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1 Introduction
Variational inclusion problems are interesting and intensively studied classes of mathe-
matical problems and have wide applications in the field of optimization and control, eco-
nomics and transportation equilibrium, and engineering sciences, etc., see for example
[1-7]. Several authors used the resolvent operator technique to propose and analyze the
iterative algorithms for computing the approximate solutions of different kinds of varia-
tional inclusions. Fang and Huang [8] studied variational inclusions by introducing a class
of generalized monotone operators, called H-monotone operators and defined the associ-
ated resolvent operator. Fang and Huang [9] further extended the notion of H-monotone
operators to Banach spaces, called H-accretive operators. Recently, Zou and Huang [10]
introduced and studied H(-, -)-accretive operators and apply them to solve a variational
inclusion problem in Banach spaces. After that Xu and Wang [11] introduced and stud-
ied (H(:,-)-n)-monotone operators. Very recently, Ahmad et al. [12] introduced H(,-)-
cocoercive operators and apply them to solve a set-valued variational inclusion problem
in Hilbert spaces.

By taking into account the fact that n-cocoercivity is an intermediate concept that lies
between 7-strong monotonicity and 7-monotonicity, in this paper, we introduce H(:, -)-n-
cocoercive operator and its resolvent operator. We then apply these new concepts to solve

a generalized set-valued variational-like inclusion problem in Banach spaces.
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2 Preliminaries

Throughout the paper, we assume that X is a real Banach space, X~ is the topological dual
space of X, CB(X) is the family of all nonempty closed and bounded subsets of X, D(,-) is
the Hausdorff metric on CB(X) defined by

D(A, B) = max{sup d(x,B),supd(A, y) }
x€A yeB

(-,-) is the dual pair between X and X .

Definition 2.1 A continuous and strictly increasing function ¢ : R* — R* such that ¢(0) =
0 and lim,_, o, ¢(t) = 0o is called a gauge function.

Definition 2.2 Given a gauge function ¢, the mapping J, : X — 2% defined by

u'| = e(lxl)}

is called the duality mapping with gauge function ¢, where X is any normed space.

Jo(x) = {u eX : (x, u) = |||l ||u

In particular if ¢(¢) = ¢, the duality mapping J = J, is called the normalized duality map-

ping.

Lemma 2.1 [13] Let X be a real Banach space and J : X — 2% be the normalized duality
mapping. Then, for any x,y € X,

lla + yl1> < 1l +2{y, jx + ),

forall j(x +y) € J(x +y).

Definition 2.3 Let A: X — X and 17: X x X — X be two mappings and letJ : X — 2X be
the normalized duality mapping. Then A is called
(i) n-cocoercive, if there exists a constant (1 > 0 such that

(Ax - Ay,j(n(x,9)) = mallAx - Ayl Vx,y € X, j(n(x9)) €T (n(x,));
(ii) n-accretive, if

(Ax - Ay, j(n(x,9)) =0, VYx,yeX,j(n(xy) €] (nxy);
(ili) n-strongly accretive, if there exists a constant $; > 0 such that

(Ax - Ay, j(n(x.9)) = Billx-ylI*, Va9 € X,j(n(x,9) €] (n(x9));
(iv) n-relaxed cocoercive, if there exists a constant y; > 0 such that

(Ax - Ay, j(n(x,9)) = nllAx - Ayl*, Vx5 € X,j(n(x,) €] (n(x9));
(v) Lipschitz continuous, if there exists a constant A4 > 0 such that

||Ax—AJ’|| S)»AH?C—J’H, Vx;yGX;
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(vi) a-expansive, if there exists a constant « > 0 such that
||Ax—AJ’|| 201||x—3/||, Vx,J/GX;
(vil) n is said to be Lipschitz continuous, if there exists a constant 7 > 0 such that

In@y| <zlx-yl, VxyeX.

