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Abstract

We establish the Poincaré-type inequalities for the composition of the Laplace-
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1 Introduction

The purpose of the article is to develop the Poincaré-type inequalities for the composi-
tion of the Laplace-Beltrami operator A = dd* + d*d and Green’s operator G over the
o-John domain. Both operators play an important role in many fields, including partial
differential equations, harmonic analysis, quasiconformal mappings and physics [1-6].
We first give a general estimate of the composite operator A © G. Then, we consider
the composite operator with a singular factor. The consideration was motivated from
physics. For instance, when calculating an electric field, we will deal with the integral

E(r) = 4;50 Jpp(x) ||r1j;i|3 dx, where p(x) is a charge density and x is the integral vari-
able. It is singular if » € D. Obviously, the singular integrals are more interesting to us
because of their wide applications in different fields of mathematics and physics.

In this article, we assume that M is a bounded, convex domain and B is a ball in R”,
n > 2. We use 0B to denote the ball with the same center as B and with diam (0B) =
odiam(B), o > 0. We do not distinguish the balls from cubes in this article. We use |E|
to denote the Lebesgue measure of a set E € R”. We call w a weight if w € L} (R")
and ® > 0 a.e. Differential forms are extensions of functions in R”. For example, the
function u(x;, x5,..., x,,) is called a 0-form. Moreover, if u(x;, x,..., x,,) is differentiable,
then it is called a differential 0-form. The 1-form u(x) in R” can be written as
u(x) = Y1, ui(x1, %2, . .., %, )dxi. If the coefficient functions u,(x1, x,..., x,,), i = 1, 2,...,
n, are differentiable, then u(x) is called a differential 1-form. Similarly, a differential k-
form u(x) is generated by {dxj Adxi; A---Adxy}, kK = 1, 2,.., n, that is,
u(x) = > yur(x)dxr = 3wy, g (2)dxi, Adxi, AL Adxg, where I = (i, i i), 1 < 03
<iy < ... <ip < n. Let Al = A(R") be the set of all I-forms in R”, D’(M, N’) be the space
of all differential /-forms on M and L¥(M, A’) be the I-forms u(x) = 3, ur(x)dx; on M

satisfying [,, |lurlP < oo for all ordered [-tuples I, [ = 1, 2,.., n. We denote the exterior
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derivative by d : D’(M, Ay > DM, A#Y for [ = 0, 1,.., n - 1, and define the Hodge

star operator * : AK - Ak

: as follows, If
U= Ui, i, (X1, X2, ..., Xp)dxi, Adxi, Ao Adxg, = updxg, iy <ia < ... <ig, is a differential
k-form, then su = #(u;,;, ;,dxi, Adxi, A -+ A dy) = (—1)X Dudxy, where I = (i, i, ...
i)y J = {1, 2., m} - I and " (I) = k(kz’rl) + ZL i The Hodge codifferential operator d*
: DM, A" - D'(M, N is given by d* = (-1 * d* on D'(M, A*Y), [ =0, 1,..., n - 1.
and the Laplace-Beltrami operator A is defined by A = dd* + d* d. We write
I ullspn = (fy 1ulf) and || ullgme = (fy, 1l o(x)dx), where o(x) is a weight. Let A'M
be the /-th exterior power of the cotangent bundle, C~ (A'M) be the space of smooth -
forms on M and W(AM) = {u € L}

1 (AIM) : u has generalized gradient}. The harmo-

nic [-fields are defined by
H(AM) = {u € W(AM) : du = d*u = 0,u € L for some 1 < p < oo}. The orthogonal
complement of 7 in L' is defined by H+ = {u € L' :< u,h >= 0for all h € H}. Then,
the Green’s operator G is defined as G : C*(AIM) — H!L N C*®(AIM) by assigning G
(4) be the unique element of H+ N C®(A!M) satisfying Poisson’s equation AG(u) = u -
H(u), where H is the harmonic projection operator that maps C™ (A'M) onto H so that
H(u) is the harmonic part of u [[7,8], for more properties of these operators]. The dif-
ferential forms can be used to describe various systems of PDEs and to express differ-
ent geometric structures on manifolds. For instance, some kinds of differential forms
are often utilized in studying deformations of elastic bodies, the related extrema for
variational integrals, and certain geometric invariance [9,10].

