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Abstract

In this article, we give more generalized results than in Anwar et al. (2010) and Latif
and Pecari¢ (2010) in new direction by using second-order divided difference. We
investigate the exponential convexity and logarithmic convexity for majorization type
results by using class of continuous functions in linear functionals. We also construct
positive semi-definite matrices for majorization type results. We will vary on choice of
a family of functions in order to construct different examples of exponentially convex
functions and construct some means. We also prove the monotonic property.
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1. Introduction and preliminaries

Although inequalities play a fundamental role in nearly all branches of mathematics,
inequalities are usually obtained by ad hoc methods rather than as consequences of
some underlying “Theory of Inequalities”. For certain kinds of inequalities, the notion
of majorization leads to such a theory that is sometimes extremely useful and powerful
for deriving inequalities. Moreover, the derivation of an inequality by methods of
majorization is often very helpful both for providing a deeper understanding and for
suggesting natural generalizations [1].

Now we define the notion of majorization as follows: For fixed n > 2, let

X=(xlr~~~rxn)l Y=(V1;~~~/)/n)
denote two n-tuples and
X1 ZX21 = Z X, Y=y = Vi

be their ordered components.
Definition 1.1. [[1], p. 8] For x, y e R”,

koL ko _ .
X<yif{z,i1=1 xl,‘l f Zﬁ’:l y[A,], k=1,.,n—1;
2ic Xl = Lica Vil

when x <y, x is said to be majorized by y (y majorizes x).

The following theorem is well-known in literature as the majorization theorem and a
convenient reference for its proof is Marshall et al. [[1], p. 15, p. 157], which is due to
Hardy et al. [[2], p. 75] and can also be found in [[3], p. 320]. For a discussion con-
cerning the matter of priority see Mitrinovi¢ [[4], p. 169].
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Here ] be any interval in R.

Theorem 1.2. Let x and y be two n-tuples such that x;, y;€ J,i=1,..., n then
n n
M) =) ) = Y _f(x) =0, (A1)
i=1 i=1

holds for all continuous convex functions f: R — R iff x < y.

If fix) is a strictly convex function then equality in (A1) is valid iff x5 =y, i =1, . ..
, 1.

In 1947, Fuchs gave a weighted generalization of the well-known majorization theo-
rem for convex functions and two sequences monotonic in the same sense [5], (see
also [[3], p. 323], [[1], p- 580]).

Theorem 1.3. Let x and y be two decreasing real n-tuples, let p = (p1, . . . , pn) be a
real n-tuple such that

! !
ZpixiSZpiyifork=1,...,n—1; (1)
i=1 i=1
and
n n
> pixi=> piii 2)
i=1 i=1

then, for every continuous convex function f: ] — R, we have

Aao(f) =D pif (r) = D_pif (i) = 0. (A2)

i=1 i=1

A number of important inequalities arise from the logarithmic convexity of some
functions as one can see in [1]. Logarithmic convexity plays an important role in fields
of application such as reliability and survival analysis, and in economics. We also find
its applications in applied mathematics as well.

Here, we give an important result from Anwar et al. [6] which is given in recent
book of Marshall et al. [1].

Proposition 1.4. If p € R" and x, y are decreasing n-tuples such that (1) and (2)
hold and ¢, : (0, ) > R defined as,

5(5{1)’ S 7/0’ L
¢s(x) =13 —lnx, s=0; (3)
xlnx, s=1;

then, Ay(s) is log-convex as a function of s € R, with «, y, and p fixed.

The following theorem is consequence of Theorem 1 in [7] (see also [[3], p. 328]):

Theorem 1.5. Let x, y : [a, b] — R be increasing continuous functions and let H : [a,
b] = R be a function of bounded variation. If

b b

/x(z) dH(z) < fy(z) dH(z) for every v € (a,b),

v v

Page 2 of 13



Khan et al. Journal of Inequalities and Applications 2012, 2012:105
http://www.journalofinequalitiesandapplications.com/content/2012/1/105

and
b

b
f x(z) dH(z) = / y(z) dH(z)

a

hold. Then for every continuous convex function f, we have

b b
As(f) = / F((2)) dH(z) - / F(x(2)) dH(z) > 0. (A3)

Here we give another important result from Anwar et. al. [6] which is also given in
(1].