If X = H, a Hilbert space, then definitions (i) to (iv) reduce to the definitions of
n-cocoercive, n-monotone, 1-strongly monotone and n-relaxed cocoercive, respectively,
introduced by Ansari and Yao [3].

Ifin addition, n(x,y) = x—y, for all x,y € X, then definitions (i) to (iv) reduce to the defini-
tions of cocoercivity [14], monotonicity, strong monotonicity [15] and relaxed cocoercive,

respectively.

Definition 2.4 Let A,B: X — X, H: X x X — X, n: X x X — X be three single-valued
mappings and J : X — 2% be a normalized duality mapping. Then
(i) H(A,-) is said to be n-cocoercive with respect to A, if there exists a constant u > 0

such that
(H(Ax,u) - H(Ay,u),j(n(x,9))) = 1l Ax - Ay,
Y,y € X, j(n(x,y)) € J(n(x, ));

(i) H(-,B) is said to be n-relaxed cocoercive with respect to B, if there exists a constant
y > 0 such that

(H(u, Bx) - H(, By), j(n(x.)) = (~y)|1Bx - By|?,
Vx,y € X, j(n(x, ) € J(n(x,9));
(iii) H(A,-) is said to be r;-Lipschitz continuous with respect to A, if there exists a
constant r; > 0 such that

|H(Ax,u) - HAy,u)|| <rillx-yl, Vx,yeX;

(iv) H(-,B) is said to be r,-Lipschitz continuous with respect to B, if there exists a

constant r, > 0 such that
HH(u,Bx) — H(u, By) ” <rlx-yl, VxyeX.

Definition 2.5 A set-valued mapping M : X — 2% is said to be n-cocoercive, if there exists

a constant (i, > 0 such that
(u=v,j(n(x)) = pallu—vI?,  Va,y € X,u € Mx,v € My,j(n(x,9)) € J(n(x,)).

Definition 2.6 A mapping T : X — CB(X) is said to be D-Lipschitz continuous, if there

exists a constant A7 > 0 such that

D(Tx, Ty) < Arllx—yl, Vx,yeX.
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Definition 2.7 Let 7,Q: X — CB(X) be the mappings. A mapping N : X x X — X is said
to be
(i) Lipschitz continuous in the first argument with respect to 7, if there exists a

constant #; > 0 such that
[Nw1,-) = N(wa, )| < tallwi —wall, Vi, us € X,wi € T(w), ws € T(us);

(ii) Lipschitz continuous in the second argument with respect to Q, if there exists a
constant #, > 0 such that

[NC,vi) =NCw)| < tallvi —vall,  Yur,uz € X,v1 € Q(n), v € Qua);

(iii) n-relaxed Lipschitz in the first argument with respect to T, if there exists a constant
71 > 0 such that

(N(w1,-) = N(wa, ), j(n(ur, u2))) < —71 1ty — ]|,

Vuy, uy € X, wy € T(uy), wa € T(ua), j(n(uy, uz)) € J(n(uy, ua));
(iv) n-relaxed Lipschitz in the second argument with respect to Q, if there exists a
constant 75 > 0 such that

(NCov) = N(va),ji(n(ur, u2))) < —T2lln — ua |,
Vuy, uy € X, v1 € Qur), v2 € Qua), j(n(u1, u2)) € J(n(ur, u2)).

3 H(-, -)-n-cocoercive operator
In this section, we define a new H(:,-)-n-cocoercive operator and show some of its prop-
erties.

Definition 3.1 Let A,B: X — X, H: X x X — X, n: X x X — X be four single-valued
mappings. Let M : X — 2% be a set-valued mapping. M is said to be H(-,-)-n-cocoercive
operator with respect to A and B, if M is n-cocoercive and (H(A,B) + AM)(X) = X, for
every A > 0.

Example 3.1 Let X =R and A4, B: R — R be defined by
A(x)=«> and B(x)=sinx, VxeR.

