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Abstract

In this article, we have obtained necessary and sufficient conditions in terms of
canonical structure F on a semi-invariant submanifold of an almost contact manifold
under which the submanifold reduced to semi-invariant warped product
submanifold. Moreover, we have proved an inequality for squared norm of second
fundamental form and finally, an estimate for the second fundamental form of a
semi-invariant warped product submanifold in a generalized Sasakian space form is
obtained, which extend the results of Chen, Al-Luhaibi et al, and Hesigawa and
Mihai in a more general setting.
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1 Introduction

Bishop and O’Neil [1] introduced the notion of warped product manifolds. These mani-
folds are generalization of Riemannian product manifolds and occur naturally, e.g., sur-
face of revolution is a warped product manifold. With regard to physical applications of
these manifolds, one may realize that space time around a massive star or a black hole
can be modeled on a warped product manifolds for instance and warped product mani-
folds are widely used in differential geometry, Physics and as well as in different
branches of Engineering. Due to wide applications of warped product submanifolds, this
becomes a fascinating and interesting topic for research, and many articles are available
in literature (c.f., [2-4]). CR-warped product was introduced by Chen [5]. He studied
warped products CR-submanifolds in the setting of Kaehler manifolds and showed that
there does not exist warped product CR-submanifolds of the form M, x; Mz, therefore,
he considered warped product CR-submanifolds of the types My x; M, and established
a relationship between the warping function f'and the squared norm of the second fun-
damental form of the CR-warped product submanifolds in Kaehler manifolds [5]. In the
available literature, many geometers have studied warped products in the setting of
almost contact metric manifolds (c.f., [6-8]). Hesigawa and Mihai [9] obtained the
inequality for squared norm of the second fundamental form in term of the warping
function for contact CR-warped product in Sasakian manifolds. Recently Atceken [4]
studied contact CR-warped product submanifolds in Cosymplectic space-forms and
obtained an inequality for second fundamental form in terms of warping function. After
reviewing the literature, we realized that there is very few studies on the warped product
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submanifold for almsot contact manifolds so it will be worthwhile to study the warped
product submnifolds in the setting of almost contact metric manifold. Since generalized
Sasakian space forms include all the classes of almost contact metric manifold, so we
have obtained an inequality for squared norm of second fundamental form for semi-
invariant warped product submanifolds in the setting of generalized Sasakian space

form.

2 Preliminaries
Let o1 be a (2n + 1)-dimensional C”-differentiable manifold endowed with the almost
contact metric structure (¢, & 1, g), where ¢ is a tensor field of type (1, 1), ¢ is a vector

field, 1 is a 1-form and g is a Riemannian metric on Ay, all these tensor fields satisfy-

ing.
¢’X = —X+n(X)E, nE)=1, X&) =nX) (2.1)
8(#X, ¢Y) = g(X,Y) — n(X)n(Y) (2.2)
¢ =0, np=0, gX ¢Y)=-g(¢XY), (2.3)

for any X, Y € TM - Here, Tp1 is the standard notation for the tangent bundle of Aj.
The two-form @ denotes the fundamental two-form and is given by g(X, ¢Y) = ®(X, Y).
The manifold 4 is said to be contact if ® = dn.

Most of the geometric properties of a Riemannian manifold depend on the curvature
tensor R of a manifold. It is well known that the sectional curvatures of a manifold
determine curvature tensor completely. A Riemannian manifold with constant sectional
curvature ¢ is known as real space form and its curvature tensor is given by

R(X,Y)Z = ¢{g(Y, 2)X — g(X, Z)Y}.

A Sasakian manifold with constant ¢-sectional curvatures is a Sasakian space form
and it has a specific form of its curvature tensor. Similar notion also holds for Ken-
motsu and Cosymplectic space form. In order to generalize the notion in a common
frame, Alegere et al. [10] introduced the notion of generalized Sasakian space form. In
this connection, a generalized Sasakian space form is defined as follows.