We are particularly interested in a class of differential forms satisfying the well

known non-homogeneous A-harmonic equation
d*A(x, du) = B(x, du), (1.1)
where A : M x A(R") = A(R") and B : M x A((R") — AFY(R™) satisfy the conditions:
A(x, &)l < alelP™,  A(x&)-& = £, |B(x, &)l < blg["! (1.2)

for almost every x € M and all £ e A(R™). Here a > 0 and b > 0 are constants and 1
<p < oo is a fixed exponent associated with the Equation (1.1). If the operator B = 0,
Equation (1.1) becomes d* A(x, du) = 0, which is called the homogeneous A-harmonic
equation. A solution to (1.1) is an element of the Sobolev space lef(M' Al=1 such
that [, A(x,du) - dg + B(x,du) - ¢ =0 for all ¢ € Wl},’f(M, Al=1) with compact support.
Let A : M x A(R") — A(R™) be defined by A(x, &) = &&P? with p > 1. Then, A satis-
fies the required conditions and d* A(x, du) = 0 becomes the p-harmonic equation

d*(dulduP=?) =0 (1.3)

for differential forms. If u is a function (0-form), the equation (1.3) reduces to the

usual p-harmonic equation div(Vu|Vu|??) = 0 for functions. Some results have been

obtained in recent years about different versions of the A-harmonic equation [8,11-16].

2 Main results and proofs

We first introduce the following definition and lemmas that will be used in this article.
Definition 2.1 A proper subdomain Q € R” is called a d-John domain, § > 0, if there

exists a point xy € € which can be joined with any other point x € Q by a continuous
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curve Y € Q so that
d(§,09) = 8lx — &

for each ¢ € ¥. Here d(& 0Q) is the Euclidean distance between ¢ and 9.

Lemma 2.1 [17]Let @ be a strictly increasing convex function on [0, o) with ¢(0) = 0,
and D be a domain in R". Assume that u is a function in D such that ¢(|u|) € L'(D,
u) and u({x € D : |u - ¢| > 0}) > O for any constant ¢, where y is a Radon measure
defined by du(x) = w(x)dx for a weight w(x). Then, we have

a
¢( ., lu—up,l)du < [ ¢(alul)du
T
1

n(D) Joudn

Lemma 2.2 [3] Let ue C° (A'! M) and [ = 1, 2,.., n, 1 <s < . Then, there exists a
positive constant C, independent of u, such that

for any positive constant a, where Up,;, =

Il dd* G(u) llspa+ | d*dG(u) llspma+ | dG(w) s+ | d*G(w) lspa+ | G(u) llsm < C |l tllsm
Lemma 2.3 [18]Each Q has a modified Whitney cover of cubes V = {Q;}such that

u,Q; = Q, ZQI‘EV X\/iQi = NXQand some N >1, and if Q; N Q; # O, then there exists a
cube R (this cube need not be a member of V) in Q; N Q; such that Q; U Q; © NR.
Moreover, if Q is o-John, then there is a distinguished cube Qo € Vwhich can be con-
nected with every cube Q € Vby a chain of cubes Qqy, Q1,...., Qx = Q from Vand such
that Q € pQ;, i =0, 1, 2,.., k for some p = p (n, 9).

Lemma 2.4 Let u € L;OC(M, Al), [=1,2,.,n 1<s <, G be the Green’s operator and
A be the Laplace-Beltrami operator. Then, there exists a constant C, independent of u,
such that

I AG(u) llsp = Cll ullsp (2.1)

for all balls B € M.
Proof By using Lemma 2.2, we have

I AG(u) [l =II (dd” + d*d)G(u) llsp <Il dd*G(u) s+ || d*dG(u) llsp < C |l ullsp.  (2.2)

This ends the proof of Lemma 2.4. O
Lemma 2.5 Let u € L; (M, AY 1 =1,2,., 1 1<s <, be a solution of the non-
homogeneous A-harmonic equation in a bound and convex domain M, G be the Green’s
operator and A be the Laplace-Beltrami operator. Then, there exists a constant C inde-

pendent of u, such that

1/s

1/s
1 1
AG $ d C $ dx 2.3
/' (1) d(x, aM)“ X = /|u| |x — xp|* @3)
B B

for all balls B with 6B € M and diam(B) = do >0, where d is a constant, ¢ >1, and
any real number o and A with oo > A > 0. Here xp is the center of the ball B.