Let H(A,B),n: R x R — R be defined by H(Ax, Bx) = A(x) — B(x), Vx € R and

(x-), if xyl < 3,
nxy) = e x-y), ifs<xyl<i,

20—y, if3<|xyl.
Let M : R — 2F be a set-valued mapping defined by

M(x) = {x, ;, g, oo d }, for any fixed natural number 7.
n
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Then
(i) (u-v,nxy)) >2n|u—-v|> V¥x,y € R, u € M(x), ve M(y).
(i) (H(A,B) + AM)(R) =R.

Thus M is H(-,-)-n-cocoercive with respect to A and B.

Now, we show that the mapping M need not be H(-,-)-n-cocoercive with respect to A
and B.

Let X = C[0,1] be space of all real valued continuous functions defined over closed in-
terval [0,1] with the norm

IWZQ%WM.
Let A,B: X — X be defined by
Alf)=¢ and B()=e®, Vf,geX.
Let H(A,B) : X x X — X be defined as
H(A(f),B(g)) = A(f) + B(g), Vf.ge€X.
Suppose that M = I, where I is the identity mapping. Then for A =1, we have

[(4164,B) + MY = A + BY) «F] = max €9 +¢7 @ +£0)] > 0,

which means that 0 ¢ (H(A, B) + M)(X) and thus M is not H(-, -)-n-cocoercive with respect
to A and B.

Proposition 3.1 Let H(A,B) be n-cocoercive with respect to A with constant u > 0 and
n-relaxed cocoercive with respect to B with constant y > 0, A is a-expansive and B is

B-Lipschitz continuous and >y, a > . Let M : X — 2% be H(-,-)-n-cocoercive opera-
tor. If the following inequality

(x-3j(nwv))=0
holds for all (v,y) € Graph(M), j(n(u,v)) € ] (n(u,v)),

then x € Mu, where Graph(M) = {(u,x) € X x X : x € Mu}.
Proof Suppose that there exists some (1, xp) such that
(xo —y,j(n(uo, v))) >0 holds for all (v,y) € Graph(M). (3.1)

Since M is H(-, -)-n-cocoercive with respect to A and B, we know that (H(A, B) + AM)(X) =
X holds for every A > 0 and so there exists (#1,%;) € Graph(M) such that

H(Auy, Buy) + Axy = H(Aug, Bug) + Axo € X. (3.2)
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It follows from (3.1) and (3.2) that

0 < (Ao + H(Auo, Bug) — Axy — H(Auy, Buy), j(n(uo, ur))),
0 < Axo — x1,j(n(uo, 1)) = —(H(Auo, Buo) — H(Au1, Bu), j(n(uo, u1)))
= —(H (Auo, Buo) — H(Auy, Bug),j(n(uo, u1)))
— (H(Auy, Buo) — H(Auy, Buy), j(n(uo, u1)))
< —ullAug — Am ||* + v || Buo — Buy |)?
< —pa|luo — w|* + yB2|luo — m|*
= —(na® - yB?)lluo — m|* <0,

which gives u; = ug, since > y and « > . By (3.2), we have x; = xy. Hence (u9,x0) =
(241, %) € Graph(M) and so xy € Muy. O

Theorem 3.1 Let H(A,B) be n-cocoercive with respect to A with constant u > 0 and
n-relaxed cocoercive with respect to B with constant y > 0, A is a-expansive and B is
B-Lipschitz continuous, u >y and a > B. Let M be an H(-,-)-n-cocoercive operator with
respect to A and B. Then the operator (H(A, B) + A\M)™! is single-valued.