Given an almost contact metric manifold M(¢,&,7,g), we say that pf is a general-
ized Sasakian space form if there exist three functions f;, f5, and f; on p such that,

the curvature tensor R is given by

R(X,Y)Z = filg(Y, 2)X — g(X, Z2)Y}
+18(X, #Z)Y — g(Y, pZ)bX + 28(X, pY)$Z)
+fs {n(X)n(2)Y = n(Y)n(2)X
+8(X, Z)n(Y)E — g(Y, Z)n(X)E} .

Let M be a submanifold of an almost contact metric manifold pf. Then we denote
the induced metric on M by the same symbol g where as the induced connection on
M by V. With these notation, Gauss and Weingarten formulae are written as

VxY = VxY + h(X,Y) (2.5)
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VxN = —ANX + VN, (2.6)

for each X, Ye TM and N € T*M, where V* denotes the induced connection on the
normal bundle 7°M. / and Ay are the second fundamental form and the shape opera-

tor of the immersion of M into pf and they are related as
8(h(X,Y),N) = g(ANX, Y). (2.7)
For any X € TM and N e T'M, we write

¢X = TX + FX (2.8)

#N = (N + N, (2.9)

where TX and ¢N are the tangential components of @X and @N, respectively, where
as FX and fN are the normal components of X and ¢N, respectively.
The covariant derivative of the tensors 7, F, t, and f are defined as

(VxT)Y = VxTY — TVxY (2.10)

(VxF)Y = V§FY — FVxY (2.11)

(Vxt)N = VxtN — tVEN (2.12)

(Vxf)N = VN — fVZN. (2.13)

On the other hand, the covariant derivative of the second fundamental form / is
defined as

(Vxh)(Y,Z) = VLh(Y, Z) — h(VxY,Z) — h(Y, VxZ), (2.14)

for any X, ¥, Ze€ TM. Let R and R be the curvature tensors of the connections v

and V on pf and M, respectively. Then the equations of Gauss and Coddazi are given

by
R(X,Y,Z, W) =R(X,Y,Z, W) — g(h(X, Z), h(Y, W)) 2.15)
+8(h(X, W), h(Y, Z)) '
[R(X, Y)Z])* = (Vxh)(Y, Z) — (Vyh)(X, Z). (2.16)

A submanifold M of pj is said to be semi-invariant submanifold if there exist on M,
a differentiable invariant distribution D such that its orthogonal complementary distri-
bution D" is anti-invariant, i.e., 9D, € T,M and ¢D} C TAM for each x € M. For a

semi-invariant submanifold of an almost contact metric manifold A4, we have
T™™ =D @ D @ (£). (2.17)

The structure vector field ¢ is tangential to submanifold M, otherwise the submani-
fold is simply anti-invariant.
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T*M = ¢D* & 1, (2.18)

where u denotes the orthogonal complemantry distribution of ¢D* and is an invar-
iant normal subbundle of T*M under .

The orthogonal projection on TM of a semi-invariant submanifold M of an almost
contact metric manifold are denoted by P; and P, i.e., for any X € TM we have

X = PiX + PoX + n(X)E, (2.19)
where P1X € D, P,X € D' and n(X)¢ e (&). It follows immediately that
(a)TP, =0; (b)FPy =0; ()i(T*M)=D"; (d)fT"M C p. (2.20)
Moreover, for any X, Y e TM if we denote by PxY and QxY, the tangential and
normal parts of (Vx¢)Y, then we have
(Vxp)Y = PxY + OxY (2.21)
and on using Equations (2.5)-(2.11), we obtain

PxY = (VxT)Y — ApyX — th(X,Y) (2.22)

OxY = (VxF)Y + h(X, TY) — fh(X, Y). (2.23)

Definition 2.1 A semi-invariant submanifold M of an almost contact metric mani-
fold is semi-invariant product if the distributions are involutive and their leaves are
totally geodesic in M.

Definition 2.2 Let (B, gg) and (F, gr) be two Riemannian manifolds with Riemannian
metric gz and gr, respectively, and f be a positive differentiable function on B. The
warped product of B and F is the Riemannian manifold (B x F, g), where

8 =385 +/gr.

