Domoshnitsky et al. Journal of Inequalities and Applications 2012, 2012:112 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2012/1/112 a SpringerOpen Journal

RESEARCH Open Access

Component-wise positivity of solutions to
periodic boundary problem for linear functional
differential system

Alexander Domoshnitsky', Robert Hakl* and Jiti Sremr?

* Correspondence: adom@ariel.ac.il
'Department of Mathematics and
Computer Science, The Ariel
University Center of Samaria, 44837
Ariel Israel

Full list of author information is
available at the end of the article

@ Springer

Abstract

The classical Wazewski theorem claims that the condition p; < 0, j # i, i, j =1,..n, is
necessary and sufficient for non-negativity of all the components of solution vector

to a system of the inequalities x'(t) + Z;l:l pii(0)x(t) =0, x (0) >0,/ =1,..,n.

Although this result was extent on various boundary value problems and on delay
differential systems, analogs of these heavy restrictions on non-diagonal coefficients
p; preserve in all assertions of this sort. It is clear from formulas of the integral
representation of the general solution that these theorems claim actually the
positivity of all elements of Green’s matrix. The method to compare only one
component of the solution vector, which does not require such heavy restrictions, is
proposed in this article. Note that comparison of only one component of the
solution vector means the positivity of elements in a corresponding row of Green's
matrix. Necessary and sufficient conditions of this fact are obtained in the form of
theorems about differential inequalities. It is demonstrated that the sufficient
conditions of positivity of the elements in the nth row of Green’s matrix, proposed in
this article, cannot be improved in corresponding cases. The main idea of our
approach is to construct a first order functional differential equation for the nth
component of the solution vector and then to use assertions, obtained recently for
first order scalar functional differential equations. This demonstrates the importance
to study scalar equations written in a general operator form, where only properties
of the operators and not their forms are assumed. Note that in some cases the
sufficient conditions, obtained in the article, does not require any smallness of the
interval [0, w], where the system is considered.
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1. Introduction
Consider the following system of functional differential equations

(Mix) (1) = x,(6) + Y _(Byx)(1) = fi(1), €0, @], i=1,....n (1.1)

j=1
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subjected to the periodic conditions
xi(0) = xi(w) +¢ci, i=1,...,n, (1.2)

where x = col(x1,...%4), By : Clo, w] = Lo, w]» i»j =1, ..., 1, are linear bounded operators,
Cio, ) and Ly, ,, are the spaces of continuous and summable functions y : [0,0] — RY,
respectively, fi € Ly, o i€ R ,i=1, .., 1.

The operators B;; can be, for example, of the following forms:

(Bix)(1) = Y pl(0)x(h (1)), t € [0, @],
k=1

(Bix)(t) = / K;i(t, s)x(s)ds, t € [0, o],

and also their linear combinations or superpositions are allowed, where
pk [0, @] = R Iy 2 [0, 0] > [0, @], and K;; : [0, @] x [0, @] — R' are suitable
functions.

If the homogeneous periodic problem

(Mix)() =0, tel0, ], i=1,...,n, (1.3)

xi(0) =xi(w), i=1,...,n, (1.4)

has only the trivial solution, then the boundary value problem (1.1), (1.2) has for
each f = col(fy, ..., f,,) with f; € L, and ¢ = col(cy, ..., ¢,) with ¢; € R',i=1,.,na

unique solution x, which has the following representation [1] (see also [2,3])
x(t) = /G(t, s)f(s)ds + X(t)e, te|0, w], (1.5)

0

where the n x n matrix G(t, s) is called Green’s matrix of periodic problem (1.1),
(1.4) and the n x n matrix X(¢) is the fundamental matrix of the system (1.3) such that
X(0)-X(w)= E, where E is the unit n x n matrix. It is clear from the solution represen-
tation (1.5) that the matrices G(¢, s) and X(£) determine all properties of solutions.

The following property is the basis of the approximate integration method by
Tchaplygin [4]: from the conditions

(Mix)(t) = (Miy)(t), te€]0, w], i=1,....,n Ix>1y, (1.6)
where !: Cfy ;) = R" is a linear bounded functional, it follows that
xi(t) =yi(t), tel0, 0], i=1,...,n (1.7)

Series of articles, started with the known article by Luzin [5], were devoted to the
various aspects of Tchaplygin’s approximate method. The monograph by Lakshmikan-
tham and Leela [6] was one of important in this area. In the book by Krasnosel’skii
et al. [7], which was devoted to approximate methods for operator equations, property
(1.6) = (1.7) was also essentially used. These ideas have been developing in scores of
books on the monotone technique for approximate solution of boundary value pro-
blems for systems of differential equations. Note in this connection the works by
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Kiguradze and Puza [3,8,9]. From formula of solution representation (1.5) it is clear
that property (1.6) = (1.7) with Ix = x(0)-x(w) is true if and only if all elements of the
matrices G(¢, s) and X(f) are non-negative.

As a particular case of system (1.1) let us consider the following system

X0+ Y pi(x(hg(0) = fi(), telo, @], i=1,...m, (1.8)

j=1

where p;; € Ly, » and /; : [0, ] — [0, w] are measurable functions. The classical
Wazewski’s [10] theorem claims that the condition

pii(t) <0, te 0, o] ij=1,...,n i#]j (1.9)

is necessary and sufficient for the property (1.6) = (1.7) with Ix = x(0) for system of
ordinary differential equations

x(0)+ Y pi(0x(0) =fi(1), tel0, @], i=1,...,n

j=1

Extensions of this Wazewski’s theorem on various boundary value problems with
functional differential equations and boundary conditions were obtained in [3] which
defines the modern level in this topic. But all these results are based on analogs of
condition (1.9), which, of course, are close to necessary conditions for the property
(1.6) = (1.7).

In many problems in practice one needs to compare only one component of solution
vector. Let us change the formulation and focus our attention upon the problem of
comparison for only one of the components of solution vector. Let k; be either 1 or 2.
In this article we consider the following property: when from the conditions

(=18 [(Mx)(t) — (M) ()] =0, te]0, w], i=1,...,n Ix=Iy (1.10)

it does follow that, for a fixed r € {1,...,n}, the components x, and ¥, of vectors x and
y satisfy the inequality

x(6) 2y (1), €0, . (1.11)

This property is a weakening of the property (1.6) = (1.7) and, as we will obtain
below, leads to essentially less hard limitations on the given system. From formula of
solution’s representation (1.5) it follows that this property is reduced to sign-constancy
of all elements standing only in the rth row of Green’s matrix.

