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Abstract

Let 1 < p <eo and n = 2. The authors establish the [°(R™*") boundedness for a class
of parabolic singular integral operators with rough kernels.
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1 Introduction
Let o4,..., &, be fixed real numbers, o; > 1. For fixed x € R”, the function

2
F(x,p)=>1, p;“' is a decreasing function in p >0. We denote the unique solution of

the equation F(x, p) = 1 by p(x). Fabes and Riviére [1] showed that p(x) is a metric on
R”, and (R”, p) is called the mixed homogeneity space related to {o}L;.
A9 0
For A >0, let A, = . Suppose that Q(x) is a real valued and measurable
0 Afn
function defined on R". We say is Q(x) is homogeneous of degree zero with respect to
Ay, if for any A >0 and x € R”

Q(AX) = Q(x). (1.1)
Moreover, Q(x) satisfies the following condition

S 21 dr (2) -0 12

where J(x') is a function defined on the unit sphere S§"1 in R”, which will be defined
in Section 2.

In 1966, Fabes and Riviére [1] proved that if Q € C'(S"") satisfying (1.1) and (1.2),
then the parabolic singular integral operator T, is bounded on LP(R") for 1 < p <eo,
where T, is defined by

Q(V)f(x—y)dy and o= Xn:ai.

Tof (x) = p.v./ o
: p() i=1

Rn
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In 1976, Nagel et al. [2] improved the above result. They showed Tq, is still bounded
on IP(R") for 1 < p <o if replacing Q € C'(S"") by a weaker condition Q € L log* L
(S"1). Recently, Chen et al. [3] improve Theorem A, the result is

Theorem A. If Q) e HY($™ satisfies (1.1) and (1.2); then the operator Tq is bounded
on LP(R") for 1 < p <oo.

For a suitable function ¢ on [0, 1), and T = {(y, ¢(p(y)): y € R"}. Define the singular
integral operator T,,q, in R”*" along T by

Q@) ,

(T¢,Qf) (xr xn+1) = pvulf (x — Y Xn+1 — ¢ ()0 (}’)) ,O(y)a Y,

where (%, x,,,1) € R” x R = R"™,

On the other hand, we note that if @; = ... = @, = 1, then p(x) = |x|, @ = n and (R”,
p) = (R” |]). In this case, Ty,q is just the classical singular integral operator along sur-
faces of revolution, which was studied by the authors of [4-7].

The purpose of this article is to investigate the L boundedness of the parabolic sin-
gular integral operator T, along I" when Q. € Fg (S"1). For a B > 0, Fg (8™ denotes
the set of all Q which are integrable over S”' and satisfies

1 1+8
sup / |Q(9)|<ln ) do < oc. (1.3)
ses1 S |6 - &

Condition (1.3) was introduced by Grafakos and Stefanov [8]. The examples in [8]
show that there is the following relationship between Fg (8™" and H*(S™):
m Fﬂ (Sn—l) g Hl (Sn—l) g U Fﬂ (Sn—l).
>0 B>0
We shall state our main results as follows:

Theorem 1 Let m € N. Suppose that ¢ is a polynomial of degree m and
d“i¢ (1)
drwi
o). In addition, let Q. € Fg (S™) for some B >0 and satisfies (1.1) and (1.2), then Teo

2+2
is bounded on [*(R"™") for p € ( * 'B, 2+ Zﬂ).
1+28

lico = 0, where ajsare the all positive integers which is less than m in {a,...,

o
Corollary 1 Let m € N. Suppose that ¢ is a polynomial and d dfa(t)

li=0 = 0, where

ajsare the all positive integers which is less than m in {«y,..., a,,}. In addition, let
Q € Ng=oFp (S”’l)and satisfies (1.1) and (1.2), then T, ¢ is bounded on LP(R"™Y) for
1 <p < oo

2 Notations and lemmas
In this section, we give some notations and lemmas which will be used in the proof of
Theorem 1. For any x € R”, set

x1 = p% COS @y - - - COS Py 2 COSPy_1
X2 = p* COS @y -+ - COSPp_3 SINPy_1
Xn_1 = p%" coS @1 sin ¢,

Xp = p* sin @y.
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n
Then dx = p‘“] (1,0 Bu-1)dpdo, where @ = Y @i, do is the element of area of gnt
i=1

and p* ' J(¢1,..., 1) is the Jacobian of the above transform. In [1], it was shown there
exists a constant L > 1 such that 1 < J(¢1,..., ¢p.1) < L and J(d1,..., dpn) € C((0, 271)"2
x (0, 1)). So, it is easy to see that J is also a C” function in the variable y’ € S"'. For
simplicity, we denote still it by J(y).

