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Abstract

We obtain an improved Heinz inequality for scalars and we use it to establish an
inequality for the Hilbert-Schmidt norm of matrices, which is a refinement of a result
due to Kittaneh.
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1. Introduction

Let M,, be the space of n x n complex matrices and ||-|| stand for any unitarily invar-
iant norm on M,,. So, |[|{UAV]| = ||A|| for all A € M,, and for all unitary matrices U, V
€ M, If A = [a;] € M,, then

1/2
" /

Al = | D lagl?

ij=1

is the Hilbert-Schmidt norm of matrix A. It is known that the Hilbert-Schmidt norm
is unitarily invariant.

The classical Young’s inequality for nonnegative real numbers says that if 4, b > 0
and 0 < v < 1, then

ab'" <va+(1-v)b (1.1)
with equality if and only if a = b. Young’s inequality for scalars is not only interesting

in itself but also very useful. If v = ;, by (1.1), we obtain the arithmetic-geometric

mean inequality

2vab < a+b. (1.2)
Kittaneh and Manasrah [1] obtained a refinement of Young’s inequality as follows:
2
a'b'™ + 1o <\/a - x/b> <va+(1-v)b, (1.3)
where 7y = min {v, 1 - v}.
Leta, b > 0 and 0 < v < 1. The Heinz means are defined as follows:

vblfv lfvbv
Hya b)=*" *¢ 7.
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It follows from the inequalities (1.1) and (1.2) that the Heinz means interpolate

between the geometric mean and the arithmetic mean:

a+b. (1.4)

Vab < H,(a, b) <
The second inequality of (1.4) is known as Heinz inequality for nonnegative real
numbers.
As a direct consequence of the inequality (1.3), Kittaneh and Manasrah [1] obtained
a refinement of the Heinz inequality as follows:

a+b

2
Hy(a, b) + r0<\/a — \/b) < 5 (1.5)
where ry = min {v, 1 - v}.

Bhatia and Davis [2] proved that if A, B, X € M, such that A and B are positive
semidefinite and if 0 < v < 1, then

2[alxB2| < |AXBI 4+ ATXBY| < AX + XBI. (1.6)

This is a matrix version of the inequality (1.4). Kittaneh [3] proved that if A, B, X €
M, such that A and B are positive semidefinite and if 0 < v < 1, then

[AXB! "+ ATXB| < arg [AY2XBY2| + (1 - 2r0) JAX + XBI, (1.7)

where ry = min {v, 1 - v}. This is a refinement of the second inequality in (1.6).
In this article, we first present a refinement of the inequality (1.5). After that, we use
it to establish a refinement of the inequality (1.7) for the Hilbert-Schmidt norm.

2. A refinement of the inequality (1.5)
In this section, we give a refinement of the inequality (1.5). To do this, we need the
following lemma.

Lemma 2.1. [4,5] Let f{x) be a real valued convex function on an interval [a, b]. For

any x;, ¥, € [a, b], we have

f(x2) —f(xl)x _xf(x2) — xof (x1)

x) <
f()_ Xy — X1 Xy — X1

, x € (x1, x2).

Theorem 2.1. Let ¢, b > 0and 0 < v < 1. If ry = min {v, 1 - v}, then

(1 —4ro)(a +b) +4ro(a'*p®* + a¥*p"*), velo, }JU[3,1],

2H,(a, b) <
(e, 0) 2 (4ro — 1)Vab +2(1 — 2ro) (@ *p¥* + &**p'Y),  well, 3]

(2.1)
Proof. It is known that as a function of v, H, (a, b) is convex and attains its mini-

mum at v = 5 Let

f(v) = 2H,(a,b) = a’b' " +a'"b’, 0<v<1.

1

Obviously, flv) is convex. For 0 <v < ,, since f{v) is convex on 0[1], by Lemma 2.1,

we have
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[ =@ of ()= if ©

fw = 1o [

’

which is equivalent to
fw=a(f(,)-f@)reso.

That is,
fo=a-anfosar(,).

So,
a6 + a7 < (1 — 4ro) (a +b) + 4ro (a1/4b3/4 N a3/4b1/4) :

For } <v <1, similarly, we have

fO=f@),_ dO-fQ)

3 3
l_4 1_4

fw <

’

which is equivalent to
3 3
ror=a(rm-£(3))v-3rm=ar(3).
That is,
3
fw=<M@-3)f1)+4(1 —U)f<4).