Proof For any given u € X, let x,y € (H(A, B) + AM)~(u). It follows that

—H(Ax,Bx) + u € AMx and

—H(Ay, By) + u € AMy.
As M is n-cocoercive (thus n-accretive), we have

0< (—H(Ax, Bx) + u — (~H(Ay, By) + u),j(n(x,y)))
—(H(Ax, Bx) - H(Ay, By),j(n(x,)))

~(H(Ax, Bx) — H(Ay, Bx) + H(Ay, Bx) — H(Ay, By),j(n(%,)))

—(H(Ax, Bx) — H(Ay, Bx),j(n(x, y)))
- (H(Ay, Bx) - H(Ay, By), j(n(x,9)))- 3.3)
Since H is n-cocoercive with respect to A with constant u and n-relaxed cocoercive with

respect to B with constant y, A is a-expansive and B is B-Lipschitz continuous, thus (3.3)

becomes
0 <—pa?llx=yI* +yB*Ix - ylI* = —(na® - yB?)lx - yI* <0, (3.4)
since >y and & > B. Thus, we have x = y and so (H(4, B) + AM)~! is single-valued. [

Definition 3.2 Let H(A, B) be n-cocoercive with respect to A with constant ¢ > 0 and
n-relaxed cocoercive with respect to B with constant y > 0, A is a-expansive and B is
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B-Lipschitz continuous, u > ¥ and « > 8. Let M be H(-,-)-n-cocoercive operator with
respect to A and B. Then the resolvent operator Rﬁ;&‘)_" : X — X is defined by

RICO(u) = (H(A,B) + 2M) " (), VueX. (3.5)

Now, we show the Lipschitz continuity of the resolvent operator defined by (3.5) and
calculate its Lipschitz constant.

Theorem 3.2 Let H(A,B) be n-cocoercive with respect to A with constant u > 0 and
n-relaxed cocoercive with respect to B with constant y > 0, A is a-expansive, B is f3-
Lipschitz continuous and 0 is t-Lipschitz continuous and (L >y, o > B. Let M be an H(-, -)-
n-cocoercive operator with respect to A and B. Then the resolvent operator RZI(\',’I‘)_" X —> X

; . ) ) . .
s 7 Lipschitz continuous, that is

| Ry - RES ()| < lu—vl, VuveX.

T
po? —yp?

Proof Let u and v be any given points in X. It follows from (3.5) that

Rﬂ‘,}')f"(u) = (H(A,B) + )\M)fl(u), and

RISO)7(v) = (H(A, B) + AM) ™ ().

This implies that
(= AR 0), BR 7 @) € MRS "9), - and
(v HAGRES0), B 0)) € MRS ().

For the sake of convenience, we take
Py = Rgﬁg')_"(u) and Pv= Rﬁ’,}')_”(v).
Since M is n-cocoercive (thus n-accretive), we have

%(u — H(A(Pu), B(Pu)) — (v — H(A(Pv), B(Pv))),j(n(Pu, Pv))) > 0,
= %(u —v— (H(A(Pu), B(Pu)) — H(A(Pv), B(PV))),j(n(Pu, Pv))) > 0,
which implies that
(= v,j(n(Pu, Pv))) > (H(A(Pu), B(Pu)) — H(A(Pv), B(PV)), j(n(Pu, Pv))).

It follows that

e = vIl | n(Pu, Pv)|| = (4 = v,j(n(Pu, Pv)))

> (H(A(Pu), B(Pu)) — H(A(Pv), B(Pv)),j(n(Pu, Pv)))
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= (H(A(Pu), B(Pu)) — H(A(Pv), B(Pu))
+ H(A(Pv), B(Pu)) — H(A(Pv), B(PV)), j(n(Pu, Pv)))
= (H(A(Pu), B(Pu)) — H(A(Pv), B(Pw)), j(n(Pu, Pv)))
+(H(A(Pv), B(Pu)) — H(A(Pv), B(PV)),(n(Pu, Pv)))
> u|A(Puw) - APY)|* - v || B(Pw) - B(P)|?

> pa®||Pu — Pv|* - yB*||Pu - Py|?
and so

lu = vl |n(Pu, Pv)| = (na? - yB2)|1Pu - Py||?