In order to prove our theorems, we need the following lemmas:

Lemma 2.1. ([9]) Let d € N. Suppose that y (t): R* ~ R? satisfies

t
y' () =M (yt( ))for a fixed matrix M, and assume Yt) doesn’t lie in an affine hyper-

plane. Then

2
[ er®Ondy < Cln|V/4,
1

Lemma 2.2. ([9]) Suppose that )»]{Somd Ol]{S are fixed real numbers, @(t) is a polyno-
mial and T (t) = (Mt ..., At®, ¢ (1)) is a function from R, to R™*'. For suitable f,

the maximal function associated to the homogeneous curve I is defined by
1h
Mr (f) (x) = sup L [1f @ =T (@) |dt,h > 0. (2.1)
n Mo

Then for 1 < p < oo, there is a constant C >0, independent of )»]/-5, the coefficient of ¢
(t) and f; such that
IIMr (f) Il < Clif - (2.2)

Lemma 2.3. Let L : R"*' — R” be a linear transformation. Suppose that {Gi}c - is a
sequence of uniformly bounded measures on R? satisfying

G )| = Cmin {|AxLE|, (n (1A L) | (23

for Ee R™ and ke 7. For any 1 < py <o and A >0

1/2 1/2
<Z |0 * 3k|2> <A (Z |gk|2> (2.4)
Lro

keZ keZ 0
. . n+1l 2+ Zﬂ
holds for arbitrary functions {gi}icz on R™"". Then for p € 1428 2 + 2B | there
+
exists a constant C, = Clp, n) which is independent of L such that
Y axf| =Glf, (2.5)
kez L

and

1/2
(Z o *f|2) < Clifll (2.6)

kez I

for every fe IF(R™M).
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Proof. The main idea of the proof is taken from [7,8], we assume that L& = (..., &,,)
= (for & = (& &y Enar) € R™ Choose a ¢ € CP (R) such that 0- < w < 1, supp(y)
c (1/4, 4), and

Y[y @) =1 2.7)

jez

For each j, we define ®; in R” by
®;(0) =¥ (2o (©)f )

for & = (&1yy Epr) € R I we set

Tf =2 onxf, (2.8)

kez

and let o represent the Dirac delta on R, then by (2.7), for any Schwartz function f,

Tf = > Tf,

jez
where

Tif =Y (Pjuk ® 8) # 01 % (Djur @ 8) *f.
kez

By using (2.4) and Littlewood-Paley theory (as in [3]), one obtains that for any 1 < p,

<00,
ITif o vty < Collf 1o o) (2.9)

On the other hand, by using Plancherel’s theorem and (2.3), If j >0, using the esti-
mate |0} (§) | < C|Ax¢| we have

IO gy =D / F(&)21Anc |2 de

k 2-j—k=1 Sp({)sz—j—kﬂ

D O

9—j—k=1 5;;(;)52*14“1
(2% o6 (6) . 220 () (5))° ) d
< - 2jminie) Z / |?(5)|2 (2.10)
k

2-j—k-1 Sp(g)sz—j—kﬂ
(@4 (6
s0iy [ fere

k 2-j—k-1 Sp(g)sz—j—kﬁ

= C27 I If Iz ror)-
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Similar to the proof of (2.10), using Plancherel’s theorem and (2.3), if j <0 we get

T llgz oy < C(1+ 1) ™ P 1111 (g (2.11)
In short
ITf 1z oy < C(1+ 1)~ 2111112 (goer ), forj € Z. (2.12)

By interpolating between (2.9) and (2.12), we obtain

T3l ey < L+ )P 111 (). (2.13)

2+2,B2 5
e(1+2ﬁ’ v ﬁ)

and some f >0. Thus, (2.5) follows from (2.13). One may then use a randomization

for

argument to derive (2.6). Lemma 2.1 is proved.

3 Proof of Theorem 1
The main idea of the proof of Theorem 1 is taken from [10]and [11]. Let Q satisfies

(1.1), (1.2), and (1.3) for some 8 >0. Let ®(y) = (5, (p(y))), where ¢ (t) = 3, at, m e

N. Let Dy = {y e R": 2% <p(y) < 2!} and define the family of measures o, on R"** by

[ stm)don= [ 1600660 &y 6

o
Rn+1 p (y)

and o* flx) = supe z(|oi| * | f| ).
It is easy to see that

2k+1
12 (y) | N dp ,
- 2y = Qi) d <C 3.2
[lo%l| D[p(y) y 5/12[| (Y)I(Y)Ip o (y) < (3.2)

In light of (3.2) and Lemma 2.3, it suffices to show that o satisfies (2.3) and (2.4).
For (§ &) € R xR,y e 8", and A € Z. Let