Proof Let ¢ € (0, 1) be small enough such that ¢én < o - A and B € M be any ball
with center xp and radius rg. Also, let 6 >0 be small enough, Bs = {x € B: |x - x3| <
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0} and Ds = B \Bs. Choose t = s/(1 - ¢), then, t > s. Write = ¢/(¢t - s). Using the
Holder inequality and Lemma 2.4, we have

s 1/s
L1
oo (o2
(t—s)/st
tu/(t s)
< AG(u)IzD;(D/ i BM) dx)
1 f 1/Bs
-1l AG(W)llp, (D/ ( i BM)) dx) (2.4)
8 1 f 1/Bs
< AG()ll s (D/ ( s M)) dx)

1/s
<Ci llulles

1
d(x, aM)°

B.Ds

We may assume that xz = 0. Otherwise, we can move the center to the origin by a

simple transformation. Then, d(x/li)M) =< rgi\xl for any x € B, we have

1/Bs 1/Bs
f ! )aﬂdx < / e (2.5)
d(x, M) - |x — xp|*P ' '

Therefore, for any x € B, |x - x| 2 |x|- |x5| = |x|. By using the polar coordinate

substitution, we have

1/Bs s 1/Bs
1 _ _
8

8

1/Bs
G (anfaﬂ _ (snfaﬂ)
n—af

< C3|an7a/3 _ anfaﬂ|l/ﬂs'

Choose m = nst/(ns + at - At), then 0 < m < s. By the reverse Holder inequality, we
find that

m—t
I ulles < CalBl mt || ullm,oB, (2.7)

where o >1 is a constant. By the Holder inequality again, we obtain

1/m
Il wllmon = (/ (lullx — x| =1 — xBW")’”dx)
B
S—m

l/s ms
< ( (lullx = xB|)L/s)5dx) ( (Ix — xglx/S)s'l’fn dx)
B ' (2.8)

1/s
< ( \uls\x _ ‘X'Bl}tdx) Cs (O_TB))\/5+n[s—m)/ms
B

1/s
< Cs (ﬂ/ |u|s‘x _ xgl}‘dx) (rB)A/snL[s—m)/ms‘
B

Page 4 of 12
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By a simple calculation, we find that n - o8 + AB + nf(s - m)/m = 0. Substituting
(2.6)-(2.8) in (2.4), we have

1/s
(D/ G g1y dx)

1/s
m—t A n(s—m)
< Cy|B| mt (/ |u|5|x—xB|Adx) (r)s™ ms Iy 7 — 8"eh s
B

:|1/ﬂs

n—ap —
i " aff

1/s
m—t A n(s—m)
= C7|B| mt (/ |U|S|XXB|)LdX) |:rB(s+ ms )P r

B

1/s 1/Bs
m—t —obe +n,‘i(s—m) +n,‘i(s—m)
= C,|B| mt (/ |u|S|X—xB|Adx) Cgr; af+rp m _(Sn—uﬂrgﬁ m
B
(2.9)
m—t " n—aﬁ+kﬁ+nﬁ(s_m) np(s—m) 1/ps
< Cy|B| mt [\u|5|x—x3|**dx Csry mo_ gnaBghbr T,
B
1/s 1/8s
m—t —af+ +n/3(sfm) np(s—m)
< C;|B| mt (v_/ ulslx—xglkdx) |:C8rg b gnapepe
B
1/s
A—a
< GolB| ns /Iulslx—xgl”‘dx
B
1/s
<Cp (/ |u|s|x—x3|)‘dx) ,
B
thus is,
1/s 1/s
1 1
AG(u)l dx <C / ul’ de| . (2.10)
/' W 4, anye = Col
5 B

