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Abstract

Using a estimate on the Perron root of the nonnegative matrix in terms of paths in
the associated directed graph, two new upper bounds for the Hadamard product of
matrices are proposed. These bounds improve some existing results and this is
shown by numerical examples.
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1 Introduction

Let M,, denote the set of all #n x n complex matrices and N denote the set {1, 2, ..., n}.
Let A = (a;), B = (b;) € M,. If a;; - b;; > 0, we say that A > B, and if a; 2 0, we say
that A is nonnegative. The spectral radius of A is denoted by p(A). If A is a nonnega-
tive matrix, the Perron-Frobenius theorem guarantees that p(A) € o(A), where o(A)
denotes the spectrum of A.

If there does not exist a permutation matrix P such that
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where A;, A, are square matrices, then A is called irreducible. Let A be an irreduci-
ble nonnegative matrix. It is well known that there exists a positive vector u such that
Au = p(A)u. The Hadamard product of A, B is defined as A © B = (a;b;) € M,. Let A
€ M, and let

n n
(A=Y lagl, 1<i<n, Ri(A)=) lagl, 1<i<n,
j=1 j#i
denote the absolute row sums and the deleted absolute row sums of A, respectively.
Let ¢(A) represent the set of all simple circuits in the digraph I'(A) of A. Recall that a
circuit of length k in I'(A) is an ordered sequence y = (i1, ..., ixo ixs1), Where iy, ..., ix €
N are all distinct, iz, = i;. The set {iy, ..., iz} is called the support of y and is denoted
by y. The length of the circuit is denoted by |y].
In [1], there is a simple estimate for p(A © B): if A > 0, B > 0, then p(A © B) < p(A)p(B).
Recently, using the Gersgorin theorem that involves only elements in one row or col-
umn of the matrix, Fang [2] and Huang [3] gave new estimates for p(A © B) that were
better than the result of [1]. Using the Brauer theorem that involves elements in two
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rows of the matrix at a time, the authors of [4,5] derived new upper bounds for p(A ©
B) that improved the results of [2,3]. As we all know, besides Gersgorin theorem and
Brauer theorem, Brualdi theorem is also an important eigenvalue inclusion theorem
and it involves more elements of the matrix than the other two theorems. In view of
this, Liu [4] proposed the following problem: Could we get some new estimate better
than the previous results using Brualdi theorem? In this paper, we give affirmative con-
clusions. Two new upper bounds for p(A © B) are provided. These bounds improve

some existing results and numerical examples illustrate that our results are superior.

2 Main results
First, we give some lemmas which are useful for obtaining the main results.

Lemma 2.1 [6]Let A € M, be a nonnegative matrix. If Ay is a principal submatrix of
A, then p(Ay) < p(A). If A is irreducible and Ay = A, then p(Ay) < p(A).

Lemma 2.2 [7]Let A € M, be a nonnegative matrix, and let ¢(A) = &. Then for any
diagonal matrix D with positive diagonal entries, we have

1/lyl 1/lyl

min r(D'AD < p(A) < max r;(D"'AD
ves(A) ll;! i ) () r€5(A) 11;/1 i( )

Lemma 2.3 [4]Let A, B M, If E; F are diagonal matrices of order n, then
E(A o B)F = (EAF) o B = (EA) o (BF) = (AF) o (EB) = A o (EBF).
Theorem 2.1 Let A, Be M,, and A >0, B > 0. Then

Yyl

p(A o B) < yer?(gr;B) ll;! (Zaiibﬁ + p(A)p(B) — (,liip(B) — biip(A)) . (1)

Proof. If A © B is irreducible, then A and B are irreducible. From Lemma 2.1, we
have
p(A)—aii >0, VieN,
p(B) — bii > 0, Vie N.

Since A = (a;), B = (b;) are nonnegative irreducible, there exist two positive vectors
u, v such that Au = p(A)u, Bv = p(B)v. Thus, we have

aijuj .
a,»,»+Z " =p(A), VieN, (2)
j#i
and
b--+2bijvj=p(3) Vie N 3
i+ =p(B), . )
j#
Define U = diag(uy, ..., u,), V = diag(vy, ..., v,). Let A:(Ai]-)=U*1AU,

B= (Bij) = V~1BV. From (2) and (3), we have

A aijlij
ri(A) =ai+y Z" =p(A), VieN.
iAo



Zhao Journal of Inequalities and Applications 2012, 2012:122 Page 3 of 6
http://www.journalofinequalitiesandapplications.com/content/2012/1/122

and
() =bi+ Y bivi _ o(B), VieN.
—. Vi
j#i
Let D = VU. According to Lemma 2.2, for the positive diagonal matrix D, we have

iyl

AoB) < JID™'(A o BYD
p(aoB) = max |[[nlD™'(AB)D]

iey
Using Lemma 2.3, we have

D' (A oB)D = U™'V™1(AcB)VU = U~ (A o(V™'BV))U = (U~'AU)o(V~'BV) = AcB.
Then,

Ti [D71 (A o B)D] = Ti(A o B) = a;ib;; + ZAijBij

j#
<aibi+ Y Ay Y Bj=aibi+ (p(A) — ai)(p(B) — bi).
Jj# Jj#
So, we have
iyl
p(AoB) < max | [](2aibi+p(A)p(B) - aip(B) — bip(A))

y€g(AoB)

iey

If A © B is reducible, then one of A and B is reducible. If we denote by P = (p;) the
n x n permutation matrix with p15 = pa3 = - - - = p,;; = 1, the remaining p;; = 0, then
both A + tP and B + tP are nonnegative irreducible matrices for any chosen positive
real numbers ¢. Now, we substitute A + ¢tP and B+tP for A and B, respectively in the
previous case, and then letting ¢ — 0, the result follows by continuity.

