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Abstract

In this paper, we prove that Jensen’s inequality holds true for all monetary utility
functions with respect to certain convex or concave functions by studying the
properties of monetary utility functions, convex functions and concave functions.
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1 Introduction and preliminaries
1.1 Introduction

Monetary utility functions have recently attracted much attention in the mathematical

finance community, see e.g. [1-4]. According to [2], a monetary utility function U can

be identified with a convex risk measure r by the formula U(ξ) = - r(ξ); convex risk

measure, introduced in [5,6], is a popular notion in particular since the Basel II accord.

Some times we want to not only measure the utility of an uncertain random variable

but also estimate the utility of its function (see e.g. 2.2). Jensen’s inequality will be a

useful tool solving this problem.

It is well-known that Jensen’s inequality holds true for classical expectation, which, in

terms of operator, can be seen as a particular type of monetary utility functions. But

with respect to some convex or concave functions, it does not hold true for all mone-

tary utility functions, as stated in our Example 2.1. This suggests a natural question:

with respect to which kind of convex or concave functions does it hold true? In this

paper, we study this question and give a sufficient and reasonable condition under

which Jensen’s inequality holds for all monetary utility functions.

1.2 Notations and assumptions

Let (�,F ,P) be a probability space. Denote by L
∞ the collection of all real-valued

essentially bounded F -measurable random variables in (�,F ,P). The Definition 1.1

and Remark 1.1 are cited from [2].

Definition 1.1. A function U : L∞ �→ R is called a monetary utility function if it is

concave, non-decreasing with respect to the order of L∞, satisfies the normalization

condition U(0) = 0 and has the cash-invariance property (U(X + b) = U(X) + b for

every X ∈ L
∞ and b Î ℝ).

Remark 1.1. The normalization U(0) = 0 does not restrict the generality as it may be

obtained by adding a constant to U.
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2 Jensen’s inequality for monetary utility functions
In this section, we will show our main results and give two examples. For proving the

results, we need Proposition 2.1 on monetary utility functions.

Proposition 2.1. Let U : L∞ �→ Rbe a monetary utility function. Then for any k Î ℝ,

X ∈ L
∞, we have

(i)U (kX) ≥ kU (X) , if 0 ≤ k ≤ 1; (2:1)

(ii)U (kX) ≤ kU (X) , if k ≤ 0or k ≥ 1. (2:2)

Proof.

(i) If 0 ≤ k ≤ 1, for the concavity of U, we have

U(kX + (1 − k)Y) ≥ kU(X) + (1 − k)U(Y).

Take Y = 0 and consider U(0) = 0, then we have

U(kX) ≥ kU(X) + (1 − k)U(0) = kU(X).

(ii) If k ≥ 1, then 0 < 1
k ≤ 1. By (2.1) we have

U
((

1
k

)
kX

)
≥ 1

k
U(kX).

It follows that

U(kX) ≤ kU(X). (2:3)

If -1 ≤ k ≤ 0, then 0 ≤ -k ≤ 1. By (2.1) we have

U((−k)X) ≥ (−k)U(X).

Since

0 = U(0) = U
(
1
2
kX +

1
2
(−kX)

)
≥ 1

2
U(kX) +

1
2
U(−kX),

therefore

U(−kX) ≤ −U(kX), (2:4)

−kU(X) ≤ U(−kX) ≤ −U(kX).

Hence

U(kX) ≤ kU(X).

If k ≤ -1, then -k ≥ 1. By (2.3) we have

U(kX) = U((−k)(−X)) ≤ (−k)U(−X).

Combining the above inequality with (2.4) which is actually true for all k in R, we

have

U(kX) ≤ (−k)U(−X) ≤ (−k)(−U(X)) = kU(X).

The proof of Proposition 2.1 is complete.

□
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Now let us introduce the main results of this paper, i.e. Jensen’s inequality for mone-

tary utility functions.

Theorem 2.1. Let � be a convex function on ℝ. Suppose that for any

ϕ′
−(x) ≤ 1and ϕ′

−(x) ≤ 1. Then for any X ∈ L
∞and any monetary utility function

U : L∞ �→ R, we have �(U(X)) ≤ U(�(X)).

Proof. As stated in Definition 1.1, for every X ∈ L
∞, U(X) is finite, i.e. U(X) ∈ R, so

we have

ϕ′
+(U(X)) ≥ 0 and ϕ′

−(U(X)) ≤ 1.

For any

α ∈ [ϕ′
−(U(X)), ϕ′

+(U(X))] ∩ [0, 1],

based on the subgradient inequality in [7], we have

ϕ(x) ≥ α(x − U(X)) + ϕ(U(X)), ∀x ∈ R.

For the arbitrariness of x, we have

ϕ(X) ≥ α(X − U(X)) + ϕ(U(X)).

Consider the monotonicity and cash-invariance property of U and (2.1) in Proposi-

tion 2.1, then we have

U(ϕ(X)) ≥ U(α(X − U(X)) + ϕ(U(X)))

= U(αX) − αU(X) + ϕ(U(X))

≥ αU(X) − αU(X) + ϕ(U(X)).

Hence

ϕ(U(X)) ≤ U(ϕ(X)).

□
It is also possible to obtain the Jensen inequality for monetary utility functions with

respect to certain concave functions (Theorem 2.2) and prove it by the subgradient

inequality in [7] and (2.2) in Proposition 2.1. As the proof is very similar with the

proof of Theorem 2.1, we omit it and just give the result.

Theorem 2.2. Let ψ be a concave function onℝ. Suppose that for any

ψ ′
−(x) ≥ 1or ψ ′

−(x) ≥ 1. Then for any X ∈ L
∞and any monetary utility function

U : L∞ �→ R, we have ψ(U(X)) ≥ U(ψ(X)).

Then let us illustrate the reasonableness of the conditions on convex and concave

functions in Theorems 2.1 and 2.2 through an example. Actually, Jensen’s inequality

usually is not true for all monetary utility functions even when the related convex or

concave function is a linear function.

Example 2.1. Let �(x) = kx + a (k <0 or k >1) and ψ(x) = hx + b (0 < h <1),

obviously � (respectively ψ) is a convex (respectively concave) function on ℝ that do

not satisfy the condition in Theorem 2.1 (respectively Theorem 2.2). We consider a

particular type of monetary utility function U, the entropic utility function in [4],

which is defined as

U(X) := − lnE[exp(−X)]. (2:5)
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We choose a X ∈ L
∞ such that P{X = 0} = P{X = 1} = 0.5. It is easy to check that U

(kX) < kU(X) and U(hX) > hU(X). Then we have

ϕ(U(X)) = kU(X) + a > U(kX) + a = U(kX + a) = U(ϕ(X)),

ψ(U(X)) = hU(X) + b < U(hX) + b = U(hX + b) = U(ψ(X)).

Thus Jensen’s inequality does not holds. So the conditions in Theorems 2.1 and 2.2

are reasonable.

At the end of this paper, let us discuss an application of Jensen’s inequality for

monetary utility functions.

Example 2.2. We still consider the entropic utility function. Sometimes, we want to

estimate the entropic utility of X+ or -X- using the entropic utility of the future out-

come X. For this kind of problem, Jensen’s inequality will be a useful tool. Let �(x) = x
+, ψ(x) = -x-, then � is a convex function satisfying the condition in Theorem 2.1 and

ψ is a concave function satisfying the condition in Theorem 2.2 By Theorems 2.1 and

2.2 we have

− lnE[exp(−X+)] ≥ (− lnE[exp(−X)])+,

− lnE[exp(−(−X−))] ≤ −(− lnE[exp(−X)])−.
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