The article is built as follows. Auxiliary results on positivity (negativity) of Green’s
matrices in the case when all nondiagonal operators B;; (i # j, i, j =1, .., n) are negative
(positive) are obtained in Section 2. In Theorem 2.1 the results of this sort are pre-
sented as three equivalent facts: the first of them is an assertion about differential
inequality, the second—about positivity (negativity) of elements of Green’s matrix, and
the third—about the spectral radius of a corresponding auxiliary operator. In Theorem
2.2 we choose a constant vector as a test vector function, that simplifies the assertion
about differential inequalities and allows us to obtain then estimates of elements of
Green’s matrix.
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The main results of this article about positivity or negativity of elements in the nth
row of Green’s matrix are formulated in Section 3. General assertions are presented in
Theorems 3.1 and 3.2. In Corollary 3.1 we avoid assumptions about positivity (negativ-
ity) of Green’s functions of auxiliary equations and formulate all assumptions in the
form of simple algebraic inequalities.

The proofs of formulated assertions of Sections 2 and 3 are presented in Section 4.
The main idea of our approach is to construct a corresponding scalar functional differ-
ential equation of the first order

%,(6) + (Bxa) (1) = f*(t), te [0, w], (1.12)

for nth component of a solution vector, where B : Cjg,] = Ljo,») is @ linear continu-
ous operator, f € Lijo,). This equation is built in Section 4 [11,12]. Then the technique
of analysis of the first order scalar functional differential equations, developed, for
example, in the works [13,14], is used. On this basis we prove assertions of Section 3.

The results about positivity and negativity of elements of Green’s matrices of second
order systems with deviating arguments are presented in Section 5.

Note that results of this sort for the Cauchy problem (i.e., if Ix = x(0)) and Volterra
(according to Tikhonov’s definition) operators Bj; : Cjo] = Lio,] Were proposed in the
recent article [11], where the obtained operator B : Cjy ] — Lio,, became a Volterra
operator. In this article we consider the periodic problem that implies that the operator
B : Cjo,0] = Lio,0] is not a Volterra one even in the case when all B;; : Cjgw] = Lio,e) &
j =1, ..., n, are Volterra operators.

For our purpose we recall that the Tikhonov’s definition can be generalised in the
following manner: An operator B : Cj»] = Lo, is called 0-Volterra, respectively -
Volterra, if (Bx)(t) = 0 for ¢t € [0, c], respectively for t € [c¢, ®], whenever ¢ € [0, w]
and x(¢) = 0 for £ € [0, c], respectively for t € [c, w].

2, Positivity of Green’s matrices of systems of FDEs-auxiliary assertions
In this section we consider the inhomogeneous system (1.1) with the homogeneous
boundary conditions (1.4), where as above the operators B;; : Cio,,] = Lo, are sup-
posed to be linear and bounded.

Assuming that, for any i = 1, ..., n, the scalar periodic problem

x(6) + (Bixi) (1) = fi(1), t € [0, o], (2.1)
x,'(O) = xi(a)), (2-2)

is uniquely solvable for every f; € Lio, ), we define the operator R : Cﬁ)’w] - C?O,w]

acting in the space of n-dimensional vector functions with continuous elements x; : [0,

o] = R endowed with the norm ||‘x||CF0,w] - glgng[lga%]lxi(t)' as follows:

w n

(Rx)(t) = col | — f it ) Y Bx)()ds| , telo, o], (2.3)

0 J=1j# i1

where g(¢, s) denotes Green’s function of the problem (2.1), (2.2).
Note that properties of Green’s functions are studied in the book [1], where foundations
of the general theory of functional differential equations are established. It was obtained
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that gi(-, s) is absolutely continuous for almost every (a.e.) s € [0, @] on each of the inter-
vals [0, s) and (s, ®]. Below, talking, for example, about positivity of Green’s function in
the rectangle ¢, s € [0, ®], we actually mean gi(¢, s) > 0 for £ € [0, w] and a.e. s€ [0, w].
Analogously, if we say that Green’s functions gi(t, s) for 1 = 1, ..., n preserve their signs, we
mean that for every i either gi(¢, s) > 0 or gi(¢, s) <0 for t € [0, w] and a.e. s [0, w].

The following assertion follows from Theorem 3.1 of the article [11], similar results
can be found also in the monograph [3].

Theorem 2.1. Let the following conditions be fulfilled:

(1) Green’s functions gi(t, s), i =1, ..., n, of n scalar periodic problems (2.1), (2.2) exist,
preserve their signs and are such that

/|gi(t, s)le(s)ds > 0, te][0, w], (2.4)
0

for each positive measurable essentially bounded function ¢,
(2) the non-diagonal operators By, i, j =1, .., n, i # j, are positive or negative such that
the operator R : Cjy ,, = Cj determined by the formula (2.3) is positive.
Then the following assertions are equivalent:
(a) there exists a vector function V € Cﬁ)/w]with positive absolutely continuous compo-
nents v; : [0, o] = (0, +o) such that
®
/gi(t, ) (Miv)(s)ds >0, tel0, w], i=1,...,n, (2.5)

0

(b) boundary value problem (1.1) and (1.4) is uniquely solvable for each right hand
side f = col(fy, ..., f,) such that f; € Ly, o), i =1, .., n, and the elements G(t, s), i, j = 1,
..o 1, Of its Green’s matrix G(t, s) preserve their signs and satisfy the inequality

&i(t, s)G(t, s) =0, tse[0, w], (2.6)
while
|Gii(t, s)| > 1gi(t, s), & se]0, w],

fori, j=1, .., mn,

(c) the spectral radius of the operatorR : C?o,w] - Cflolw]is less than one.

The following assertion follows from Theorem 2.1 if we set v(£) = col(zy, ..., z,,) as a
constant vector with positive components.

Theorem 2.2. Let the following conditions be fulfilled:

(1) Green’s functions gi(t, s), i =1, ..., n, of n scalar periodic problems (2.1), (2.2) exist,
are non-negative (respectively, non-positive), and satisfy inequality (2.4) for each positive
measurable essentially bounded function ¢,

(2) all non-diagonal operators By, i, j =1, ..., n, i # j, are negative (respectively,
positive),

(3) there exists a vector z = col(zy, ..., z,) with all positive components such that

n
Y (Byz)(n=1, te0, ], i=1,..n, 2.7)
j=1

Page 5 of 23
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respectively,

Y Biz)(tn<-1, telo, o], i=1,...,n (2.8)
j=1

Then boundary value problem (1.1), (1.4) is uniquely solvable for each right hand side
f=colfy, ... ), all elements Gi(t, s), i, j = 1, ..., n, of its Green’s matrix G(t, s) are non-
negative (respectively, non-positive) and the following inequalities

w

n
/Z|Gij(t, s)ds <z, tel0, w|, i=1,..,n (2.9)
o 1

hold.