For a warped product manifold Ny x; N,, we denote by D; and D, the distributions
defined by the vectors tangent to the leaves and fibers, respectively. In other words, D;
is obtained by the tangent vectors of N; via the horizontal lift and D, is obtained by
the tangent vectors of N via vertical lift. In case of semi-invariant warped product
submanifolds D; and D, are replaced by D and D*, respectively.

The warped product manifold (B x F, g) is denoted by B x, F. If X is the tangent
vector field to M = B x; F at (p, q) then

IXI1? = lldmiX|I? + £2(p)lldmaX 1.

Bishop and O’Neill [1] proved the following
Theorem 2.1 Let M = Bx, F be warped product manifolds. If X, Ye TBand V, We TF
then
(i) VxYe TB
(ii) VyV = VyX = (’;f) v,

(iii) VyW = *g(‘f"w’ vf.
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Vf'is the gradient of f and is defined as
8(Vf. X) = Xf, (2.24)

forall Xe TM.
Corollary 2.1 On a warped product manifold M = N; xs N,, the following state-
ments hold

(i) Np is totally geodesic in M
(i) N, is totally umbilical in M.

Moreover,
VxZ = VX = (XInf)Z (2.25)
and
—gq(Z, W
nor(v,w) = & W gy (2.26)

f

for any X € D; and Z, W e D,, where nor(VzW) denotes the component of VW in
D, and Vf denotes the gradient of f.

3 Semi-invariant warped product submanifolds

Chen [11] obtained various conditions under which a CR-submanifolds reduces to a
CR-product. In particular, he proved that a CR-submanifold of a Kaehler manifold is a
CR-product if and only if yp = 0. Since, warped products are the generalization of
Riemannian products by taking this point Khan et al. [8] proved a characterization of
CR-warped product of a Kaehler manifold in terms of P and F after that Al-Luhaibi et
al. [7] find charactraziation of CR-warped of nearly Kaehler manifolds in terms of
P and F. In this section, we have obtained necessary and sufficient condition in terms
of F, for which a semi-invariant submanifolds is a semi-invariant warped product sub-
manifold in the setting of almost contact metric manifolds.

Throughout, this section, we denote N7 and N, the invariant and anti-invariant sub-
manifolds, respectively, of an almost contact metric manifold pf. Warped product
semi-invariant and semi-invariant warped product submanifolds of an almost contact
metric manifold pf are represented by N, x, Ny and N7 x, N, and we take N tangen-
tial to &

In terms of canonical structure F, we have the following charectrization.

Theorem 3.1 A semi-invariant submanifold M with involutive distributions D & (&)
and D* of an almost contact metric manifold with QpD' € . Then M is a semi-

invariant warped product submanifold of A4 if and only if

8((VuF)V, pW) = — (P1Vp)g(P2U, W) +8(Qp,uP2V, ¢ W)

3.1
+ n(U)g(QSPZVr ¢W) + r’(V)g(QPZUE' ¢W)’ ( )

for each U, V€ TM and u a C” function on M satisfying Zu = 0 for each Z € D".
Proof. Let M be a semi-invariant warped product submanifold N7 x; N, then, by
Equation (2.11), we have
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S((VxF)Y, W) = —g(VxY, W),
forany X, Ye D and We D" As Ny is totally geodesic in M, we get
g((VxF)Y,¢W) = 0. (3.2)
On other hand, for any X € D, Z, We D" by Equation (2.23)
8((VxF)Z, ¢W) = §(QxZ, dW).
By the assumption that QpD* € u, the above equation gives
2((VxF)Z, ¢W) = 0. (3.3)

As ¢ is tangential to Ny, for any X € D and Z, W e D", by Equations (2.11) and
(2.25) we have

8((VzF)X,¢W) = =X Infg(Z, W). (3.4)
Similarly, for any Z, W, W e D", by Equation (2.11) we have
S((VZE)W', ¢W) = g(QzW', ¢ W). (3.5)

Moreover, for any X € D, We D" and ¢ € (¢), by Equations (2.23) and (2.25), it is
easy to see that

S((VZF)E, W) = g(QzE, ¢W). (3.6)

8((VeF)Z, ¢W) = g(Q: Z, pW). (3.7)