1/s 1/s
Notice that lim;g_, (f |Ac(u)|sd(x,alM)“ dx) - (f |AG(”)|Sd(x,;M)“ dx) . letting o
Ds B

— 0 in (2.10), we obtain (2.3). we have completed the proof of Lemma 2.5. O
Theorem 2.6 Let u € D'(Q, AY) be a solution of the A-harmonic equation (1.1), G be

the Green’s operator and A be the Laplace-Beltrami operator. Assume that s is a fixed

exponent associated with the non-homogeneous A-harmonic equation. Then, there exists

a constant C, independent of u, such that
1/s 1/s

[ 18600 = (a6 F 4 ] = [ g (211)
Q Q

for any bounded and convex 5-John domain Q € R”", where §(X) = 3_; XQ: ‘x,;Qi‘-A,
XQis the center of Q; with Q = U;Q;. Here o and A are constants with 0 < 1 < o <n,
and the fixed cube Qo € ), the constant N > 1 and the cubes Q; € Q appeared in
Lemma 2.3, XqQis the center of Q,.
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Proof We use the notation appearing in Lemma 2.3. There is a modified Whitney

cover of cubes V = {Q;} for Q such that Q = uQ,, and 2 qev X\/SQ = Nxa for

1 Qi
some N > 1. For each Q; € V, if diam(Q;) = d, (where d is the constant appearing
in Lemma 2.5), it is fine and we keep Q; in the collection V. Otherwise, if diam(Q;)
<dy, we replace Q; by a new cube Qf with the same center as Q; and
diam(Q;}) = do. Thus, we obtain a modified collection V* consisting of all cubes Q7
and V* has the same properties as V. Moreover, diam (Q}) > do for any Qf € V*
Let % = UQ}. Also, we may extend the definition of u# to Q* such that u(x) = 0 if
x € Q* - Q. Hence, without loss of generality, we assume that diam(Q,) > d, for
any Q; € V. Thus, |Qj| = Kdj for any Q; € V and some constant K > 0. Since Q =
uQ;, for any x € Q, it follows that x € Q; for some i. Applying Lemma 2.5 to Q,,

we have

1/s

1/s
[1acwr  oeds| =l fur, loa (2.12)
u X u X , .
] d(x, 0Q)" =1 ) d(x, xo,)"

where 0 >1 is a constant. Let y(x) and y;(x) be the Radon measure defined by

du = d(x,zlm)”dx and du;(x) = g(x)dx, respectively. Then,

1 1
HQ) = / d(x, 00)* = / (diam(g))e & = "1 (2.13)
Q Q

where P is a positive constant. Then, by the elementary in equality (a + b)° < 2°(|a|’®

+ |b]’), s 2 0, we have

1/s
( [ 1860 - (aca f 4, ;Q)adx)
Q

1/s

- | [ 1860 - (a6 Fau
JQi
1/s

P B3 / IAG(u) — (AG(w)) g I'du + 2° [ [(AG(u))q, — (AG(U))q, I'du (2.14)
AV @ Q

IA

1/s

<G| / IAG() — (AG(1))q,I*dp)
eV,
1/s

| 2 [ 1acw)g - (a6w)q, Fdu
QEVy,

for a fixed Qg © Q. The first sum in (2.14) can be estimated by using Lemma 2.1
with ¢ = ), a = 2, and Lemma 2.5

Page 6 of 12
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Z/lAG(u)— (AG(u)g,l'du < > /2S|AG(u)|sdu

Qier1 Q1EVQ1‘

<G Y [ lulfdin
Q15V0Q1

<Ci) /(Iulsdm)xm (2.15)
Q1EVQ

<G / '
Q

- G / Juf* g(x)dx.