Remark 2.1. 1t is clear that assumption (3) in Theorem 2.2 is fulfilled if and only if
there exists a vector z = col (21, ... ,Z,) with all positive components and ¢ > 0 such
that

n
Y BiE)(1) =& telo, o], i=1,...,n (2.10)
j=1

respectively,

n
Y Big)(1) <—e te€l0, @], i=1,...,n
j=1

For system with argument deviations (1.8), the condition (2.10) looks as the following
one

n
> iz =, tel0, o], i=1,...n, (2.11)
j=1
that coincides with the fact that P(t) = {p; (t)}szl is M-matrix (see [15]).

If we set zj = 1forj = 1, .., n, then we get

n
dopi)=e telo, o, i=1, .., n
j=1
which can be interpreted as the main diagonal dominance and condition (2.11) as its
generalization.
Remark 2.2. If instead of assumption (3) in Theorem 2.2 we assume that there exists

a constant matrix Y = {)/ij}gjﬂ with non-negative components possessing the property

n
>0, i=1,..,n (2.12)
j=1
such that
n
> Bayy)(1) = 85, tel0, o], ij=1,...,n (2.13)

k=1
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respectively,

n

Z(Bik}’kj)(t) <=6; tel0, w], ij=1,...,n (2.14)

k=1
where

1 ifi=j,

8 = {0 ifi 4] (2.15)

then the elements G;(¢, s), i, j =1, ..., n, of the Green’s matrix G(Z, s) satisfy the
inequalities
/IGij(t, s)ds <y tel0, 0], ij=1,...,n (2.16)
0

Notation 2.1. Let B : Cjo,) = Ljo,e) be a linear operator. For any ¢ € [0, w] define
the sets

H.(t)={z€[0, o] :x € Cow, *(s)=0, sz 0] = (Bx)(t) =0}
and
H*(t)={ze |0, o] :x€ Cow, x(s)=0, se[0, z] = (Bx)(t)=0}.
Note that it can be shown that the sets H*(¢) and H*(¢) are nonempty for almost
every t € [0, ] and thus we can define
hi(t) = sup H.(t) foralmost everyt € [0, ]
and
h*(t) = infH*(t) for almost every t € [0, w].

Corollary 2.1. Let the following conditions be fulfilled:

(1) the operators By, i = 1, ..., n, admit the representation Bii = Bj; — Bj;, where
Bf, By : Clow] = Ljowjare linear positive operators, and at least one of the following
assumptions (1a) or (1b) is satisfied:

(a)Bf,B;,i=1, ...,n, are 0-Volterra operators,

(Biil)(t) >0, te [0, w], Biil §é 0, i=1,...,n

and

/ (Bfi1)(s)ds < i, tel0, ], i=1,...,n (2.17)
b, (6)
(b) the inequalities

IBilllL <1, [IBz1llL <1, (2.18)
and
IB;11,

-~ < |B#1 (2.19)
1 g, < B

Page 7 of 23
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hold for i =1, .., n,

(2) all non-diagonal operators By, i, j = 1, ..., n, i # j, are negarive,

(3) there exists a vector z = col(zy, ..., z,,) with all positive components such that (2.7)
holds.

Then boundary value problem (1.1), (1.4) is uniquely solvable for each right hand side
f = col(fy, ... ), all elements Gi(t, s), i, j = 1, .., n, of its Green’s matrix G(t, s) are non-
negative and

@ n

/ZGij(t,s)dsfzi, tel0,w], i=1,...,n (2.20)

o I

The proof is based on Theorem 2.2 and Lemmas 4.2 and 4.4 from the next section.
Remark 2.3. If instead of assumption (3) in Corollary 2.1 we assume that there exists
a constant matrix Y = {)/ij}zjzl with non-negative components possessing the property
(2.12) such that relations (2.13) are fulfilled with J;; given by (2.15), then the elements
Gy(t, s), i, j =1, ..., n, of the Green’s matrix G(t, s) satisfy the inequalities
P
/G,-j(t,s)ds <y tel0, w], ij=1,...,n (2.21)

0

Corollary 2.2. Let the following conditions be fulfilled:

(1) the operators By, i = 1, ..., n, admit the representation Bjj = Bj; — B, where
B, Bj; : Clow] = Ljow) are linear positive operators, and at least one of the following
assumptions (1a) or (1b) is satisfied:

(a) Bj, B;,i= 1, ...,n, are w-Volterra operators,
(Bil)(t) <0, te]0, w], Bil#0, i=1,...,n

and
hii* (1)
1
/ B;)(@)ds< , tel0, w], i=1,...,n (2.22)
e

t
(b) the inequalities (2.18) and

I Bi1lie

< | B; 1L (2.23)
1— | Bi1llL "

hold for i =1, ..., n,

(2) all non-diagonal operators By, i, j =1, .., n, i # j, are positive,

(3) there exists a vector z = col(zy, ..., z,,) with all positive components such that (2.8)
holds.

Then boundary value problem (1.1), (1.4) is uniquely solvable for each right hand side
S =colfy, ..., f), all elements Gy(t, s), i, j =1, ..., n, of its Green’s matrix G(t, s) are non-
positive and

@ n
—/ Gij(t, s)ds <z, tel0, 0], i=1,...,n (2.24)
o =1

Page 8 of 23
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The proof is based on Theorem 2.2 and Lemmas 4.3 and 4.5 from the next section.
Remark 2.4. If instead of assumption (3) in Corollary 2.2 we assume that there exists
a constant matrix Y = {}/ij}gjﬂ with non-negative components possessing the property
(2.12) such that relations (2.14) are fulfilled with J; given by (2.15), then the elements
Gi(t, 8), i, j =1,..., n, of the Green’s matrix G(t, s) satisfy the inequalities
®
- / G,‘j(t, s)ds <V t€ [0, w], Lj=1,...,n (2.25)
0

Consider now the particular case of system (1.1)

m n
x(0)+ > D piOx(0) = fit), tel0, ], i=1,...,n, (2.26)

k=1 j=1

where pg,fi : [0, @] = R! are summable functions and hf-;- 1[0, @] = |0, w] are mea-

surable functions, i, j =1, ..., n, k =1, ..., m.