Since ¢ is tangential to N7, then from Equations (2.11) and (2.25), we can prove the

following
8((VeF)X, ¢W) = 0. (3.8)
S((VxF)E, ¢W) = 0. (3.9)
8((VeF)E, ¢W) = 0. (3.10)

For any U, V€ TM with the help of Equation (2.19), we have

S((VuF)V, W) =¢((Vp,uF)P1V,¢W) + g((Vp,uF)P2V, ¢W) + 8((Vp,uF)P1V, ¢ W)
+8((Ve,uF)P2V, W) + n(V)8((Vp,uF)&, ¢W)
+n(V)g((Ve,uF)E, ¢W) + n(U)g((V:F)P1V, W)
+ n(UN((VeF)P2V, ¢W) + n(U)n(V)g((VeF)E, oW).

In view of Equations (3.2)-(3.10), the above equation reduced to Equation (3.1).
Conversely, suppose that M be a semi-invariant submanifold, satisfying Equation
(3.1). Then for any X, Ye D @ (&) by Equation (3.1), we have

s((VxF)Y, ¢W) =0,
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therefore, by Equation (2.11) the above equation yields g(VxY, W) = 0, this mean
leaves of D @ (&) are totally geodesic in M.
Now, for any Z, W e D*, by Equation (3.1), we get

8((VZF)X, ¢W) = —(Xu)g(Z, W),
or
8(VzW, X) = —(Xp)g(Z, W).

Let N, be a leaf of D,. If V' denotes the induced connection on N, and /" be the sec-
ond fundamental form of the immersion of N, of M, then by Gauss formula

8(X, VZW + 1(Z,W)) = —(Xp)g(Z, W)
or

§(X, H(Z,W)) = —g(X, Vu)g(Z W)
or

W(Z, W) = —Vug(Z W),

this shows that N, is totally umbilical in M with mean curvature vector Vu. More-
over, as Wy = 0 for all W e D* and the mean curvature is parallel on N, this shows
that N, is extrinsic sphere. Hence, by virtue of result of [12] which says that if the tan-
gent bundle of a Riemannian manifold M splits into an orthogonal sum TM = E, & E,
of nontrivial vector subbundles such that E; is spherical and its orthogonal comple-
ment Ej is auto parallel, then the, manifold M is locally isometric to a warped product
My xy M, we can say M is a locally semi-invariant product submanifold N7 x; N,
where warping function f = ¢”.

Let M = Ny xy N, be a semi-invariant warped product submanifold of an almost
contact metric manifold pj.

In view of decomposition (2.18), we may write
h(U, V) = hgpt (U, V) + hy (U, V), (3.11)

for each U, Ve TM, where hyp (U, V) € ¢D* and h (U, V) e p.

If {e, ey,..., €,} be a local orthonormal frame of vector fields on M then we define
n
h11% =" g(h(ei ). heir ),
ij=1
and for differentiable function f on M, the Laplacian Af of fis defined as
n
Af =) {e(ef) — Vo). (3.12)
j=1

Now we have the following proposition
Proposition 3.1 Let M be a semi-invariant warped product submanofold N x; N, of

an almost contact metric manifold of p4. Then
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(i) hypt (#X, Z) = (XInf)pZ + pP2¢X

(ii) 8(QzX, pW) = g(PzpX, W)

(ii)) g (h(¢X,Z ph(X,2)) = |hu(X,2)|* — 8(QxZ ¢hy(X, Z)), for any X e TNy
and Z, We TN,.

Proof. By Gauss formula
h($X, Z) = (Vz¢)X + VX + ¢h(X, Z) — VzX,
using the decomposition (2.21) and Equation (2.25), we get
h(¢X,Z2) = PzX + QzX + (XInf)pZ + ph(X, Z) — (¢XInf)Z.
Comparing tangential parts in above equation
PzX = (¢XInf)Z — phyp (X, Z),
taking inner product with W e D" on both side, we get
8(h(X, 2), W) = —pXInfg(Z, W) + g(PzX, W),
or equivalently
hgpr (X, Z) = (—=¢XInf)¢pZ + pPX, (3.13)
or
hypL(¢X, Z) = (XInf)pZ + ¢P,9X,

which proves the part (i) of proposition.
Now, on comparing the normal parts

h($X,Z) = QzX + XInfpZ + ph, (X, Z),
or

h($X, Z) — ¢hu (X, Z) = OzX + (X Inf)pZ, (3.14)
taking inner product with @W and using Equation (3.17), we get

8(QzX, W) = g(PzpX, W).