Proposition 1.6. If x, y : [0, 1] — R are decreasing continuous functions, H : [0, 1] —
R is a function of bounded variation, and

u u

/x(z) dH(z) < /y(z) dH(z), wue(0,1),

0 0

1

/ x(z)dH(z) = / y(z) dH(z),
0

0

are valid. Then

1

1
Algs) = f o (y(2)) dH (2) - / v.(x(2)) dH (2)
0

0

is log-convex in s.

We can find variety of applications of the Propositions 1.4 and 1.6 in article [8] but
we quote here an application in Statistics which is given in the book of Marshall et al.
[1].

Corollary 1.7. If W is positive random variable for which expectation exist and o >
B, then the function

EwWet — (EWP)(EW® /JEWP)!
t(t—1) '
g(t) = (logEW® — Elog W*) — (logEW? — ElogW?#), t=0;
g(t) = E(W*log W%) — (EW®)(log EW®) — E(W* log W*)
—(EWP)(log EWP)(EW® JEWP), =1

g(1) = t+0,1;

is log convex.

The Propositions 1.4 and 1.6 give us log-convexity but we can find more generalized
results proved by Anwar et al. [6] which give us positive semi-definite matrices and
exponential convexity for positive n-tuples x and y. Also in [8] we find similar results
for non-negative and for real n-tuples. But, in this article, we give much more general
results than results of [6,8] in new direction by using second-order divided difference.

Let F(z) and G(z) be two real, continuous and increasing functions for z > 0 such
that F(0) = G(0) = 0 and define
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F(z)=1—F(), G(z)=1-G(z) for z=>0.

Definition 1.8. [[3], p. 330] G(z) is said to be majorized by F(z), in symbol,
G(z) < F(z), for z € [0, o) if

f@(z)dzs /P(z)dz for alls > 0,
0 0
and
f@(z)dz = fﬁ(z)dz < oo.
0 0

The following result was obtained by Boland and Proschan [9] (see also [[3], p. 331]):
Theorem 1.9. G(z) < F(z)for z € [0, ) holds iff

As(f) = f f(2) dG(z) - / f(2) dF(z) > 0, (A4)
0 0

holds for all convex functions f; provided the integrals are finite.

Here I stands for open interval in R.

The following useful definitions are extracted from [10].

Definition 1.10. A positive function y is log-convex in the J-sense on I, if for each x,
ye [

v (1) = v v,

Remark 1.11. A positive function y is log-convex in the J-sense on I iff the relation
W (x) + 2uvy <x;y> +17 Y (y) = 0

holds Yu, ve R;x,ye L
Definition 1.12. A function y : I — (0, ») is said to be a log-convex function if for
every x, y € I and every A € [0, 1], we have

Y (e + (1= 0)y) <y (x)y' ().

The following definition is originally given by Bernstein [11] (see also [6,12-15]).
Definition 1.13. A function y : [ — R is exponentially convex on [ if it is continuous

and
n
Z&é‘jlﬁ(xi +x) >0
ij=1
Vn e N and all choices & e R;i=1,...,nsuchthatx; +x;€ [1<i,j<n

Example 1.14. For constants ¢ > 0 and k € R; x » ce™, is an example of exponen-
tially convex function.

The following proposition is given in [13]:
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Proposition 1.15. Let v : [ — R, the following propositions are equivalent:

(i) w is exponentially convex on I.
(i) v is continuous and

Mg (T) 20

ij=1

V¢ e Randeveryx; e ['1<i<n.
Corollary 1.16. If v is exponentially convex function on I, then the matrix

v ("3

is a positive semi-definite matrix. Particularly

det [w <xi+x]'>:|n . 0,
2 ij=1
Vne N,x;e [i=1,...,n
Corollary 1.17. If w : [ — (0, =) is exponentially convex function, then y is a log-con-
vex function.
Definition 1.18. [[3], p. 2] A function y is convex on an interval J € R, if

(o3 —x2) W (o01) + (%1 — x3) W (x2) + (%2 —x1)¥(x3) = O

holds for every x; < x5 < x3; %1, X5, X3 € J.

This article has been divided into three sections. In Section 1, we have given intro-
duction and preliminaries. In Section 2, we investigate the log-convexity and exponen-
tial convexity for majorization type results for discrete as well as continuous cases by
using classes of continuous functions in linear functionals defined in (A1), . . ., (A4).
We also construct positive semi-definite matrices for majorization type results. In Sec-
tion 3, we will vary on choice of a family of functions in order to construct different
examples of exponentially convex functions and construct some means. We also prove
the monotonic property.

