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Abstract

In this study, we generalize and sharpen an integral inequality raised in theory for
convex and star-shaped sets and relax the conditions on the integrand.
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1 Introduction
In the study [1], which investigated convex and star-shaped sets, the following interest-
ing result was obtained.

Theorem 1. (/1, Lemma 2.1]) Let p : [0, T ] — R be a nonnegative convex function
such that p(0) = 0. Then for 0 < a < b < T and ke N" the inequality

O/btkp(t)dt > <Z>k+2jtkp(t)dt (1)

holds.

In this note, we shall show that the convexity of the function p(f) may be replaced by
the condition that p(:) is increasing, sharpen inequality (1), and obtain the following a
general result using a monotone form of 'Hospital’s rule, a elementary method, and
Mitrinovi¢-Pecari¢ inequality, respectively.

Theorem 2. Let p : [0, T ] — R be a nonnegative continuous function such that p(0)
=0 and p(t‘)be a monotone function on (0, T ]. Let A = le1101 p(;) Thenfor0 <x<b< T

and k > 0 the double inequality
b k2 %
o< (x) ftkp(t)dt <B )
0

holds so that

b
. ). . b2A k .
(i) when p(t)zs increasing, we havea = "4, B = Oft p(t)dt;

(ii) when ”(:)is decreasing, we have o = f;’ tp()dt, B = b}:z‘“.
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Furthermore, these paired numbers o and B defined in (i) and (ii) are the best con-
stants in (2).

2 Two lemmas
Lemma 1. ([2-5], A Monotone form of L’Hospital’s rule) Let f, g : [a, b] — R be two
continuous functions which are differentiable on (a, b). Further, let § # 0 on (a, b). If

Q) 1 10)Fa)

f'/¢'is increasing (or decreasing) on (a, b), then the functions 2(v)—g(b) 2(v)—g(a) 7€

also increasing (or decreasing) on (a, b).
Lemma 2. (/[6], Mitrinovi¢-Pecari¢ inequality]) If f is increasing function and p satis-

fies the conditions 0 < faxp(t)dt Sfabp(t)dtfor x € la, bl, and for some c € [a, b],
ff’ p(t)dt > 0, fcbp(t)dt > 0, then we have

Lrp@f@de _ [ p@f(de _ J7 p(0)f (e

Lop@dt = Ppyde T [Pp(e)de @

If f is decreasing the inequalities (3) are reversed.

3 A concise proof of Theorem 2
Ly hes L
Let H(t) = ¥ 20H - 040 where fu(0) = [ 01dp(bs)ds (0 = £ 0% and 0 <t <
! 0
fi(6) _ bp(br)
1. Then g}l(t) = kes2)t -

A
8 (1)

is increasing by Lemma 1. At the same time,

(a) When p(f) is increasing, we have is also increasing, and

_ A _ A@)-A(0)
H(t) = ¢) = 21(0-s1(0)

k+1 ket 1 b
Jim 1(2) = Jim (/50 = B0 and tim () = [ 60 [ dpwde So we
- - - 0 0
obtain

WM<ﬁW%mws
k+2 — th+2

b
< / ukp(u)du, (4)

0

b
b;;sz and / u*p(u)du are the best constants in (4).
0

x
Replacing ¢ with x/b in (4), we have /[ b+ 15k (bs)ds = / b b5k p(bs)ds Then let bs
0 0

X
= u, we obtain foh be+1skp(bs)ds = gukp(u)du’ and

X b
bk+2A (b)k+2 . )
< *p(t)dt < | u*p(u)du (5)
Z ‘0/

k+2 — \x

holds. Furthermore ¢ = b}:sz and B = [ ;’ ukp(u)du are the best constants in (5).

(b) When ”(tt) is decreasing, we obtain corresponding result by the same way.
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4 New elementary proof of Theorem 2

Let F(x) = o [kf’(zt)d[ for x € (0, b]. Assume that P) is increasing. By a simple calculation
K+ t
and the inequality p(t) < tp(;) for 0 <t < x < b we have that

e () _ o ot de

iy = POY)
xF (x) = X - (k + 2) xhk+2 - X xhk+2

So F (x) is increasing and the chain inequality
bk+2

. p(x) T o+2 : l+2
k42 Jim x JNim PR(x) = xel(rtlJ,fbl VTEX)

b k+2 x .
5() / Cp(t)dt ©

b
< sup b*2F(x) = lim b**?F(x) = / t*p(t)dt = B
xe(0,b] x—=>b 4

holds. Then the double inequality (5) holds, o and 3 are the best constants in (6) or
(2).

The decreasing case can be proved similarly.

5 Other proof of Theorem 2

In what follows, we also assume that p(lt) is increasing.

Let p(t) = & * Lf(t) = p(tt),c = x, and a = 0 in Lemma 2, we can obtain

Jo (e _ JY tp(e)de . L dep(nyde

. 7
Jotetde = phgergr T ey 7

(i) The left-side inequality of (7) deduces

<b>k+2 / tp(t)dr < /h t*p(1)dt,
X 0 - 0

then the right-side inequality of (2) holds.

(ii) Let » — 0" in the right-side inequality of (7), we can obtain

e Jo PO () _ S p(de [ p(e)de
b—0* /’é’ tk+1dt >0+ b fxo tk+1dt fg tk+1dt ’

then the left-side inequality of (2) holds.
Let G(x) = ()bc)k"2 o t*p(t)de. Since xli%{r G(x) =@ and G(b) = B, we obtain that is &

and f3 are the best constants in (2).
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