So,

a’b'™’ + a7 < (1 — 4ry) (a+b) + 41 <a1/4b3/4 + a3/4b1/4> )

If } <v <), then by Lemma 2.1, we have

2
Fap<! Q) 10, W G)-20),
and so

1 1
fw 5(4v—1)f<2)+2(1—2v)f(4),

which is equivalent to

a'b'" 4 a"b’ < 2(4ro — 1)Vab + 2(1 — 2ro) (a1/4b3/4 4 a3/4b1/4) .
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If ) <v <3, similarly, we have
3y (1 1£(3\ _ 3¢(1
o= O, Y-V
172 172
and so

o =6-mwr(})r2a-vs(3).
which is equivalent to

1 3
f@ < (4ry — 1)f(2) +2(1 —2r0)f(4).
That is,

a’b' " + a7 < 2(4ro — 1)Vab + 2(1 — 2rp) (a1/4b3/4 + a3/4b1/4> .

This completes the proof. O
Now, we give a simple comparison between the upper bound for "5 + a'b" in

(1.5) and (2.1). If v € [0, ;] U[3, 1], then
2
a+b—2r (Ja - «/b) — (1 — 4ro)(a +b) — 4ro(a*b?* + a¥pV/4)
- 210 (a +b+2vab—2 <a1/4b3/4 " a3/4b1/4))
> 0.

Ifve [}‘, i], then

2
a+b—2n (Ja - Jb) — (410 — 1)Wab — 2(1 — 2r0)(aY46P/ + a¥4p14y
= (1 — 2rp) (a +b+2vab—2 <a1/4b3/4 + a3/4b1/4))
> 0.
So, the inequality (2.1) is a refinement of the inequality (1.5).
3. An application
In this section, we give a refinement of the inequality (1.7) for the Hilbert-Schmidt
norm based on the inequality (2.1).
Theorem 3.1. Let A, B, X € M,, such that A and B are positive semidefinite and

suppose
that

¢ (v) = ||A"XB'™" + AT7VXBY|;, O0<v<l.
Then

_ (= an)e0) +ang (3), velo, JJUl} 1]

" (ro-1g (3)+200-210)¢ (;). vely 3] (3.1)

o(v)

where g = min {v, 1 - v}.
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Proof. Since every positive semidefinite matrix is unitarily diagonalizable, it follows
that there exist unitary matrices U, V € M, such that A = UAU* and B = VA, V¥,
where A; = diag (Ay,..., A,), Ay = diag(yy,..., pt,) and A, y; 2 0, i = 1,..., n. Let

= U"XV = [yy].

If v e o, 411] U [2, 1], then by (2.1) and the Cauchy-Schwarz inequality, we have
||AvXB1 1/+A1 i/XBI/||2 Z(Av 1-v )Ll U/L) |le
ij=1

< Z ((1 —4ro) (A + 1) + 41’0()»1/4 3/4 +A3/4 1/4)) |)’1]|2
ij=1

n
=(1=4r0)” Y i+ ) lygl?

ij=1
+16r22(kl/4 3/4 3/4 1/4) |Y1]|
ij=1
+8r0(1—4r0)2(k ) (00 1) g2
ij=1

< (1 40)%97(0) + 16139” (§) + 8r0(1 — 410)9(0)9 ()
= (1~ 410)$(0) + 406 (1))”.

Ifve [i, i], the result follows from the inequality (2.1) and the same method above.

This completes the proof. O
Remark. For the Hilbert-Schmidt norm, by the inequality (1.7), we have

1
¢ (v) < 2ro¢ <2> +(1=2r0) ¢ (0).

So, for v e [0, }1] U [2, 1], we have

210 (3) + (1 — 210)¢ (0) — (1 — 410)¢ (0) — 4709 (})
=219 (¢ (3) +¢(0) =29 (4)) = 0

Ifve [}1, i], then

20 (3) + (1 = 210)¢ (0) — (410 — 1) (5) — 2(1 — 210)¢ ()
=(1=2r0) (¢ (5)+0(0) —2¢(;)) =0

So, the inequality (3.1) is a refinement of the inequality (1.7) for the Hilbert-Schmidt

norm.
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