Two bounds for p(A © B) given in [2] and [4], respectively, are

p(A o B) = max{2a;bii + p(A)p(B) — aiip(B) — biip(A)}, (4)
and

p(A o B) < n;l_gx ; {aiibii + ajjbjj+ [{[(ﬂiibii - ajjbjj)z
. (5)
+4(p(A) — aii)(p(B) — bi) (p(A) — aj)(p(B) — by)]2 } :

Next, we give a simple comparison between (1) and (4). It is easy to see
/1yl

AoB 2a;ibii + p(A)p(B) — aiip(B) — biip(A
p(AoB) < max ]‘!( aiibii + p(A)p(B) — aiip(B) — biip(A))

1/lyl
< max [(max{zaﬁbﬁ + p(A)p(B) — aiip(B) — biip(A)})ly]
y€g(AoB) ieN

= r}é:;]x{mﬁba +p(A)p(B) — aiip(B) — biip(A)}.
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Then the bound (1) is better than the bound (4). From the difference between (1)
and (5), we could not verify that (1) is better than (5) in theoretical analysis, but the
following numerical example shows that the result derived in Theorem 2.1 is better
than (4) and (5).

Example 2.1. Consider two 4 x 4 nonnegative matrices

41 02 1111
000511 1111
A=loo ao0s|” B 1111
105 04 1111

It is easy to calculate that p(A © B) = p(A) = 5.4983. By inequalities (4) and (5), we
have

p(AoB) < 1rna)§1{2aiibﬁ + p(A)p(B) — aiip(B) — biip(A)} = 16.3949,
i<

and p(A © B) = 11.6478, and by Theorem 2.1, we get

1/lyl
p(AoB) < max {]‘[ (2a;ibi; + p(A)p(B) — aiip(B) — bi,-p(A)):| =10.0126.
yes(AoB) | - 2
iey
Next, we will give the second inequality for p(A © B). For A > 0, write L = A - D,
where D = diag(d11, .., dy,,). with We denote ], = D;'L with D; = diag(d;), where

g = Jaiif ai £0,
n 1, if aji = 0.

Then, /4 is nonnegative, and /4 = A if a; = 0 for all i. For B > 0, let D, = diag(s;;),
with
5. = | i if b #0,
"7, if b;=0.

Then the nonnegative matrix /p can be similarly defined.
Theorem 2.2 Let A, Be M,, and A >0, B> 0. Then

lyl
p(AoB) < max | [](aubi +dipUa)sin(s) : ©

€¢(AoB
y€5(AoB) i

Proof. If A © B is nonnegative irreducible, then A and B are irreducible. Since /4 and
Jp are also nonnegative irreducible, there exist two positive vectors x, y such that J,x =
pUa)x, Jgy = pUp)y. So, we have

A biy;
D =dip(Ua), Y. P =sipUs).
— X - i
j# j#
Let A = (aj) = U'AU, and B = (Eij) = V~-1BV in which {J and V/ are nonsingular

diagonal matrices [T = diag(x,, - - -, x,) and V = diag(y1, - - - , yn).
From Lemma 2.3, we have

(V1)1 (A o B)(VIT) = (T'AT) o (V-'BV) = Ao B,

Page 4 of 6



Zhao Journal of Inequalities and Applications 2012, 2012:122 Page 5 of 6

http://www.journalofinequalitiesandapplications.com/content/2012/1/122

and then
ioB = 7 aiiXj 5 bijy;
ri(AoB) = aibi + Y dyby < aibii+ Y © > < aibi + diip(Ja)sip Us).
i# R

Let w = V{J. Then for the positive diagonal matrix W, it follows from Lemma 2.2

that
1/lyl
p(AoB) < max W™ (Ao B)W
(o)< max, |[Toiw™ (aom)W]
1/lyl
= max T'AOB
7€5(AoB) 11;1 il |
/vl
_yer?(i)ch) H(all i + up(]A)SupUB)

i€y

If A © B is reducible, then substituting A + ¢P and B + tP for A and B, respectively in
the previous case, letting £ — 0, the result is derived.
The bounds for p(A © B) obtained in [3] and [5], respectively, are

p(AoB) < E%{aiibii +diip(Ja)sip(Us)}, @)
and

1
,O(A o B) < m:x 5 {aiibii + Ll]'jbj]‘ + [(a,—,—b,—,— — ajjb]—].)2
7]
. (8)
+adiisidysijo® Ja)p* Us)] 2 } .

It can be easily verified that the bound (6) is better than the bound (7). Here too, we
could not give the comparison between (6) and (8), but the following example shows
that the result obtained in Theorem 2.2 is better than (7) and (8).

Example 2.2. Let

2 01 1 2 0.5050.5
1 40505 1 1 1 1
A= 1 03 05} B= 050 2 05
0511 2 01 1 2
Then
4 00505
1 40505
AoB=104506 025
0 11 4

It is clear that p(J4) = 0.8182, p(Jp) = 1.1258, and p(A © B) = 6.3365. By (7) and (8),

we have

p(AoB) < ggﬁkmbﬁ+dﬁpuxkapusn==11526&



Zhao Journal of Inequalities and Applications 2012, 2012:122 Page 6 of 6
http://www.journalofinequalitiesandapplications.com/content/2012/1/122

and p(A © B) = 9.6221, and by Theorem 2.2, we get
Yyl

,O(A o B) < max 1_[ (aiibii + diiPUA)SiiPUB) = 9.4116.
y€c(AoB) i

3 Conclusions

In this paper, we propose two new upper bounds for the Hadamard product of
matrices. These bounds are better than the results of [2,3] and numerical examples
illustrate that our results are superior than the previous results of [2-5].
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