ )| = 0. (319)

From this, by taking the test function f(z) = % and using the boundedness of ¢DC, :
Qk(p,q) — B0, it follows that

|;‘igllu(IZI)|¢5(Z)(<p’(z))2| =0. (3.20)

In the following, we distinguish two cases:
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First, we assume that ||¢||» < 1. From (3.19) and (3.20), we obtain

i 19(2)(¢' (2))?
ZITIM(|Z|) prq+2
. 1-lp@)2) »
1
< lim u(l2) [p@(¢ @) 7| = 0
1= lglle) 7 ™
and
i |¢(2)¢"(2) + ¢'(2)¢’ ()]
zlgllu(|2|) q+2
§ (1-lp@)?) »
=< ;u lim u(121)[¢@e" (@) +¢'@)¢ ()| = 0.
A-llel) 7 *

So the result follows in this case.

Secondly, we assume that |¢llc = 1. Let {¢(z,)}nen be a sequence such that
lim,—, « |¢(24)| = 1. From the compactness of $DC, : Qx(p,q) — B0, we see that ¢DC,, :
Q«(p,q) — B, is compact. According to Theorem 2.2, we get

/ 2
lim MOZDM = (3.21)
N S OO
and
lim pu(l2l) l9p(2)p"(2) + ¢ (?f @1 _ o. (3.22)
vt 1 -lp@)) 7
For any ¢ > 0, from (3.19) and (3.22), there exists r € (0,1) such that
[p(2)¢" (2) + ¢'(2)¢' ()|
1(21) <6
A-le(2)?) 7
for r < |p(2z)| <1, and there exists o € (0,1) such that
u(l2) [p@)¢" (@) + 9@ @) < e(1-r) 7,
for o < |z| < 1. Therefore, when o < |z| <1, and r < |¢(z)| < 1, we obtain
u(121) l9(2)¢" (2) + ¢'(2)¢' (2)] e (3.23)

q+2
A-le@?) 7
On the other hand, if o < |z| <1, and |¢(z)| < r, we have
lp(2)¢" (2) + ¢'(2)¢' (2)]
ﬂ
1-le@P)7

< ;MM(M) |9(2)¢"(2) + ¢' ()¢ (2)| < . (3.24)
(1-r3)r

w(lzl)
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From (3.23) and (3.24), we get the second equality of (2.4). Similarly to the above argu-
ments, by (3.20) and (3.21), we can get the first equality of (2.4). The proof of Theorem 2.3
is completed. 0

Similarly to the proofs of Theorems 2.1-2.3, we can get the proofs of Corollary 2.4, The-
orem 2.5 and Corollary 2.6. We omit the proofs.
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