Corollary 2.3. Let the following conditions be fulfilled:

(1) at least one of the following assumptions (1a) or (1b) is satisfied:

(a) hﬁ(t) <t te [Ow], i=1,..,n k=1,..,m and the inequalities

m m
Yok =0, telo, 0], Y pi#o, i=1,...,n
k=1 k=1

L m
1 :
Zpﬁ*(s)ds < . tel0,w], i=1,...,n, (2.27)
mw

hold, where h%(t) = minyy, _nh%(t), t e [0, 0], i =1, .., n,

.....

(b) the inequalities

m m
3 [t <1, S ot ‘L <1, (2.28)
e _
and
PR pZ— ‘ "
Ry s " (2.29)
1= b [P ‘1, le=

hold for i =1, .., n,

where pﬁ*and pi?i‘ denote the positive and negative parts, respectively, of the function
Pio

(2)p§(t) <0,te€[0,wlij=1,.,nmizjk=1,..,m,

(3) there exists a vector z = col(zy, ..., z,)) with all positive components such that

n

ZZpg(t)zj >1, tel0, w], i=1,...,n (2.30)

k=1 j=1

Page 9 of 23
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Then boundary value problem (2.26), (1.4) is uniquely solvable for each right hand
side f = col(fy, ..., f,) and all elements G(t, s), i, j =1, ..., n, of its Green’s matrix G(t, s)
are non-negative and satisfy relation (2.20).

Remark 2.5. If instead of assumption (3) in Corollary 2.3 we assume that there exists
a constant matrix Y = {yij}?,j:l with non-negative components possessing the property
(2.12) such that relations

m

n
DY kg =85 telo, o], ij=1,...,n,

k=1 r=1
are fulfilled with J; given by (2.15), then the elements G(¢, s), i, j =1, ..., n, of the
Green’s matrix G(¢, s) satisfy the inequalities (2.21).
Remark 2.6. In the case of constant coefficients pg, the vector z = col(zy, ..., z,,)

appearing in assumption (3) of Corollary 2.3 can be found as a positive solution of the
algebraic system

n m
SN pha=1, i=1...m,

j=1 k=1

which then guarantees that

@ n

/ZGij(t,s)ds=zi, te[0,w], i=1,...,n.

o J=t

Analogously we can get the equality

w

/Gﬁ(t,s)ds=yﬁ, tel0, w], ij=1,...,n
0

in Corollary 2.3 if {¥ij}j;.; is a non-negative solution of the matrix equation
n m
> phvi=085 dj=1...n
r=1 k=1
with J; given by relation (2.15) possessing the property (2.12).
3. Positivity of Green’s matrices of systems of FDEs-main results

In this section, along with problem (1.1), (1.4) we consider the following auxiliary pro-
blem consisting of the # — 1-dimensional system

n—1
(mix) (1) = x,(1) + Y (Byx)(1) = fi(t), te[0, o], i=1,...,n—1, (3.1)
j=1
and the boundary conditions
xi(0) =xi(w), i=1,...,n—1. (3.2)
Assuming that problem (3.1), (3.2) is uniquely solvable for each col(f;, ..., f,,.1), we

denote by K(t, s) = {K;(t, s)}:’i_= i its Green’s matrix. As above we denote (if exists) by
G(t, s) = {Gyi(t, $)}j-1 Green’s matrix of periodic problem (1.1), (1.4).
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Theorem 3.1. Let the following conditions be fulfilled:

(1) Green’s functions gi(t, s), i =1, .., n — 1, of n — 1 scalar periodic problems (2.1),
(2.2) exist, are non-negative, and satisfy inequality (2.4) for each positive measurable
essentially bounded function ¢,

(2) all non-diagonal operators By i, j =1, .., n — 1, i # j, are negative,

(3) there exists a vector z = col(zy, ..., z,,.1) with all positive components such that

n—1
> Biz)()=1, te0, 0], i=1,...,n—1 (3.3)
j=1

Then periodic problem (3.1), (3.2) is uniquely solvable for each col(fy, ..., f,..1), all ele-
ments Kit, s), i, j =1, .., n - 1, of its Green’s matrix K(t, s) are non-negative,

@ p-1
/ZKij(t, s)ds <z, tel0, ], i=1,...,n—1, (3.4)
0o J=

and the following assertions are true:
(a) if Green’s function g(t, s) of the scalar periodic problem

X(t) + (Bx)(t) = f*(), tel0, w] (3.5)

x(0) = x(w), (3.6)

where the operator B : Co,,] = Lo, is defined by the equality

n—1 @ n-1
BN =—)_ | Bu / Kii(-, s)(Bjny)(s)ds ¢ ] (1) + (Buny)(?) (3.7)
i=1 o J=1

andf* € Lio,w), exists and is positive, then periodic problem (1.1), (1.4) is uniquely
solvable for each right hand side f = col(fy, .., f,,) and the elements G,(t, s),j = 1, .., n,

of its Green’s matrix G(t, s) satisfy the relations

Gpi(t, ) >0, tsel0, w], j=1,...,n (3.8)

in the case of negative operators B,,;, i =1, ..., n - 1, and relations

Gun(t, s) =0, Gy(t, s) <0, tsel0, o], j=1,...,n—1, (3.9

in the case of positive operators B,,;, i =1, .., n - 1,

(b) if Green’s function g(t, s) of the scalar periodic problem (3.5), (3.6), where the
operator B : Co,,) = Lo, is defined by equality (3.7) and f € Lio,w)» exists and is
negative, then periodic problem (1.1), (1.4) is uniquely solvable for each right hand side
f=collfy, ..., f,) and the elements G,(t, s), j =1, ..., n, of its Green’s matrix G(t, s) satisfy

the relations

Gpi(t, s) <0, tsel0, w], j=1,...,n (3.10)

in the case of negative operators B,,;, i =1, .., n — 1, and relations

Gun(t, s) <0, Gy(t, s)=0, tsel0, o], j=1,...,n—1, (3.11)

in the case of positive operators B,,;, i =1, .., n — 1.
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Remark 3.1. If instead of assumption (3) in Theorem 3.1 we assume that there exists

a constant matrix Y = {y,-j},’-fj_: } with non-negative components possessing the property
n—1
Zyij>0, i=1,...,n—1, (3.12)
j=1

such that relations

n—1
> Bayy)(t) = 85, te0, 0], dj=1,...,n—1, (3.13)
k=1
are fulfilled with J;; given by (2.15), then the elements Kz, s), i, j =1, .., n — 1, of the
Green’s matrix K{(z, s) satisfy the inequalities
w
/Kij(t, s)ds <yj tel0, 0], ij=1,...,n—1 (3.14)
0