2

b6 ) = [ e sas0nla,
1

Set A = {o; : a; is the positive integers which is less than m in {ay,..., @,} and

d*e (1)
d

t%i

A=1{1,2,..,m}\A . Then lizo = 0, where a;; € A, and A is not a subset of

{oty,..., a0} Therefore, we get

Aip€ Y+ Eni1 ) = pPUATENYy + et PR ERYy + Enit Y aj(hp).
jeA
Without loss of generality, we may assume A consists of r distinct numbers and let

A =iy, i, . imey) If Ol]{S are all distinct, by Lemma 2.1, we get immediately
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L (€, €1, ¥) | < (IR &Y+ -+ PEEYL + (m — —1) D ]) "

(3.3)
< (l)LOll 51)/1 P )Lotngnym)—l/(”"m_r) = A& - y/lfl/(n+mfr).

If {oj} only consists of s distinct numbers, we suppose that

ay=op= - =0,
Ups1l = 00 = OL4ly,
Ol ptl_ 41 = =0 =0y

where s is a positive integer with 1 <s < n, Iy, I5,..., [; are positive integers such that

I+ 1+ + [, =nand @1, A4, Oy 4l 0, are distinct. Obviously,
y (0) = (10, e, o et g g2 )

does not lie in an affine hyperplane in R*"”. Then using Lemma 2.1 again, there
exists C >0 such that for any vector n = (1y,..., 7,,) € R”,

2
/ Qi+ VEN  (myrteeetmy a1y Y2 et (0 g ar o0 )T A1 Y Yt

1

2 2
SC(lm+---+m P+ + -+ g+

—1/2(s+m—r)
[y il o1 + o+ 0P+ (M= 1) [ A |?)

—1/(s+m—r1)
S C(Im+- -+l + a1+ + M|+ + D sl a1 + 0+ 7

—1/(s+m—r1)

n
<C>j
=1
Let 1j = A%&y;, we have

L (6 61, 7) | < (DLEY, ]+ + Ry, l) O

/ 7\~ 1/ (s+m—r) /1 —1/(s+m—r) (3.32)
< (A&, + -+ 2% Ea,1) = [Ax§ -y [T
On the other hand, it is easy to see that
|I)» (E: STHI!}/) | < 1. (34')

From (3.3), (3.3) and (3.4), we get

Clin (1/1n -y)]"**

I ’ n+// —
I (8 &ne1, ) | < (In ALE )1

, for [AE] =2,

where 7’ = Thus, by (1.3), we get

Ak
ALl

/ 1 (&, 601,Y) (V) ldo (V) < Cldnjazg)~ P,
Sn—l
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Therefore,
5% (8, &ns1) |

_ / SiErsEn0(o())) @ (yz "
P(y)

Dy,

l+l

_ / f ei(§~Apy’+En+1¢(P))Q (y’)](y’) Ci;oda (}/)

kn=1 ok (3.5)

2
i\&-Agr )Y +6ns1 / / d /
_ £n71/6(5A2Py$ ¢(2kp))Q(y)](y) pdG()/)
1

P

e / Iyt (. &t ) 112 () ldor ()
Sn—l
< C(In |Ayg)~ 1P

On the other hand, by (1.2), we can obtain

6% (&, &ns1) |

- / i EVEnd(r(1))) Q(y()x dy
o(y)

Dy,
ol

_ / /ei(§<Apy’+§n+1¢(P))Q()/)](y/) do (y)

2k gn—1

dp
P

2k+l

_ / / (ei(E-Apy/+§n+1¢(ﬂ))_ei§n+1¢(/’)>9(y/) J(Y)do ()

2k gn—1

dp
0

2k+1

< C /. /. |ei(§'Apy/+§n+l¢(p)) _ ei§n+l¢(p)||9 (y/) ||] (y/) |do- (y/) d’f)

2k gn—1

(3.6)

2k+1
d
sc/ / € A IR 0) I () o (1) 7
2k Sn—l
2k+1

<c / / g Y112 (/) IV () ldo (3) dpp

2k s
2k+1
< ClAy] / / () )|
2k s
< ClAnEl.

Agn§ /
Apat V| () dp
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Clearly, (3.5) and (3.6) imply (2.3) holds. Finally, we shall show that (2.4) holds.

op () ®)

= sup (|orl * If1) (%)
keR

[ire=om'® 0l

p(y)”
- [ [re-o@mine) P )
< 21k f 1) f If (x— @ (ApY)) ldp | do ()

IA

c / (/) M () @ do (V).

By Lemma 2.2, we obtain ||Mq(f)||, < C||f]|,» where C >0 is independent of k, the
coefficient of ¢(t) and £, since Q is integrable on §"7', thus ||c*(f)| |, < C|[f]l,- This
shows (2.4) holds. This completes the proof of the Theorem 1.
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