Q

To estimate the second sum in (2.14), we need to use the property of d-John domain.
Fix a cube Q € V and let Qo, Qy,..., Qx = Q be the chain in Lemma 2.3.

k-1
I(AGU))q — (AGW)q,| = Y I(AG()g, — (AG())q,, |- (2.16)
i=0
The chain {Q;} also has property that, for each i, i = 0, 1,.., k - 1, with QnQ;;; = &,
there exists a cube D; such that D;C Q;nQ;,; and QUQ;,; € ND;, N >1.

maX{'Qi'l'QHl'}<max{|Qi|r|Qi+l|}<

Cs.
1QiNQi1l D] =0

For such D;, j = 0, 1,.., k - 1, Let |D*| = min{|Do|, |D1]..., |Dy - 1|} then

max(|Ql, Qi 1} _ max{|Qil, IQual} _

C,. 2.17
QN Qial  ~ |D*| - 217
By (2.13), (2.17) and Lemma 2.5, we have
o1 ~ .
I(AG(W))q, — (AG(W))q.. I = M(Qiﬂth)Qmé I(AG(1))q, — (AG(4))q,,, | d(x, )"

Cs ,  dx
S A G R X ) PO
QiNQit
CsCy
G —(AG °d
st 1l _|(ACWa = (AGNg, P

QiNQis1
L (2.18)
=0, [ 186 - (ac)q Fau
J=t Q

i+l

1
< CIOZ Q) f [ul*dps
J=t oQ;

i+1
=Co Yy 1™ / luf*dps
j=i

UQ[
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Since Q © NQ; for j = i,i+ 1,0 <i< k-1, from (2.18)

i+l
(AG(W))q, — (AG(W))a., Fxa®) < Cu Y. xvg (1)1 / ulfdus

j=i oQ

i+1

<Cn Z xng;(x) n / [ul*dps (2.19)
{TQ]

i+1

=Ci ZXNQ,(X) / |ul*dpy.
j=i o Q
Using (a + b)"* < 2"(|a|** + |b|'), (2.16) and (2.19), we obtain
s
(AG())g — (AGW))o, x0(x) < Cua Y f uldur | o, (%)

D;eV D;

for every x € R". Then

1/s
> [ 186, - (3G fdu = Cus [ 15 ( / Iulsdm) X, (9.

QeV Q g Di€V Dy
Notice that

D ann(®) < Y xonn, (%) < Nixa(x).

DiEV D[EV

Using elementary inequality | Zf;‘l ti)F < M1 Zfﬁl |t;]* for s >1, we finally have

> [ 108G, - (A6 fdu = Cis [ | ¥ ( ( u dul)m (x)) d
Rn D;eV

QEVQ
=Cs Z (/ lul dm) (2.20)

D;eV

< C16/|ulsg(x)dx.
Q

Substituting (2.15) and (2.20) in (2.14), we have completed the proof of Theorem 2.6.
Using Lemma 2.2, we obtain

| V(AG(u) llss =1l d(AG(1)) llsB
=l AG(du) iz
=|| (dd* + d*d)(G(du)) s
<| dd*(G(du)) llsp+ |l d*d(G(du)) |5,
< Cy |l dullsp + Ca | dullsp
< GCs |l dullsp
< Cy(diam(B)) " ullson

< GCs || ullsoBs

(2.21)

Page 8 of 12
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where ¢ >1 is a constant. Using (2.21), we have the following Lemma 2.7 whose
proof is similar to the proof of Lemma 2.5. O

Lemma 2.7 Let u € LfDC(M, Al), l=1,2,.,n 1< s <o, be a solution of the non-
homogeneous A-harmonic equation in a bounded and convex domain M, G be the
Green’s operator and A be the Laplace-Beltrami operator. Then, there exists a constant
C independent of u, such that

1/s

1/s
1 1
s s 2.22
/|V(AG(u))| d(x aM)adx <C /|u| |x—xB|’\dx (2.22)
B B

for all balls B with pB € M and diam(B) > dy >0, where d, is a constant, p >1, any
real number o and A with oo > A > 0. Here, xp is the center of the ball.
Notice that (2.22) can also be written as

| VIAG(1)) lsBw; < C Il lls,0B,0,. (2.22a)

Next, we prove the imbedding inequality with a singular factor in the John domain.