Theorem 3.2. Let the following conditions be fulfilled:

(1) Green’s functions gi(t, s), i =1, ..., n — 1, of n — 1 scalar periodic problems (2.1),
(2.2) exist, are non-positive, and satisfy inequality (2.4) for each positive measurable
essentially bounded function ¢,

(2) all non-diagonal operators By, i, j =1, .., n — 1, i = j, are positive,

(3) there exists a vector z = col(zy, ..., z,_1) with all positive components such that

n—1
> Biz)(t)<-1, tel0, o], i=1,..,n—1 (3.15)
j=1

Then periodic problem (3.1), (3.2) is uniquely solvable for each col(fy, ..., f,-1), all ele-
ments Ki(t, s), i, j =1, .., n — 1, of its Green’s matrix K(t, s) are non-positive,

n—1

—/ZKU-(I, s)ds <z tel0, w], i=1,...,n—1, (3.16)
o J=

and the following assertions are true:

(a) if Green’s function g(t, s) of the scalar periodic problem (3.5), (3.6), where the
operator B : Cg o) = Lio,w) is defined by equality (3.7) and f* € Lo, exists and is posi-
tive, then periodic problem (1.1), (1.4) is uniquely solvable for each right hand side f =
col(fy, ..., ) and the elements G(t, s), j =1, ..., n, of its Green’s matrix G(t, s) satisfy
the relations (3.8) in the case of positive operators B,,;, i =1, .., n-1, and relations (3.9)
in the case of negative operators B,; i =1, .., n - 1,

(b) if Green’s function g(t, s) of the scalar periodic problem (3.5), (3.6), where the
operator B : Cig ) = Lo, is defined by equality (3.7) and f* € Lo, exists and is
negative, then periodic problem (1.1), (1.4) is uniquely solvable for each right hand side
f = col(fy, ..., ) and the elements G,\t, s), j = 1, ..., n, of its Green’s matrix G(t, s)
satisfy the relations (3.10) in the case of positive operators B,;, i = 1, .., n -1, and rela-
tions (3.11) in the case of negative operators B, i = 1, .., n -1.

Remark 3.2. If instead of assumption (3) in Theorem 3.2 we assume that there exists

a constant matrix Y = {yij}gj; % with non-negative components possessing the property
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(3.12) such that relations

n—1
Z (Bikykj)(t) < =% te [0, w], i,j=1, ..., n—1,
k=1
are fulfilled with 6, given by (2.15), then the elements K¢, s), i, j = 1, .., n - 1, of the
Green’s matrix K(¢, s) satisfy the inequalities
®
—/Kij(t, s)ds <y, tel0, @], i,j=1, ..., n—1
0

Corollary 3.1. Let the following conditions be fulfilled:

(1) the operators By, i = 1, ..., n - 1, admit the representation Bjj = Bj; — By;, where-
B;, By : Clo,w] = Ljowyre linear positive operators, and at least one of the following
assumptions (1a) or (1b) is satisfied:

(@) BjyB;,i= 1, ...,n — 1, are 0-Volterra operators,

(B,—,—l)(t)zo, IG[O, a)], B,—,—l;éO, i=1, ..., n—1

and

1
/ (Bfi1)(s)ds < X tel0, w], i=1,...,n—1, (3.17)
()

(b) the inequalities (2.18) and (2.19) hold for i = 1, .., n - 1,
(2) all non-diagonal operators By, i,j = 1, .., n - 1, i # j, are negative,
(3) there exists a constant matrix Y = {)/ij}g]-_: %with non-negative components possessing

the property (3.12) such that inequalities (3.13) are fulfilled, where 0,; is given by rela-
tion (2.15),

(4) the operator B,,, i = 1, ..., n, admit the representation By, = B}, — B;,, where
B;, B, : Clo,o] = Ljoware linear  positive  operators, and  moreover
By 1Byl el j=1,..,n—1°

Then the following assertions are true:

(i) if Buy i = 1, .., n - 1, are negative operators and the inequalities

A
At <1, A" <1, L_a- < [1By, 1L (3.18)

are fulfilled, where

n—1 n—1
A* = B, 1+ Y IBull Y yillBj 1l (3.19)
i=1 j=1 .
and
n—1 n—1
A = By 1+ > 1Bull Y yiel By 1l | (3.20)
i=1 j=1 L
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then periodic problem (1.1), (1.4) is uniquely solvable for each right hand side f = col
(fi s o f1) and the elements G, (L, s), j = 1, .., n, of its Green’s matrix G(t, s) satisfy the
inequalities (3.8),

(i) if B,y i = 1, ..., n - 1, are negative operators and the inequalities

+

At <1, A <1, 1i\A+ < 1B, 11IL (3.21)
are fulfilled, where the numbers A and A™ are given by the relations (3.19) and
(3.20), respectively, then periodic problem (1.1), (1.4) is uniquely solvable for each right
hand side f = col(fy, ..., f,,) and the elements G,t, s), j = 1, .., n, of its Green’s matrix G
(t, s) satisfy the inequalities (3.10),
(iii) if Buy i = 1, ..., n - 1, are positive operators and the inequalities (3.18) are ful-
filled, where

n—1 n—1
A" = B 1+ ) Byl Y yilIBy 1l (3.22)
i=1 j=1 .
and
n—1 n—1
A" =Byl + Y Byl ) yallBhllls | (3.23)
i=1 j=1 L

then periodic problem (1.1), (1.4) is uniquely solvable for each right hand side f = col
(fis wos f1) and the elements G,(t, s), j = 1, ..., n, of its Green’s matrix G(t, s) satisfy the
inequalities (3.9),

(iv) if B,y i = 1, ..., n - 1, are positive operators and the inequalities (3.21) are ful-
filled, where the numbers A+ and A™ are given by the relations (3.22) and (3.23), respec-
tively, then periodic problem (1.1), (1.4) is uniquely solvable for each right hand side f =
col(fy, ..., fu) and the elements G,(t, s), j = 1, ..., n, of its Green’s matrix G(t, s) satisfy
the inequalities (3.11).

4. Proofs
The main results of the article are based on the following assertion, which explains
how the scalar functional differential equation for the component x,, of the solution
vector can be constructed.