Taking inner product with @h(X, Z) in Equation (3.14), we find
3(h(9X, 2), h(X, 2)) = |, (X, 2) | — 8(QxZ, $hu(X, 2)),

which is the part (iii) of proposition.

For semi-invariant warped product submaniolds of an almost conatct metric mani-
fold, we have the following theorem

Theorem 3.2 Let M = Ny x; N, be a semi-invariant warped product submanifold of

an almost contact manifold pq with Pp, D € D, then

(i) The squared norm of the second fundamental form satisfies

2 (3.15)

’

IBl? = 2qV Inf|* + |Po, D
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where V In fis the gradient of In f and ¢q is the dimension of anti-invariant
distribution.

(ii) If the equality sign in (3.15) holds identically, then N7 is totally geodesic sub-
manifolds of pf, N, is a totally umbilical submanifold of pg, M is minimal and
h(D & D, ¢ = 0.

Proof. Let {X, = & X3, Xa5es Xy Xpi1 = 0X5,..., Xpp = @X,,} be a local orthonormal
frame of vector field on N7 and {Z;, Z,,.., Z;} be a local orthonormal frame of vector
field on N,. Then by definition of squared norm of mean curvature vector

2p 2 q
1 = g(h(Xe, X)), h(Xi, X)) + > > 8(h(Xi, Z/), h(Xi, Zr))

ij=1 i=1 r=1

q
+ Z 8(h(Z:, Z5), W2y, Z))

r,5=1

- (3.16)
+ Y 8(h(Xi, €), h(X;, £))

i=1

q
+ Y 8(h(Zr, ), h(Z, £)).

r=1
Thus,
2 q
11> = > " g(h(Xi, Zy), h(Xi, Z)).
i=1 r=1

On using part (i) of Proposition (3.1) with assumption Pp, D € D, then the above

inequality takes the form
2p q 5 )
”hHZ = Z Z ((¢Xi lnf) g(er Zr) + ||PZrXi H .
i=1 r=1

Using Y22 Y9 ||PZ,Xi||2 = |Pp.D 2, the above inequality can be represented as

2

’

Ih1? = 24|V Inf|* + | Pp, D

which proves the part (i) of the Theorem.
Finally, if equality holds identically then from Equation (3.16), 4(D, D) = 0, h(D*, D*) = 0,
h(D, DY) € @D*, and h(D & D", &) = 0. These observations proves the part (ii) of theorem.

4 Semi-invariant warped product submanifolds of a generalized Sasakian
space-form

Hesigawa and Mihai [9] obtained the inequality for squared norm of second funda-
mental form for contact CR-warped product submanifolds in the setting of Sasakian
space form. In the available literature, similar estimates are proved for squared norm
of second fundamental form in contact manifolds (c.f., [3,4]). Since generalized
Sasakian space form include the class of all almost contact metric manifold, so in this
section we will obtain an estimate for the squared norm of second fundamental form
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for semi-invariant warped product submani-folds in the setting of generalized Sasakian

space form.

Theorem 4.1 Let M = Ny x; N, be a semi-invariant warped product submanifold of

a generalized Sasakian space form with Pp, D € D. Then we have
1
Ihl* = 24 {fzp+ ,AInf ||V1nf||2}
Proof. For X € D and Z e D*, by formula (2.4) we have
R(X, X, Z,¢Z) = —2/,8(X, X)8(Z, Z).
On the other hand by Coddazi equation

R(X, ¢X,Z,¢Z) =g(Vx h(X, Z), $Z) — §(h(VyxX, Z), $Z)
— 8(h(¢X, Vx2), $Z) — 8(Vixh(X, 2), $Z)
+ 8 (W(VxX, ¢2) + g(h(X, VyxZ), $Z).

