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Abstract
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1 Introduction
Let n be a positive integer, and let a;, b; (i = 1, 2, ..., n) be real numbers such that
ai—>",a?>0orbj — Y ,b? >0 Then Aczél’s inequality [1] can be stated as fol-

lows

n n n 2
(af - Zaf) (bf -y bf) < (a1b1 - Zaﬂ;,—) , 1
i=2 i=2 i=2

with equality if and only if the sequences a; and b; are proportional.

The Aczél inequality (1) plays an important role in the theory of functional equations
in non-Euclidean geometry. During the past years, many authors have given consider-
able attention to this inequality, its generalizations and applications [2-11].

As an example, the Holder-like generalization of the Aczél inequality (1), derived by
Popoviciu [12], takes

n 11) n ‘11 n
(a‘{ — Zaf) (b'f — Zb?) <ayb; — Zaibi, 2)
i=2 i=2 i=2

where # is a positive integer, and p, q, a;, b; (i = 1, 2, ..., n) are positive numbers such
thatp' +q' =1L adl =Y, d >0andb! - Y7, 0! > 0.
One application of Aczél’s inequality is the following Bellman’s inequality [13]

"\ "\ " ’
(aﬁ’ - Za?) + (bﬁ’ - Zbé’) < ((m wb) =) (a +bi)") . 3)
i=2 i=2 i=2
Here n is a positive integer, and p > 1, a;, b; (i = 1, 2, ..., n) are positive numbers

such that aq ->0 Ll? > 0 and b’{ - Y b? > 0.
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In this paper, inspired by the functional generalizations of the Cauchy-Schwarz
inequality [14] and of the Holder inequality [15,16], we will establish some functional
generalizations of the Aczél inequality and of the Bellman inequality. Refinements of
these inequalities will also be presented.

As we seen, the following theorem is very useful to give results related to power
sums and Aczél’s inequality.

Theorem 1.1 (see e.g. [9,17]). Let n be a positive integer, and x; (i = 1, 2, ..., n) be
positive numbers such that x, — Y i, x; > 0If f: R" — R is a function such that f(x)/x

is increasing on R, then

f (Xl - in) < fla) = D) f(x). 4)
i i=2

The inequality is reversed if fix)/x is decreasing on R*. The inequalities are strict if f
(x)/x is strictly increasing or decreasing on R”.

Several mean value theorems for the related power sums of (4) have been established
in [9,18-20]. In this paper, we will also generalize two of them in the last section.

2 Aczél and Bellman’s inequalities
In order to establish the functional generalization of Aczél’s inequality, we need the
following lemma.

Lemma 2.1 (power means inequality, see [21]). Let n be a positive integer, p >0 and
let a; >0 (i =1, 2, .., n). Then

n n p
Za? < nlfmm{p,l} (Z ai) ) (5)
i=1 i=1

Theorem 2.1. Let n, m be positive integers, and let p; > 1, x;; (i = 1, 2, ., m; j = 1, 2,
..., m) be positive numbers such that x,; — ngﬁ >0forj=1,2,..,mlIfff: R" >R
i=
" is a function such that f(x)/x is increasing on R”. Then we have
1
m n m n b Pj
[15 (xl,- - inj) <] [(fj(xlj))”’ = (ix) }
j=1 j

i=2 i=2

(6)

m n m

j=1

< CT1h6) = YT [ i),
j=1 i=2 j=1
where C = pl—min{rl} 7 = Z]’":l P;l

Proof. Applying Theorem 1.1 on each f; yields

m

[15 ( - Z’%’) <[1 (ﬁ(XU) - Zﬁ-(xa))-
j=1

j=1 i=2 i=2

Reusing Theorem 1.1 on x% and replacing x; by f; (x;) in Theorem 1.1, we obtain
1

m n m n pj .
(J?(XU) - Zﬁ-(xﬁ)) <I1 [(fj(xu»"" - (fix) ]” g
=1 j=1 i=2

j i=2
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which completes the first inequality of (6). To proof the second inequality of (6), let

us denote

1

B Gy - e |

By using the power means inequality (5) and the well known Holder inequality, we

have
1 T
HEZHWWW“WIYrZHWW
i=2 j=1 i=2 j=1
1\"
< nl—min{r/l} l_[ < P} Z (f}(xl]) ) (7)
j=1 i=2

m
_ nl—min{r/l} Hﬁ(xlj)

j=1

Rearranging the terms of (7) immediately leads to the second inequality of (6). This
completes the proof. O
Remark 2.1. From the proof we have that the second inequality of (6) still holds if

(f](xlj) Z (fi(x4))" > Ofor p; > 0,/ = 1,2, .., m.