(na? —yB)|1Pu— PyI* < |lu— vl |n(Pu, Pv)| < tllu—v||Pu— Pyl

T
Pu-Pv|<—|lu-v|, VYuvel,
I 1= sl
ie.
H(-)-n H(-)-n i
1R ) = R, " )| < PP lu—-vl, VYu,veX.
This completes the proof. g

4 Existence result for generalized set-valued variational-like inclusion problem
In this section, we apply H(-,-)-n-cocoercive operators to find a solution of generalized
set-valued variational-like inclusion problem.

Let N: X x X > X, n: X xX—>X,H: X xX— X,A,B:X — X be the single-valued
mappings and T,Q : X — CB(X), M : X — 2% be the set-valued mappings such that M
is H(:,-)-n-cocoercive with respect to A and B. Then we consider the following problem.
Find u € X, w € T(u), v € Q(u) such that

0 e N(w,v) + M(u). (4.1)

We call problem (4.1), a generalized set-valued variational-like inclusion problem.

Let X be a Hilbert space. If Q =0 and n(u,v) =u — v, Yu,v € X and N(-,-) = T(-), where
T : X — CB(X) be a set-valued mapping. Then problem (4.1) reduces to the problem of
finding u € X, w € T'(u) such that

0ew+M®u). (4.2)

A problem similar to (4.2) is studied by Ahmad et al. [12] by applying H(:,-)-cocoercive
operators.

If H(-,-) = H(:) and M is H-accretive mapping, then problem (4.1) is introduced and
studied by Chang et al. [5]. It is clear that for suitable choices of operators involved in the
formulation of (4.1), one can obtain many variational inclusions studied in literature.
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Lemma 4.1 The (u,w,v), where u € X, w € T(u), v € Q(u) is a solution of problem (4.1) if
and only if (u, w,v) is a solution of the following equation

u =R H(A®w), Bw) - AN(w,v)], (4.3)
where X > 0 is a constant.
Proof Proof is straightforward by the use of definition of resolvent operator. O

Based on Lemma 4.1, we define the following algorithm for approximating a solution of

generalized set-valued variational-like inclusion problem (4.1).

Algorithm 4.1 Forany ug € X, wo € T(uo), vo € Q(ug), compute the sequences {u,}, {w,},
and {v,} by the following iterative scheme:

Uni = R [H(AGwn), B(tt)) = AN (W, v,)], (4.4)
Wi € T(tn), Wy = Wyaa || < D(T(un), T(uwrl))’ (4.5)
Vi € Q) [V = Vi | < D(Q(un): Q(unﬂ)): (4.6)

foralln=0,1,2,...and A > 0 is a constant.

Theorem 4.1 Let X be a real Banach space. Let A,B: X - X, H: X x X - X, N: X x
X — X, n:X x X — X be the single-valued mappings. Suppose that T,Q : X — CB(X)
and M : X — 2% are set-valued mappings such that M is H(-,-)-n-cocoercive operator with
respect to A and B. Let
(i) T is D-Lipschitz continuous with constant At and Q is D-Lipschitz continuous with
constant Lq;
(if) H(A,B) is n-cocoercive with respect to A with constant u > 0 and n-relaxed
cocoercive with respect to B with constant y > 0;

(iii) A is a-expansive and B is B-Lipschitz continuous;

(iv) H(A,B) is r-Lipschitz continuous with respect to A and ry-Lipschitz continuous
with respect to B;

(v) N is ty-Lipschitz continuous with respect to T in the first argument and t,-Lipschitz
continuous with respect to Q in the second argument;

(vi) 7 is T-Lipschitz continuous;

(vii) N is n-relaxed Lipschitz continuous with respect to T in the first argument and
n-relaxed Lipschitz continuous with respect to Q in the second argument with
constants T, and Ty, respectively.

Suppose that the following condition is satisfied:
2

2 _ 9y pna” — VﬁZ 2
ry = 2x(tiAr + tZAQ)[rl + AT + BAg) + r] 2011 + ) < — - re,  (4.7)

wa? — yﬁ2 stri > y,a> .