2. Main results
Let f'be a real-valued function defined on [a, b], a second-order divided difference of f
at distinct points zy, z1, zo € [a, b] is defined (as in [[3], p. 14]) recursively by

[zi;f] =f(zi), for i=0,1,2;
_ fzin) = f(=)

[Zir zi+l;f] = ’ fOT l = Or 1!
Zirl — X

and

[z1,22; f] — [zO,zl;f]_

22 — X0

(20, z1, 22 f] =

The value [zo, z1, z; f] is independent of the order of the points zy, z;, and z,. By tak-
ing limits this definition may be extended to include the cases in which any two or all
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three points coincide as follows: Vzy, z;, z, € [a, b]

f(z2) = f(20) — f'(20) (22 — 20)

[z0, z0, z2;f] = lim [z0, 21, z0;f] = , 2 Fzo
2120

(2 — 20)’
given that f exists on [a, b] and
"
[20, zo, zo;f] = lim [z0, 21, 2z2; f] = f (zzo)fori= 1, 2
Zi—>Z0

provided that f” exists on [a, b].

Let Ks[a, b] be the class of all functions from C[a, b] that are convex. So, fe Kj[a,
b] if [zo, z1, z2; fl = 0; for any three points zq , z1, 2> € [a, b].

Let us define some classes to be used in the following theorem as follows:

For any open interval I € R, and [a, b] € D(f) where D(f) stands for domain of f, we
have

D, = {f,: t € I} be a class of functions from Cla, b] such that the function ¢ ~ [zo, z1,
Z; fi] is log-convex in J-sense on I for any three distinct points zo, 21, 2z, € [a, b].

D, = {f;: t € I} be a class of differentiable functions such that the function ¢ ~ [z,
Zo, 22 f] is log-convex in J-sense on I for any two distinct points zo, 2z, € [a, b].

D3 = {f; : t € I} be a class of twice differentiable functions such that the function ¢ ~
(20, Zo» 205 f7] is log-convex in J-sense on I for any point zg € [a, b].

Theorem 2.1. Let Ay be linear functionals for k = 1, . . ., 4 as defined in (A1) , ...,
(A4). Let I be any open interval in R and f,e D), j = 1,2, 3, te I, we also assume that
for Ai(fD), 21 # vy > i = 1, ..., m and N(f;) are positive for k = 2, 3, 4, then the follow-
ing statements are valid for A k=1, ..., 4:

(a) The function t — Ni(f;) is log-convex in J-sense on I.
(b) If the function t » Ni(f;) is continuous on I, then the function t —» Ni(f;) is log-
convex on I Also, the following inequality holds forr < s< t;r,s, te I

[AR(f)] = (AU AR 4)
which is called Lyapunov’s inequality.

(c) If the function t — A(f;) is derivable on I, then Vs < u and t < v; s, t, u,ve I;
we have

Ust(Ar Dj) < pup(Ar, Dj)  forj=1,2,3;

where
1
Ak(fs) s—t
Ay, D)) = <A"(f‘)> T 5
M’S,t( kr ])_ iAk(fs) . ( )
Ae(fs) |7°

Proof. (a) Since, the function t = [zo, 21, 2zo; fi] is log-convex in J-sense on I which
implies that [zo, z1, 2z2; fi] >0. So, f; is strictly convex and x;; # y; fori = 1, ..., n;
which shows that by using Theorem 1.2, A;(f;) is positive and also by our assumptions
that Ay(fy) for k = 2, 3, 4 are positive.
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Now for any fixed p, g € R and s, t € I, we define the following function
8(2) = p*fi(2) + 2pdf s (2) + 7*fi(2)

by using Remark 1.11, the log-convexity in /-sense of the function ¢ ~ [z, 21, 22; fi]
gives us the positive definiteness of the quadratic form

[z0,21,22; 8] = P*[20. 21, 22; f] + 2Pq[ZO/lez2}fS§t] +¢* 20,21, 22 f] = 0

which implies g is convex function and clearly g is continuous therefore g € Ks[a, b]
and we have Ay(g) =2 0 for k =1, ..., 4. Hence we have

P> A(f) + 2pqA(fise) + T Aw(f) = 0

so, the function ¢ » A(f;) is log-convex in J-sense on [ for k =1, . . ., 4.