From Theorem 2.1, by taking fi(x) = x, we get
Corollary 2.1. Under the assumptions of Theorem 2.1, and letting f(x) = x, we have

ﬁ(xu iw)ﬂ"{( Z )pj<Cnx1] anu (8)

j=1 i=2 j=1

The first inequality of (8) gives a lower bound of Aczél’s inequality. And the second
is a generalized Aczél inequality obtained in [22].

The following theorem is the functional generalization of Bellman’s inequality.

Theorem 2.2. Let n, m be positive integers, and let p > 1, x; (i = 1,2, ., m;j =1, 2,

..., m) be positive numbers such that x; — Zn L% > Oforj=1,2,.,mIff,: R" > R"
i=
is a function such that f; (x)/x is increasing on R*. Then we have
1

3 (xU z";x,,)szmj[f,(xu) Z(ﬁ(xu)}

j=1 i=2 j=1

p

m n m g p
< [ 2fi) | =20 Do fitxs) :

j=1 =2 \ j=1
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Proof. The proof of the first inequality of (9) is similar to the proof of Theorem 2.1
and we omit it. The second inequality is an identity when p = 1. Hence we only need
to prove the second inequality of (9) for p >1 below.

From the assumptions and Theorem 1.1, we have

ﬁ(xlj) — Zf](xl]) >]§' <x1j — in]) >0, j= 1,2, ..., m.
i=2 i=2

Applying the above inequality, the power means inequality (5) and the Minkowski
inequality (see [21]), we obtain

1\?
p p
dSh ] =Y <Z (fj(xfj))") = fiw) | -
j=1 j=1 \i=2 i=2 \ j=1
we now deduce from Theorem 2.1 that
n 1 m p n m p 1_;
((fz(xu))" -3 (fz(xu))") P s | =3 2 fe
i=2 j=1 i=2 \ j=1
m Pl n m =1
<Al | DofiGe) | =D A | dofit) |
j=1 i=2 j=1
for [ =1, 2, ..., m. This leads to
1 1
m n p p m P n m 4 17’7
> ((fl(xu))p = > (filxa) ) |:(ij(x1j)) -y (ij(xu‘)) j|
I=1 i=2 j=1 =2\ j=1
m m p71 n m m p71
<> filxu) (Zﬁ(xu)) -3 (Zﬁ(xﬂ)) (Zﬁ(xﬁ))
=1 =1 i=2 \ =1 j=1
= (Zf]'(xlj)) - (ij(xij)) ,
j=1 i=2 \ j=1

which yields immediately the desired inequality. This completes the proof. O
Taking fi(x) = x in Theorem 2.2, we obtain
Corollary 2.2. Under the assumptions of Theorem 2.2, and letting f; (x) = x, we have

1

1 , ,
m n m n m n m p
t-£) 2297 -2
. =2 =1 i=2 j=1 i2 \j-1

The first inequality of (10) gives a lower bound of Bellman’s inequality. And the sec-
ond is a generalized Bellman inequality obtained in [3,8].
Following the similar methods from [8,10], we will establish some refinements of

inequalities (6) and (9). Since the proofs are trivial by breaking the corresponding
sums in the following form
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n 1 n
X1y = D% =Xy = )X = ),
i=2 i=2

i=l+1

and reusing the corresponding theorems, we present these refinements below with-
out proofs.

Theorem 2.3. Under the assumptions of Theorem 2.1, for 2 < [ <n, we have

TN v (TN i

1

i=l+1
1

fﬁ[mMa -3 ) }

j=1 (11)

1

m 1 pj
<a] ((f(xu) Z (fi(xi)) ) an](xu)

j= i=l+1 j=1

l_[ﬁ(xu) > TG,

i=2 j=1

| /\

where C; = (n — [ + 1)} mintnll ¢, = [-mintnl} - py, particular 1 = Z]"il p;l > 1, we
have C, = C, = 1, hence

1 1

ﬁ[(f](xl]) -3 ) } lﬂ[((f](xu) Z(f](xu) )jilﬂ[ﬁ(xﬁ)

j=1 i=2 j=1 i=l+1 j=1

3

Hf(xl,) T

= =2 j=1

leading to a refinement of (6).

Remark 2.2. The third and fourth inequality of (11) still holds if
(fj(xlj))pi — Z; (fj(xi,-))pi > 0forp;>0,j=1,2, .., m

Taking f; (x) = x in Theorem 2.3, we get

Corollary 2.3. Under the assumptions of Theorem 2.1 and letting f; (x) = x, for 2 < |
<n, we have

1
m 1 bi n p]
fles- S <11| (- £n) - 54
j=1 i=2 i=l+1
1
“T1(4-24)"
j=1 i=2 (12)
1
m » 1 P] nom
i) Sl
j=1 i i=l+1 j=1
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In particular v = 37", p;l > 1, we have

1 1

m v n ) m 1 i nom m nom
[1(4-54)" <M1~ 24)" -5l <[l 2fT @
j=1 i=2 =1 j=1

j i=2 i=l+1 j=1 i=2 j=1

leading (12) to a refinement of (8).