Then there exist u € X, w € T(u) and v € Q(u) satisfying the generalized set-valued
variational-like inclusion problem (4.1) and the iterative sequences {u,}, {w,} and {v,} gen-
erated by Algorithm 4.1 converge strongly to u, w and v, respectively.
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Proof Since T is D-Lipschitz continuous with constant A1 and Q is D-Lipschitz continu-
ous with constant A, it follows from Algorithm 4.1 that

Wy = Wyl < D(T(un), T(erl)) < Arltn = thpal, and (4.8)

Vi = vl < D(Q(un): Q(un+1)) < rolltn — sl (4.9)

By using Algorithm 4.1 and Lipschitz continuity of resolvent operator Rﬁ’,})_”, we have

”Mn+1 — Uy ” ||R§\-{1(\;[')7” [H(AM,,, Bun) - )\N(Wn’ Vn)]

- Ri—{j(\./’[')in [H(Aun—h Bun—l) - )"N(Wn—l: Vn—l)] H

IA

T
m ||H(AumBun) — H(Au,_1,Bu,_1)

— AN V) = NWy1,v,0)]|

T
P s | H(Awt, Buyy) — H(Assyy_y, Bus,)

IA

- }‘[N(Wn: Vn) - N(Wn—h Vn—l)] ||

¥ —— | H(At 1, Buy) — H(At, 1, Bty 1)) (4.10)
po* —yB

Using Lemma 2.1, we have

2
||H(Aunr Bun) - H(Aun—l; Bun) - )‘[N(Wnr Vn) - N(Wn—lr Vn—l)] ”
2
=< HH(AM,,,BM,,) - H(Aun—l; Bun) ” - Z)V(N(Wm Vn) - N(Wn—lr Vn—l)r
][H(AM,,, Bun) - H(Aun—ly Bun) - )"(N(Wnr Vn) - N(Wn—lr Vn—l)>]>
2
= ||H(AL£,,, Bun) - H(Aun—h Bun) || - ZA'(N(WW Vn) - N(W}’l—lﬂ Vn—l)t
][H(AM,,, Bun) - H(Aun—ly Bun) - )"(N(Wnr Vn) - N(Wn—lr Vn—l))]
+j(77(um un—l))) + ZA(N(Wm Vn) - N(Wn—b Vn—l);j(n(unr Mn—l)))
2
=< HH(AM,,,BM,,) - H(Aun—l; Bun) ” - 2A HN(WVH Vn) - N(Wn—lr Vn—l) ||
X ||H(AM,,, Bun) - H(Aun—l; Bun) || +A ”N(Wm Vn) - N(Wn—h Vn—l) H
[0ty n2) [T+ 20N W, Vi) = NWyio, Vi), (1t 1)) (4-11)
As H(:,-) is r;-Lipschitz continuous with respect to A, we have
”H(Aum Buy,) — H(Auy_1, Buy,) ” < rilluy — tpall. (4.12)
Since N is ¢;-Lipschitz continuous with respect to T in the first argument and ¢, -Lipschitz
continuous with respect to Q in the second argument and 7T is Ar-Lipschitz continuous

and Q is Ao-Lipschitz continuous, we have

||N(W,,,, Vn) _N(Wn—h Vn—l)” = ||N(Wm Vn) _N(Wn—b Vn)

+ N(Wn—l; Vn) - N(WVI—II Vn—l) ||
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IA

IN Wy Vi) = N(Wi1, v) |

+ [ NWno1, Vi) = N(Wy1, Vi) |

< tllwn = wyall + llve = vyl

1 D(T (), T(tn1)) + £2D(Qut), Q1))

< bAirluy — vyl + Agllu, — Uy ||

IA

(At + ad)luy — upa . (4.13)

As n is t-Lipschitz continuous, we have
|| n(um un—l) || =7 ”Mn —Up ” (414')

Since N is n-relaxed Lipschitz continuous with respect to T and n-relaxed Lipschitz con-
tinuous with respect to Q in first and second arguments with constants 7; and 7, respec-
tively, we have