(b) If the function ¢t » A(f;) is in addition continuous, then from (a) we conclude
that the function is log-convex on 1.

As the function t » A.(f,) is log-convex, i.e., In A.(f;) is convex, so by using Defini-
tion 1.18, we have

In [Ae(f)]™ < In[AR(F)] +In[Ae(f)F, k=1,...,4;

which gives us (4).
(c) By definition of convex function ¢, we have the following inequality [3, p. 2]

P(s) —¢(1) _ o(u) —o(v)

s—t - u—v

(6)

Vs, t, uyve Iwiths<u, t<v,s =t u=nv.
Since by (b), Ax(f)) is log-convex for k =1, ..., 4 so in (6) we set @(x) = In Ax(f,), to
get

lIllik(’s) lIlZlk(ft) < lIlek(fu) lIlZik(fl) . k = 4 (‘ )
s—t u-—v ' Y
Wthh gives us

Ms,t(Ar, D) < pup(Ar, Dj) forj=1, 2, 3andk=1,...,4.
If s = t < u we apply the limit 1[1_{151 to (7) concluding
Hs,s(Akr Dj) =< Hu,u(Ak, Dj) fOTj =1,2,3andk=1,...,4.

Other possible cases can be treated in the same way. U

Now, we give two important remarks and one useful corollary from [10], which we
will use in some examples in third section.

Remark 2.2. For yg (A D) defined with (5) we will refer as mean if

a < s (A, D) <b
fors,te Tandk=1,...,4.

We can find mean value theorems of Cauchy’s type for Ai(f;) for k =1, ..., 4 as in

[6,8]. We can also apply second mean value theorem of Cauchy’s type for A.(f), k = 1,
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..., 4 in order to get criteria for recognition of means as in [10]. This theorem gives
us the following corollary:

Corollary 2.3. Let a, b € R and Ay be linear functionals for k = 1, . . ., 4 as defined
in (A1), ..., (A4). Let D = {f,: t € I} be a family of functions in C*[a, b). If
1
a*f; \ s—t
2
a< (jfﬁ) () <b,
dx2?
for &€ la, bl;s, t € I then pug (A D) is a mean for k=1, ..., 4.

Remark 2.4. In some examples, we will have very simple recognition of means:

a2f; \ s—t
dx2
(d2ﬁ> (g)=§, §e [ar b]/ s#t.

dx?

Let us define some new classes to be used in next theorem as follows:
For any open interval / € R, and [a, b] € D(f) where D(f) stands for domain of f, we
have

Dy = {fi : t € I} be a class of functions from C[a, b] such that the function ¢ ~ [z, 2,
Z; fi] is exponentially convex on [ for any three distinct points zo, z1, 2o € [a, b].

D, = {f; : t € I} be a class of differentiable functions such that the function ¢ ~ [z,
Zo, 22 fi] is exponentially convex on / for any two distinct points zg, z, € [a, b].

Ds = {f; : t € I} be a class of twice differentiable functions such that the function ¢ ~
(20, zo» zo; f7] is exponentially convex on [ for any point zy € [a, b].

Theorem 2.5. Let Ay be linear functionals for k = 1, . . ., 4 as defined in (Al), . . .,
(A4) and let I be any open interval in R, then for f, € Dj, j=1,2,3andte I the fol-

lowing statements are valid for Aig k=1, ..., 4

n

(a) For everyne Nand ty, ..., t, e I the matrix |:Ak(fti+[j ):| is a positive
2 dij=1

semi-definite. Particularly

det |:Ak(fti+t]- )j|n > 0. (8)

2 dijar

(b) If the function t — Ai(f;) is continuous on I, then it is exponentially convex on I.
(c) If Ax(fy) be positive for k = 2, 3, 4 and for A1(f;) we assume that f, is strictly con-
vex with condition xj;) = yj; for i = 1, ..., n and the function t » N(f;) is derivable
on I thenVs < u and t < v, we have

ts,i(Ak Dj) < puw(Aw Dj)  forj=1,2,3;

where g (Ar, Dj) is as defined in (5).
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Proof. (a) We consider the function
1
hi(z) = Zuiujfw,- (2)
ij=1 2
for [ = 1,...,nandfteD1,whereze la, b], u;e Rand t; € L
Since [20:21,22; f tl;‘i lis exponentially convex function for zy, z;, z, € [a, b], so

)