Remark 2.3. The third and fourth inequality of (12) still holds for p; > 0 if
x’?] - Zr,l_z xZJ > 0,j=1,2, .., m. The inequality (13) is also obtained in [8].

Theorem 2.4. Under the assumptions of Theorem 2.2, for 2 < | <n, we have

1
m n m 1 4 n p
i\ Xy~ Xij | = i Xy — Xij - i (i
Zf< > ) Z{(f( > )) > G ))P}
j=1 i=2 j=1 i=2 i=l+1
1
=2 [os(xu))" -2 m(xq))p} ’
j=1 i=2
r (14)
m 1 ; ' n m 4 P
<[> ((fj(xlj))p - (ﬁ(Xij))p> -> (ij(?cij))
j=1 i=2 i=l+1 \ j=1
B m p n m P p
= Zfi(xlj)) -> (ij(xij)) ,
L \J=1 =2\ j=1 |

Taking fi(x) = x in Theorem 2.4, we have the following.
Corollary 2.4. Under the assumptions of Theorem 2.2, and letting f(x) = x, we have

1
m n m 1 P n p
PCIEDIEIEDD (xlf - va‘) - 2%
j=1 i=2 j=1 i=2 i=l+1
1
<3242’
j=1 i=2
_ N (15)

IA
M§
N
S
|
MN
o
SN—
A=)
|
M:
Ms
R

j=1 i=2 i=l+1 \ j=1
1
B m P n m P p
= (o) -2 (2w
j=1 =2\ j=1

The third and fourth inequality (15) is also obtained in [8].
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3 Mean value theorem
As we seen, Theorem 1.1 is very useful to give results related to Aczél’s inequality. It is
also useful to give results related to power sums [9,17]. In this section, we first present
a generalized version of Theorem 1.1, then use it to establish our first generalized
mean value theorem related to power sums. We conclude this section with a mean
value theorem which generalize the recent result obtained by Pecari¢ and Rehman [18].

Lemma 3.1. Let n be a positive integer, and x; (i = 1, 2, ..., n) be positive numbers
such thatx; — Y i, xi > 0. If f: R* — R is a function such that fix)/x” is increasing on
R*. Then the inequality (4) holds for p > 1, f>0on R or p < 1, f< 0 on R". If fix)/«"
is decreasing on R”, the inequality (4) is reversed forp > 1, f<0on R  orp<1,f=0
on R".

Remark 3.1. If p = 1, f = 0 or fix)/x is strictly increasing or decreasing on R*, then
strictly inequalities hold.

Proof. This Lemma is an easy corollary of Theorem 1.1, so we omit the proof. 0

Theorem 3.1. Let p > 2. Let (xy, x5, ..., x,) € I", where I = [a, b] S (0, ) and
x1— Y, x e LIff: RY — R is a function such that fe C'(I) and ma’ < fla) < Ma?,
where m, M are defined by (17) below. Then there exists & € I such that

n n ’ _ _ n n P
f(xl)—Zf(xi)—f <x1 - Z%) A (;, ) |:x€ - fo - (xl - th) ] . (16)
Proof. Let

_ ) = (o= DF(x)

xP

F(x)
Since I is compact and fe C'(I), there exist %, & e I such that

M = F(X) = maxF(x), m:=F(x)= miInF(x). (17)

xel Xe

We define two auxiliary functions as follows

¢1(x) = Mx’ —f(x),  ¢a(x) = f(x) — mx’.
It is easily deduced that

(%) $2(x) )
( xp71 Z Or xp71 2 0/

hence the two functions ‘f;;,E’? and ";ﬁ,g’f) are all increasing on I. From the above

inequalities, we also have

o= (w0 ) P g (M) 2P Lo,

xp-1 xp—1
and
! p - 1
602" 6.

By the famous Grownwall inequality and ¢;(a) > 0 and @,(a) = 0 from the assump-
tion, we find
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1 (x) >0, (,‘bz(x) > 0.

Now applying Lemma 3.1 on ¢;(x) and ¢,(x) respectively and rearranging the terms,

we have

n n n n p
f) =) fx) —f (x1 - in) <M {x’f DI (x - Zm) } L)
i=2 i i=2

i=2

i=2

n n n n p
f(xl)_Zf(xi)_f<xl_in> ZM[x’i— i—(X1_ZXi) } (19)
i=2 i i=2

Applying Lemma 1.1 on the function x” we obtain

n n p
xﬁ—fo—(xl—Zaq) > 0.
i=2 i=2
Combining (18) and (19) leads to

(v1) = X f(0) = fln = Xiox) _ 20
DY T AN (TR BPE) L (20)

For our definition, F(x) is continuous on I and m < F(x) < M. Hence, there exists & €

m<f

I such that
fl) = Tha ) = (0 = Tlax) _6F(€) = (0= 1/(€) on
¥ = YA = (a— X, n) g ’

which immediately leads to (16). This completes the proof. O

We present the Cauchy type mean value theorem of Theorem 3.1 below without
proof for the proof is quite standard and coincides with the proof of Theorem 3.14 in
[9].