(NWs Vi) = NWi1, Vi), (0t 101)))
= (NWn» Vi) = NWy_1, V), j (1, 1))
+ (NWyt, Vi) = NWit, V1), (0 (s 1))
< —tlltty = tpr |1 = T2l = s 1

< (1 + @)1ty — a1 (4.15)
Using (4.12)-(4.15), (4.11) becomes

| H (A, Buty) = H(Atty1, Bit 1) = A[NOWp, v) = NWir1, v ) ]|
< 1 lltty = a1 = 2A(t A7 + t2Q) |ty — ths |
X [rillttn = tna || + AerAT + t22Q) th — thpa || + T 11t — s |l
+ 20 (—(a1 + ) |ty = |1
=1ty = et |I* = 20(E A7 + tahQ) 11ty — ths |
x [{r + Mt + o) + T un — wacr ] = 20(x1 + ) sty — s ||
=1ty = tpa II” = 2X(t1A 7 + taAQ)[r1 + Mtihr + tadg) + 7]
X [ty = I = 201 + )| thyy — s |1

= [7’12 - 2)\.(t1)\.T + tg)xQ) [1’1 + k(tl)\T + tz)\Q) + T] - 2)\(1’1 + Tz)] ||I/ly, - I/ln_1||2. (416)

Using rp-Lipschitz continuity of H(-,-) with respect to B and (4.16), (4.10) becomes

b1 — vl < Olltty — |, (4.17)
where
T Try
0= VoL +
pe?—yp2 ¥ pa -y p?
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and
01 = [r} = 2M(tihT + aAQ)[r1 + AMtiAr + Bahq) + T] = 2A(T1 + T2)]. (4.18)

From (4.7), it follows that 6 < 1, so {u,} is a Cauchy sequence in X, thus there existsa u € X
such that u#,, — u as n — 00. Also from (4.8) and (4.9), it follows that {w, } and {v,,} are also
Cauchy sequences in X, thus there exist w and v in X such that w, — w, v, — vasn — oc.
By the continuity of Rﬁg’,}')_", H, A, B, n, N, T and Q and from (4.4) of Algorithm 4.1, it

follows that
it = R [H(AGu), B()) = AN (W, v)] (4.19)
- u=RY)H(A®W), Bw)) - \N(w,v)] (1 — o). (4.20)

Now, we prove that w € T(u). In fact, since w,, € T(u,,), we have

d(w, T(u)) <|lw-w,| + d(w,,, T(u))
= ”W - Wn” + D(T(un)r T(M))

<|w-wull + Arllu, —u|| > 0, asn— oo,

which means that d(w, T(u)) = 0. Since T(u) € CB(X), it follows that w € T(u). Similarly,
we can show that v € Q(«). By Lemma 4.1, we conclude that (i, w, v) is a solution of gen-
eralized set-valued variational-like inclusion problem (4.1). This completes the proof. [J

From Theorem 4.1, we can obtain the following theorem which is similar to the Theo-
rem 4.3 of Ahmad et al. [12].

Theorem 4.2 Let X be a Hilbert space. Let A, B, H and T be the same as in Theorem 4.1
and M : X — 2% be the set-valued, H(-,-)-cocoercive mapping with respect to A and B.
Assume that
(i) T is D-Lipschitz continuous with constant Ar;
(i) H(A,B) is cocoercive with respect to A with constant i > 0 and relaxed cocoercive
with respect to B with constant y > 0;
(iii) A is a-expansive;
(iv) B is B-Lipschitz continuous;
(v) H(A, B) is ri-Lipschitz continuous with respect to A and ry-Lipschitz continuous
with respect to B;
(Vi) (rn+r) <[(po®—yp*)=rlpu>y, a>p.
Then the problem (4.2) admits a solution (u, w) with u € X and w € T (u) and the iterative

sequences {u,} and {w,} converge strongly to u and w, respectively.
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