(20,21, 22; ] = Y _ uiuj|z0, 21, 22; fueg | = O
— 2
ij

which shows that /; is a convex function for [ = 1, ..., n and zy, zy, 25 € [a, b].
Now by using Theorem 1.2,

n n
> hym) =Y h(xwm) =0, for 1=1,...,n
m=1 m=1

we get
n 1 n 1
Z Zuiujft,-nj (ym) - Zuiujft,-nj (xm) | =0,
m=1 \ij=1 2 m=1 \ij=1 2
for/=1,...,nor

I
Zul'u]'Ak(ft,ﬂfj) >0, for I=1,...,nandk=1,...,4
ij=1 2

n
which shows that the matrix [Ak(f ti+t ):| is a positive semi-definite, and by using
2 dij=1

Sylvester criteria we get (8).

(b) By our assumption A(f,) is continuous for £ € Iand k =1, . .., 4; then by using
Proposition 1.15, we get exponential convexity of the function ¢ » A(f;) on I for k = 1,

. 4

(c) As Ax(fy) is positive and the function ¢ = Ay(f;) is derivable for k = 1, ..., 4 by
our assumption, hence the result follows directly by using (c) part of Theorem 2.1. O

3. Examples
In this section, we will vary on choice of a family D = {f; : ¢t € I} for any open I € R in
order to construct different examples of exponentially convex functions and construct
some means.

Let us consider some examples:

Example 3.1. Let

D ={p;:(0,00) > R:seR}

be a family of functions defined in (3). Since fle @s(x) = 72 = 6= for x >0 s0

S LZ; s is exponentially convex function with respect to s by Example 1.14. So, Ay

(¢s), k=1, ..., 4 are exponentially convex by Theorem 2.5 and by Corollary 1.17
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every positive exponentially convex function is log-convex. So, if we choose class of
functions given in (3) in Theorem 2.5 then for A; we get Theorems 2.4 and 2.5 of [6]
and similarly for A, k = 2, 3; the Theorems 2.6, 2.7, 4.4, 4.5, 4.11, and 4.12 of [6] all
become special cases of Theorem 2.5 of this article. We can also obtain similar results
for A4 as in [6].

Further, in this choice of family D we have

d*g; \ s—t
(;ﬁ;) (8)=&, & €la b], s+t wherea,b e (0,00).
dxz

So, using Remark 2.4 we have an important conclusion that p, (A, D) is in fact
mean for k =1, ..., 4. We can extend these means in other cases as given in [6].
Example 3.2. Let

D ={g;:]0,00) = R:s e (0,00)}

be a family of functions defined as

X
_ ' S7L
x) = { sG-1) 9

és(x) {xlnx,s=1, ©

here, we use the convention 0 /n 0 = 0.

Since, sz @s(x) = x*~2 = =2 for x >0 so by same argument given in previous
example we conclude that Ap(¢s), k =1, ..., 4 are exponentially convex functions
with respect to s. So, if we choose class of functions given in (9) in Theorem 2.5 then
we get Theorems 18 and 19 of [8] for A; and similarly for Ay, k = 2, 3, 4; Theorems
20, 26, 27, 28, and 29 of [8] become special cases of Theorem 2.5 of this article.

Further, in this choice of family p we have

¢
dx2

¢\ s—t
( b ) (£)=&, & €la b, s#t wherea,b e (0,00).

So, using Remark 2.4 we have an important conclusion that p, (A, D) is in fact
mean for k =1, ..., 4. We can extend these means in other cases as given in [8]. All
the means p;,(Ay, D) are calculated for two parameters s and ¢, now we move
towards three parameters namely s, ¢, r. For r >0 by substituting
Xi=X, yi=y, t= ﬁ, s =1 in pge(Ap, D), we get similar results as given in [8].

Example 3.3. Let
W={y;:R—[0,00):5€R}

defined as

lesx 5710
_ 20, ’
vs(x) = { Séxz, s=0.

Since, ;;2 Ys(x) = e* for x € R so by same argument given in Example 3.1 we con-

clude that Ag(ws), k = 1, ..., 4 are exponentially convex functions with respect to s.
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So, if we choose this class of function in Theorem 2.5 then for A; we get Theorem 32
of [8] and similarly for Ay, k = 2, 3, 4; the Theorems 34, 40, 41, and 42 of [8] all
become special cases of Theorem 2.5 of this article.