Theorem 3.2. Let p > 2. Let (xy, x5, ..., x,) € I", where I = [a, b] S (0, ) and
x1— Y i,xi € LIff, g: R — R are functions such that f, g e C'(I) and mya® < fla) <
Ma?, mea® < g(a) < Mya”, where my My and mg, M, are defined by (17) with corre-
sponding function f and g. Then there exists £ € I such that

{f(xl) =Y flx)—f <x1 - inﬂ [6g'(5) — (p — 1)g(8)]
i=2 i=2
= [g(xl) - glx) -8 (xl - inﬂ [6f'(&) — (p — D (E)].
i=2

i=2

(22)

Remark 3.2. If p = 2, the conditions my < fgﬁ) <My, mg < g{gf) < Mycould be
removed, then Theorem 3.1 and Theorem 3.2 reduce to Theorem 3.13 and Theorem
3.14 of [9], respectively.

We conclude this section with a generalization of the mean value theorem obtained
in [18], which is a special case of the following theorem with k = 1. As given in [18],
this theorem is also a generalization of Theorem 3.1 with p = 2.

Theorem 3.3. Let (xy, X, ..., x,) € I", where I is a compact interval, p;, q; (i = 1, 2, ...,
n) be non-negative numbers such that y ., pix; € land Y [, pixi > %, j = 1, 2, ., n. If f

Page 8 of 11
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[ Ck(f), then there exists & € I such that

> oaf (Z Pm) - afx)
j=1 i=1 j=1

LSO n G * >
V) (x: 5
Yy (prxf —x‘) ! ( ) Z%(Zm —x;) -
v=1 j=1 v i=1
Proof. Since I is compact and f[ C*(I), there exist %, & € I such that
M= fOF) = maxfB(x), m=fO(F) = min f ® (). (24)
xel xe
We define 2n auxiliary functions as follows
k-1
M V() v
) =, =)'+ 37 (= x)" = (),
! — !
and
k-1
() v_m
i) =f) -3 a—w) - (- x)
— ! !
forj =1, 2, .., n. Then we have
X
¢]( ) (x_x] k 1 Z f ( ]) x]‘)l}71 _f/(x) (25)

(k— 1)' 1)'

Expanding f’(x) at x; by the Taylor theorem, (25) can be rewritten as
M
¢;(x) =

where 11 € I. Obviously, ¢>]/(x) >0 for x > x;, j = 1, 2, ..., n, which means ¢;(x) is
increasing on x > x;. Similarly, we can deduce that y;(x) is increasing on x > x;, j = 1,
2, ..., n. Thus, from the assumption we obtain

(Zplxl) > ¢i(x%), (szxl> >vi(x), j=12 ..., n

i=1 i=1

Rearranging the terms yield

n k
(Z plxl) () — Zf (X1 (Z pix; — x]) < 1;:/'1 (Z pixi — xj) p

and

n v n k
(Zplxl> () — Zf (]) (Zpixi —x]) > ZT (Zpixi—x]) :

Page 9 of 11
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forj =1, 2, .., n. Hence,

n

n k=1 f(v)(,. n v n n ke
>4 [f <Z pixi) —f@) - ! v(!x]) (Z pixi — xj) } < 2/: > (Z pixi — xj) . (20)
j=1 i=1 v=0 i=1 j=1 i=1
and
n n n v n n k
Yoa | Yo pei) =) - Z (x] D opxi—x) | = ": doa| Y pxi—x) . (27)
I
j=1 i=1 i=1 T =1 i=1
For fe () and
m n n (x) k
kgij ZpiJCi—xj Z% szxl—x] < Il Zq, Zplx,—x] ,
j=1 i=1

combining (26) and (27) immediately leads to (23). This completes the proof. O
Similarly, we present the Cauchy type mean value theorem of Theorem 3.3 below

without proof. This theorem reduce to the Cauchy type mean value theorem of [18]
with k = 1.

Theorem 3.4. Let (xy, X, ..., x,) € I", where I is a compact interval, p;, q; (i = 1, 2, ...,

n) be non-negative numbers such that Y i, pix; € I and Y [, pixi > %, j = 1, 2, .., n. If f,
ge CX(D), then there exists & € I such that

o (L) - S - 3  (Lnes) |50

j=1 i=1 v=1 j=1

(28)

n n ) (. n v
> ag (Z pm) Z qi8(%;) — Z Z q]g v(‘x]) (Z pixi — xj) fE).
: i=1

j=1 i=1 v=1 j=1
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