Lemma 4.1. Let there exist Green’s matrix K(t, s) = {Kj(t, s)}?]_:}
(3.1), (3.2). Then col(xy, ..., x,,) is a solution of periodic problem (1.1), (1.4) if and only

if x,, is a solution of scalar periodic problem (3.5), (3.6) and

of periodic problem

[}

n—1
xi(t) = — f > Kii(t, $)(Bjuxn)(s)ds
o 4.1)

n—1

+/2Kﬁ(t, S)fi(s)ds, tel0, @], i=1, ..., n—1,
J 4

j=
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where the operator B is defined by the equality (3.7) and

n—1

£O-50- Y (B [ S5 96t |0 telo ol (@2)
0

i=1 j=

Proof. 1f (xy, ..., x,,) is a solution of periodic problem (1.1), (1.4) then, using Green’s
matrix K(t, s) = {K;(t, s)}f]_: 1 of problem (3.1), (3.2), we obtain that the components x;
i =1,.. n- 1, satisfy the relations (4.1). Substitution of these representations in the
nth equation of the system (1.1) leads to the fact that x,, is a solution of scalar periodic
problem (3.5), (3.6) in which the operator B and the function f " are defined by formu-
las (3.7) and (4.2), respectively.

The converse implication can be verified easily by using Green’s matrix K{(¢, s) of the
periodic problem (3.1), (3.2).

Lemma 4.2. [16]Let the operator B admit the representation B = B* - B', where B”,
B : Ciow) : Lio,w) are linear positive operators. If

[IB*1l, < 1, [IB1lp <1, (4.3)
and
[IB™1]|L
< [IB*1]], (4.4)
1—|IB~1]|r

then problem (3.5), (3.6) is uniquely solvable for each f e Liow) and its Green’s func-
tion g(t, s) is positive.

Lemma 4.3. [16]Let the operator B admit the representation B = B* - B', where B",
B : Clo,w] = Liow) are linear positive operators. If the inequalities (4.3) hold and

[1B* 1]l

< 1B 1lIL, (4.5)
1—|[B*1]lr

then problem (3.5), (3.6) is uniquely solvable for each f e Lio,w) and its Green’s func-
tion g(t, s) is negative.

Lemma 4.4. [13]Let B be an operator admitting the representation B = B+ -B’, where
B*, B": Cjo,0) = Lo, are linear, positive, and 0-Volterra operators. If

(B1)(t) >0, te0, w], Bl#£0

and

f (B*1)(s)ds < i telo, o, (4.6)
(1)

then problem (3.5), (3.6) is uniquely solvable for each f e Lio,w) and its Green'’s func-
tion g(t, s) is positive.

Analogously to Lemma 4.5 one can prove the following assertion:

Lemma 4.5. Let B be an operator admitting the representation B = B" - B, where B",
B : Cio,w] = Lio,w) are linear, positive, and w-Volterra operators. If

(B1)(1) <0, tel0, w], Bl#O0
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and
h* (1)
/ (B71)(s)ds < (12, te0, w], (4.7)

t

then problem (3.5), (3.6) is uniquely solvable for each f e Lio,w) and its Green’s func-
tion g(t, s) is negative.

Now we are in a position to prove the statements formulated in Sections 2 and 3.

Proof of Corollary 2.1. Lemma 4.4 (respectively, Lemma 4.2) implies that condition
(1a) (respectively, condition (1b)) is sufficient for the existence and positivity of Green’s
functions gi(t, s), i = 1, ..., n, of periodic problems (2.1), (2.2) and for the validity of
relation (2.4).

Consequently, the assertion of the corollary follows from Theorem 2.2.

Proof of Corollary 2.2. It can be proven analogously as Corollary 2.1 on the basis of
Lemmas 4.3 and 4.5.

Proof of Corollary 2.3. It follows from Corollary 2.1 as a particular case of the opera-
tors Bj;.

Proof of Theorem 3.1. In view of the assumptions (1)-(3), Theorem 2.2 yields that
Green’s matrix K(¢, s) of the periodic problem for auxiliary system (3.1) exists and its
elements Kj (¢, s), i, j = 1, ..., n-1, are non-negative and satisfy the inequalities (3.4).
The assertions (a) and (b) follow from analysis of signs in formula (4.2).

Indeed, consider the case when Green’s function g(z, s) of the scalar periodic problem
(3.5), (3.6) with the operator B : Cjg o = Lo, defined by equality (3.7) andf* e L
[0,0] exists and is positive. Then, according to Lemma 4.1, the periodic problem (1.1),
(1.4) has a unique solution col(xy, ..., x,,) for an arbitrary right hand side f = col(f;, ...,
f,) whereas

xn(t) = fg(t, s)f*(s)ds, te]0, w], (4.8)

0

and ¥, i = 1, ..., n - 1, satisfy equalities (4.1), where the function f " is given by for-
mula (4.2). It is clear that non-negativity of K(¢, s), i, j = 1, ..., n - 1, in the case of
negativity of the operators B,,;, i = 1, ..., n - 1, implies that non-negative f;, j = 1, ..., n,
give non-negative f *. From the equalities (4.8) and

X (1) = / > G, S)fj(s)ds, 1[0, w], (4.9)
j=1

0

it follows desired relation (3.8). In the case of positivity of the operators B,;, i = 1, ...,
n - 1, the inequalities f; < 0, i = 1, ..., n - 1, f,, = 0 give non-negative f *. Consequently,
equalities (4.8) and (4.9) lead to desired relation (3.9).

Consider now the case when Green’s function g(¢, s) of the scalar periodic problem
(3.5), (3.6) with the operator B : Cjg — Lo, defined by equality (3.7) and f e Lio,w
exists and is negative. One can show analogously as above that non-negativity of K(t,
s), i, j =1, .. n-1,in the case of negativity of the operators B,;, i = 1, .., n - 1, implies
relation (3.10) and in the case of positivity of the operators B,;, i = 1, ..., n - 1, yields
relation (3.11).
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Proof of Theorem 3.2. It can be proven analogously as Theorem 3.1.

Proof of Corollary 3.1. According to Lemmas 4.2 and 4.4, each of the condition (1a)
and (1b) implies that Green’s functions g(¢, s), i = 1, ..., n - 1, of periodic problems
(2.1), (2.2) exist, are positive, and satisfy relation (2.4). Therefore, in view of assump-
tions (2) and (3), Theorem 3.1 (see also Remark 3.1) guarantees that the elements Kj;,
i,j=1,.,n-1, of Green’s matrix K(t, s) of the periodic problem (3.1), (3.2) are posi-
tive and satisty inequalities (3.14).