Now,

8(Vih(¢X, Z), 9Z) = Xg(h(¢X, Z), $Z) — §(h($X, Z), VxpZ).

(4.1)

(4.2)

(4.3)

The first term in the right-hand side of Equation (4.3) on using Equation (2.25),

decomposition (2.25) and part (ii) of Proposition (3.1) becomes,
Xg(h(¢X,2),¢Z) = Xg(XInfopZ, ¢Z) + Xg(P¢X, Z).
In view of assumption Pp.D € D, the above equation gives

Xg(h(¢X. Z), ¢Z) = (X(XInf) + 2(XInf)*)3(Z, Z).

(4.4)

Where as, the second term of Equation (4.3) with the help of Equations (2.5) and

(2.25) can be written as

2(h(¢X, Z), Vx$Z) =g(h(¢X, Z), OxZ) + X In fg(h(¢X, Z), $Z)
+8(h(¢X, Z), ph(X, Z)).

By (i) and (ii) parts of Proposition 3.1, the above equation becomes
8(h(¢X, 2), Vx¢Z) = g(h($X, Z) — ¢h(X, Z), QxZ) + (X In 21ZI* + (X, 2)|*.

Applying Equation (3.14), (i) and (ii) parts of Proposition 3.1, we get

g(h(¢X, 2), VxpZ) = (XInfIZI? + [hu (X, 2)|* = 1OxZII2.

On substituting Equations (4.4) and (4.5) in Equation (4.3), we find

8(Vih(¢X,Z),¢Z) =(X(XInf) + (XIn[)*)3(Z, Z)
+19x2ZIP = |hu (X, 2)|.

Similarly, we obtain

8(Vixh(¢X, Z), ¢Z) =(¢X(¢XInf) + (¢X Inf)?)g(Z, Z)
v Q2| = | (. 2)|”.

(4.5)

(4.6)

(4.7)
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By formula (2.25) and part (i) of Proposition 3.1, we have

g(h(¢X, VxZ), ¢Z) = (XInf)?g(Z, 2) (4.8)
and

g(h(X, VxZ), $Z) = —(¢XInf)*g(Z, Z). (4.9)

On using (i) and (ii) parts of Proposition 3.1 and the fact N7 is totally geodesic, we
have

8(h(VexX, 2), ¢Z) = — (6 VyxX(Inf)g(Z, Z)
and
8(h(Vx¢X, Z), $Z) = — (¢Vx¢X(Inf)g(Z, Z) .

The right-hand side of above equation, on making use of the fact that N is totally
geodesic in M and the formula (2.25) reduced to -g(Vz¢Vx@X, Z), thus by using Gauss
formula, we find

8(h(Vx¢X, Z),¢Z) =((VxX) Inf)g(Z, Z) + (Vex¢$X) Inf)8(Z, Z)

4.10
— (VexXInf)g(2, 2) (+10)

Let {Xo = & X1, Xops Xpp Xpi1 = 0X4,., Xop = X} and {Zy, Zy,..., Z,} be a local ortho-
normal frame of vector fields on N, and N, respectively. Choosing X, Z as basic
vector fields and substituting from Equations (4.3)-(4.10) into Equation (4.2), we obtain

R(Xi, ¢Xi, Zy, $Z;) =Xi(Xi Inf)g(Zy, Z,) + pXi(9Xi In)g(Zr, Z,)
— ((VxX) Inf + (Vox,dX) Infe(Z, Z.) + | Qx|
+|Qoxze|” = | X3 2, | = | (X, 20) |

Summing both side over i = 1, 2,..., p, r = 1, 2,.., g and making use of Equation (4.1),

we obtain
| (D, DY) = | QoD*|? + 2f2pq + A Inf. (4.11)

Here we use

2 q
[ooD* "= 3" oxz:

i=0 r=1

2

’

2p q
I (D = 3 i 20|

i=0 r=1

Finally, on the same line of the proof of Equation (3.15), we can prove
|gpe (D, DYY|? = 24| VInf|* + | Po. D (4.12)

The result follows immideatly from Equations (4.11) and (4.12).
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