Monotonicity: if s, ¢, u, v € R such that s < u, ¢t < v, then by using Theorem 2.5 we

have

Usi(Ar, V) < pyv(Ar, W) for k=1,...,4.

Ay \ s—t

We observe here that ( dx? ) (Ing) =& is a mean for ¢ € [a, b] where a, b e R.
&y,
dx?

We also note that after the substitution (x;, y,) > (Inx; Iny,);i=1,...,nin Ay k

=1, 2 in Theorem 2.5 we will get the Corollaries 36 and 38 of [8]. We can also obtain
similar results for Az and A4 by this substitution in Theorem 2.5.
Example 3.4. Let

© ={6; : (0,00) = (0,00) :5 € (0,00)}
be family of functions defined with

Vs
Os(x) =

Since :;2 0s(x) = e~*s, for x >0 so by same argument given in Example 3.1 we con-

clude that Aw(6), k =1, ..., 4 are exponentially convex functions with respect to s.
For this family of functions we have the following possible cases of y

1
Ay (65) ) s—t .
(Ai(&)) r S7E
MS,I(AII ®) =
p Z?:lyieiyi‘/s_z;lzlxieixi\/s _1 s=1
2\/5(211 eixi«/s_zg’:] eiyi‘/s) s)’ '

1
Ay (05) | s—t .
(R a7
/’LS,I(AZI ®) =
o -

Sy piyie V=YL pixie 1 -
I 3 - t’
ZJS(ZL pe iV -y piefy“/s) s

1
As(65) | s—t .
(Aa(gr)> . S7G

Usi(As, ®) =
il ©) [ V(@) TN AH ()~ [} x(@)eOVedH(z) _ 1 st
P ZJs(f{tbe*X(ZWSdH(z)f fabe*}'(Z)«/SdH(z)) s !

1
A (95) s—t .
(A;l (0[)) ’ N 7/ tl
© 26V dG(z)— I’ ze™*V5dF(z) 1

lu’S,[(A4/ ®) =
*p (ZJ?(IO’“‘Q e VSdF(2)— [ e 5dG(z)) s) ;o S=L

Monotonicity: if s, ¢, u, v € (0, R) such that s < u, ¢ < v, then by using Theorem 2.5

we have
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Usi(Ar, ©) < wyy(Ar, ®) fork=1,...,4.
Example 3.5. Let

D = {¢; : (0,00) = (0,00) :5 € (0,00)}
be family of functions defined with

S sA L
@m={%ﬁ

5 s=1.

Since ;:2 ¢s(x) =57 = e~ > 0, for x >0, so by same argument given in Example 3.1
we conclude that Ax(@y), k =1, ..., 4 are exponentially convex functions with respect
to s.

For this family of function we have the following possible cases of y:

1
A1(¢s) s—t .
(Al(qx)) R
Hs(Ar @) =y exp (Fp LR - 2, s=iA

1 Z;’:l Y?—Z:le?)
ex] s=t=1
p<32Lﬁ—ZLﬁ ' '

1
A2(¢5) s—t .
(Azwf)) o S7L
= Yoy piyis V=0 pixisT 2 .
/"s,t(AZf q>) exp (5(21?:1171‘57”72;1:11 p,‘s’yi) — slns) , §=t 7{ 1;

1 0 Py = Pix; —t=
exp (3 Z?:l pix?72?=1 Pi)’iZ pos=t=1

1
As(gs) | s—t 3
(Aa(@)) o SFL

[P y(@)s 7@ dH(z)— [ x(z) s dH(z) 5 )
, = a “ - ’ = 1/
Hoi(As @) = ) exp ( s(f s OdH(E)- [} s dH () slns Pt

1Ly @dHE— [, 2 (@) —t=
ewcmﬁwwmme'SJ—L

1
Aq(gs) \s—t .
(AA@)) o S7L

- [ G~ [ e dFE) 2 .
MM(A4’ CI)) exp <s(0f[;>° s*ZdF(z)—fzDo s72dG(z)) - slns) po 5=t 7/ L

1 Jo7 22dG(2)— [y 22 dH(z) L
exp (3 2 2dF(2)— [ 22dG(2) ) pos=t=1

Monotonicity: if s, ¢, u, v € (0, ) such that s < u, ¢ < v, then by using Theorem 2.5

we have

s (A @) < puy(Ap, @) fork=1,...,4.
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