(i) Let us define the operator B : Cio] = Lo,e) by equality (3.7). Then, in view of
assumption (4) and relations (3.14), the operator B admits the representation B = B* -
B, where B, B : Cjo] = Lio,w) are linear positive operators such that

[Bhp 1l < IIB"1lL < A", [IB71]lL<A".

Therefore, using Lemma 4.2, we get the existence and positivity of Green’s function g
(t, s) of the periodic problem for scalar equation (3.5), and thus the assertion follows
from Theorem 3.1(a).

(ii) According to assumption (4) and relations (3.14), it is clear that the operator B :C
[0,0] = Lio,0) defined by equality (3.7) admits the representation B = B* - B, where B”,
B : Cio,0] = Lio,0] are linear positive operators such that

B 1L <=A", |IBy, 1l = [B71]lL <A

Therefore, Lemma 4.3 yields that Green’s matrix of periodic problem (3.5), (3.6)
exists and is negative, and thus the assertion follows from Theorem 3.1(b).
Assertions (iii) and (iv) can be proven analogously.

5. Two-dimensional systems with argument deviations
Consider the periodic problem for the system

X1 (8) + pu (£)x1 (b (1)) + pra(O)x2(h2(1)) = f1(2),
%2 (1) + pn (051 (han (6)) + poa (D)2 (i (1)) = (), € [0 ) G.1)

where p;; f; : [0,0] — R' are summable functions and the functions hij ¢ [0,0] —
[0,w] are measurable, i, j = 1, 2.
Let us introduce the notation:

ro=(*7)

means that p;1(£) = 0, p12(2) < 0, pa1(f) < 0, pxa(t) 2 0, t € [0,]. Moreover, having a
measurable essentially bounded function p: [0,0] — [0,w], we set

p« =essinf{p(t) : t € [0, w]}, p* =esssup{p(t) : t €0, w]}

Theorem 5.1. Let the coefficients py;, i, j = 1, 2, be essentially bounded and the follow-
ing conditions be fulfilled:

1)0< / lpii(t)ldt < 1 fori=1, 2,
0

2) A: = |pul- Pl - lpal P2l > 0.
Then Green’s matrix G(t, s) of the periodic problem for system (5.1) exists and

satisfies:
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@

ot 9= (17) ¥ ro-(27)
(v

ot 9-(22) i ro-(77)
©

at 9= (1) i rw-(10),
@

G(t, s) = (: :) if P(t) = (: :)

Proof. Let the operators Bj; : Cjo,) = Ljo, be defined by the relations
Bij(2)(1) = pij(t)z(hy(t)), te [0, o] ij=1,2. (5.2)

Then system (5.1) is a particular case of system (1.1) with n = 2.

According to assumption (2), the algebraic system

lpulez1 — p12l*z2 = 1,

—lpal*z1 + |p22lz2 = 1

has a solution z; = (|paz|+ + |p12]*) / A >0 and z, = (|p11|+ + |p21|*) / A >0. This
solution

satisfies also the inequalities
[pu (t)lz1 — 1p12(0)|z2 > 1,
—lpa (t)lz1 + 1p22(t)|2z2 > 1,
t € [0, w], and thus the assertions of the theorem follows from Theorem 2.1 with v
(t) = col(zy, z5) and Lemmas 4.2 and 4.3.

Theorem 5.2. Let the coefficients p;; i, j = 1, 2, be essentially bounded and the follow-
ing conditions hold:

(1) 0< /w |P11 (t)ldt <1,
0

2) |P12|*/ pxa(t)ldt < |puls
0

(3) A= lpul*lp22l” — Ipr2lslpals < O.
Then Green’s matrix G(t, s) of the periodic problem for system (5.1) exists and
satisfies:

(a)

G(t, s) = (_ _) if P(t) = (i :)
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®)
ot 9-(,.) i ro-(7).
©
ot 9= () i ro-(12).
@

G(t, s) = <+ ;) if P(t) = (: :)

To prove Theorem 5.2 we need the following lemma.
Lemma 5.1. Let the operator B admit the representation B = B" - B, where B*, B: C
[0,0] = Liow) are linear positive operators, and let the Green’s function of the problem

Y(©) =B @)=, y0)=y(w) (5.3)
exist and be negative. Let, moreover,
(B1)(t) <0, te]0, w] Bl#0. (5.4)

Then the Green’s function of the problem (3.5), (3.6) exists and is negative.
Proof. 1t is sufficient to show that any nontrivial absolutely continuous function y : [0,

o] — R* satisfying
Y@+ By =0, te]0, ], y(0)=y(w) (5.5)
is negative. Obviously, if y is non-positive, then from (5.5) it follows that
YO — (B0 =0 te]0 o] y0)=y(w)

whence, according to the non-negativity of the Green’s function of the problem (5.3),

we get y(2) <O for ¢ [0, w]. Assume therefore that
M =max{y(t):t € [0, w]} >0
and put
w(t)=M—y(t), te]0, o]
Then w(t) = 0 for t € [0, w] and there exist #, € [0, @] such that
w(to) =0 (5.6)
Furthermore, in view of (5.4) and (5.5) we have
w(t) — (B~w)(t) < w'(t) + (Bw)(t) <0, te]0, w]

Consequently, since the Green’s function of the problem (5.3) is negative, on account
of (5.6) we obtain w = 0, i.e., y(¢) is a constant function. Now from (5.5) we obtain (B1)
(t) = 0 for t € [0, w], which contradicts (5.4).

Proof of Theorem 5.2. Let the operators B;; : Cio,,j) = Lio,,) be defined by relations
(5.2). Then system (5.1) is a particular case of system (1.1) with n = 2.
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We will show only the assertion (a). Let the operator B : Cjo,] — Lo, be defined by
formula (3.7) with # = 2 in which Kj,(¢ s) denotes Green’s function of the scalar peri-
odic problem

x’1 (t) +pu (t)x1 (I’lu (t)) =f1 (t), e [O, a)], X1 (0) =X (a)), (57)

the existence and positivity of which follows from Lemma 4.2 and assumption (1).
Then we have
w

/ K (t, $)ds <

0

, t 0, , 5.8
[p1l« €lo, ol (5.8)

and B = By, - A, where the operator A : Cjo,) = Lo, is defined by the equality
(Ay)(1) Ele(t)/Kn (ha (1), $)p12(s)y(h12(s))ds, t €0, w].
0

The operator A is positive and non-zero and thus, according to assumption (2) and
relation (5.8), Lemma 4.3 guarantees that Green’s function of the problem

() = (A)(@) = (1), y(0) = (o),

exists and is negative. Therefore, it follows from Lemma 5.1 that Green’s function g
(¢, s) of the problem (3.5), (3.6) exists and is negative if there exists a positive constant
z, and ¢ >0 such that

(BzzZz)(t) . (AZZ)(t) <—€ te [0, a)]. (5.9)

Let us prove that such constants z, and ¢ exist. According to assumption (3), the
algebraic system
lpul*z1 — Ip12lsza = —1,
—lpalsz1 + P22 ["22 = —1

has a solution z; = (-|pas| -|p12l-) / A >0 and z, = (-|p11| - |p21]-) / A >0. This solu-
tion satisfies also the inequalities

[pu ()lz1 — Ip12(t)lz2 < —1,
—lpa(t)lz1 + 1p22(t)|z2 < -1,

pu(t)z1 + p12(t)z2
pa1(t)z1 + p22(t)z2

t € [0.w], Therefore, col(z;, z,) is a solution of the periodic problem for system (5.1)
with f1(£) = |p11(®)|z1 - |p12(8)|z2 and £o(8) = -|p21(8)|z1 + |p22(t)|z0, and Lemma 4.1 with
n = 2 then yields that

(Bz2)(t) = fa(t) — le(t)/Kn (hai(t), $)fi(s)ds < —1, te[0, w].

Consequently, relation (5.9) is satisfied with ¢ = 1 and thus Green’s function g(t, s) of
the problem (3.5), (3.6) exists and is negative.

Now it follows from Lemma 4.1 with n = 2 that the periodic problem for system
(5.1) has a unique solution col(x;, x,) for an arbitrary right hand side col(f;, ;) whereas
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w w

x(t) = /g(t, s) | f2(5) —le(S)/Ku(hzl(S)r E)f1(£)dE | ds, te]0, w].
0

0

It is clear that positivity of K;; and negativity of g imply that non-negative f;, f> give
non-positive x, and thus the representation

w

.XQ(t) = / (Gzl (t, S)f] (S) +Gzz(t, S)fz(S))dS, te [0, a)],

0

guarantees the desired relations G(t, s) < 0 and Gay(¢, s) = 0, ¢, se [0, w].
Example 5.1. Let us demonstrate that in very natural cases only elements in corre-
sponding rows of Green’s matrix and not all its elements can preserve their signs. Con-

sider the periodic problem for a second order scalar differential equation
Y'(0) + pu (0)Y (hu (1)) + pr2()y(m2(1)) = fu(1), t€ [0, @], (5.10)
x(0) = x(w), x'(0) =«'(w), (5.11)

and the corresponding differential system

x'1(8) + pu (t)x1 (hn (1)) + pr2(Dx2 (h12(2)) = f1(2),

¥a(t) — 11 (1) = 0, te|0, w] (5.12)
with the periodic conditions
%i(0) =xi(w), i=1,2. (5.13)

For problem (5.12), (5.13) the following assertion follows from Theorem 5.2.

Corollary 5.1. Let py, and p1» be essentially bounded and let the following conditions
hold:

(1) 0 < [y puls)ds < 1,

(2) |1912|* o < P11+

(3) pi, < 0.

Then elements Gy (t, s) and Gay(t, s) of Green’s matrix of the problem (5.12), (5.13)
are non-positive for t, s € [0, w].

The element Gy(t, s) of Green’s matrix of the problem (5.12), (5.13) coincides with
Green’s function W(z, s) of the periodic problem for the scalar second order equation
(5.10), and Gy;(t, s) corresponds to W,/(t, s). It is clear that for any fi, the derivative &’
of a non-constant solution to the problem (5.10), (5.11) changes its sign, and thus the
element Gy;(t, s) also changes its sign.

Consider the system with constant coefficients

x'1(8) + puxr (hn (1)) + praxa (h2(2)) = f1(2),

%2(6) + pars (har (1)) + oo (oo () = (1), € 1% ) (5.14)

where p;; € R, f;: [0, ] — R' are summable functions and hij [0, o] — [0, o] are
measurable, i, j = 1, 2.
Corollary 5.2. Let p;;, i, j = 1, 2, be such that
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- (7)),

2)0<piw<l,i=12,

(3) prap210 <min{pyy, pao}.

If p11P22 -p21P12 >0, then Green’s matrix G(t, s) of the periodic problem for system
(5.14) exists and satisfies

GUJ)=<::).

If p11P22 - P21pP12 <0, then Green’s matrix G(t, s) of the periodic problem for system
(5.14) exists and satisfies

qug=<::).

Proof. 1t follows from Theorems 5.1 and 5.2.
Theorem 5.3. Let the coefficients p1, and p1, be essentially bounded and the follow-
ing conditions hold:

(1) 0 < fy lpu(r)lde < 1,
2 d 0,
<)L pa(0)dt #

(3) |P12|*/0 [p21 (t)Idt < |pul« (1 —/(; |P22(t)|dt) .

Then Green’s matrix G(t, s) of the periodic problem for system (5.1) exists and satisfies:

@

ceo-(,,) i ro-(77)
(b)

ce9-(,,) v ro-(17).
©

a9 (21) 1 ro-(77).
(d)

qag=<;;) if mo=<i:>.

Proof. Let the operators Bj; : Cjo,s] = Lo, be defined by relations (5.2). Then system
(5.1) is a particular case of system (1.1) with n = 2.

We will show only the assertion (b). It is clear that condition (1) yields the validity of
the assumption (1b) of Corollary 3.1. Moreover, we have

pu(t) ! >1, tel0, w],
P11+
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and thus the assumption (3) of Corollary 3.1 is satisfied with Y = y;; = 1/ |py3|- If we
define numbers A" and A” by formulas (3.22) and (3.23), respectively, we obtain

1

Ip12l*
[p11 1+

[p22] + P2

At=0, A" = '
L

Therefore, inequalities (3.21) are fulfilled, because ||B;,1||, = / [p22(£)|dt in this
0

case. Consequently, the assertion follows from Corollary 3.1(iv).

Endnote
*As usual, Lf&w] denotes the space of measurable and essentially bounded functions y :

[0, @] — R" endowed with the norm ||y[ .. = ess sup{|y(t)| : t € [0, w]}.
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