Theorem 2.8 Let u € D'(Q, A') be a solution of the A-harmonic equation (1.1), G be
the Green’s operator and A be the Laplace-Beltrami operator. Assume that s is a fixed
exponent associated with the non-homogeneous A-harmonic equation. Then, there exists

a constant C, independent of u, such that

I V(AG()) s = C Il ullsge, (2.23)

I AG(u) lwis@)e < C Il tllsQw, (2.24)

for any bounded and convex d-John domain Q0 € R”. Here, the weights are defined by
(%) =D xq, |x,;Qi|mnd (%) = Y xq, |x*;Qi“’ respectively, oo and A are constants
with 0 <A < o.

Proof Applying the Covering Lemma 2.3 and Lemma 2.7, we have (2.23) immediately.
For inequality (2.24), using Lemma 2.5 and the Covering Lemma 2.3, we have

I AG(u) lsew < Ci |l ullsoe,- (2.25)
By the definition of the || ‘[lwis(Q),0, norm, we know that

I AG(1) llwis(@)w, = diam ()7 | AG() llsg.m + I| A(AG(H) Iy, - (2.26)
Substituting (2.23) and (2.25) into (2.26) yields

I AG(u) llwis(@)o < Co Il lls@m,-

We have completed the proof of the Theorem 2.8. O

Theorem 2.9 Let u € D'(Q, AY) be a solution of the A-harmonic equation (1.1), G be
the Green’s operator and A be the Laplace-Beltrami operator. Assume that s is a fixed
exponent associated with the non-homogeneous A-harmonic equation. Then, there exists
a constant C, independent of u, such that

I AG(u) — (AG(u)) Qo Iwrs@y.er = C Il tlls@.m, (2.27)

Page 9 of 12
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for any bounded and convex o-John domain Q) € R”". Here the weights are defined by
w2(x) = X i xa, |x_;Qi|mnd w2(x) = )i xa, |x_;Qi|A, o and A are constants with 0 < A < «,
and the fixed cube Qy € Q and the constant N >1 appeared in Lemma 2.3.

Proof Since (AG(u))q, is a closed form, V((AG(u))q,) = d((AG(u))q,) = 0. Thus, by
using Theorem 2.6 and (2.23), we have

I AG(u) = (AG()) Qo llws(2),n

= diam ()" | AG(1) — (AG(U))q, ls2.0+ | VIAGW) — (AG(1))q,) ls2.0:
= diam (Q)7' | AG(4) = (AG(4))qQy s 2. + I| V(AG(W)) lls.,

< Ci |l ullye, +Co |l tllsgm,

<GCs| ulls,,w, -

Thus, (2.27) holds. The proof of Theorem 2.9 has been completed. O

As applications of our main results, we consider the following example.

Example 1 Let B = 0, A(x, &) = &|&P2, p >1, and u be a function(0-form) in (1.1).
Then, the operator A satisfies the required conditions and the non-homogeneous A-
harmonic equation(1.1) reduces to the usual p-harmonic equation

div(Vu|Vu’?) =0 (2.28)

which is equivalent to

n n
(P—2) DD gy, + [Vul?Au=0. (2.29)
k=1 i=1

If we choose p = 2 in (2.28), we have Laplace equation Au = 0 for functions. Hence,
the Equations (2.28), (2.29) and the Au = 0 are the special cases of the non-homoge-
neous A-harmonic equation (1.1). Therefore, all results proved in Theorem 2.6, 2.8,
and 2.9 are still true for u that satisfies one of the above three equations.

Example 2 Let f: Q — R”, f = (f,..., f'), be a mapping of the Sobolev class
Wl})f (2, R"), 1 < p <o, whose distributional differential Df = [af'/ax,] :Q —> GL(n) is a
locally integrable function in Q with values in the space GL(n) of all n x n-matrices, i,
j=1,2,., n we use

1 71 1 . F1
X /X3 Xn

X1

ol R
J(s,f) = detDf(x) = | T
Fo R fS o 1

to denote the Jacobian determinant of f. A homeomorphism f: QO — R” of the Sobo-
lev class leén(Q' R") is said to be K-quasiconformal, 1 < K <eo, if its differential matrix
Dfix) and the Jacobian determinant J(x, f) satisfy

IDf (x)|" < KI(x, f), (2.30)

where |Dfix)| = max |Dfix)h| : |h| = 1 denotes the norm of the Jacobi matrix Df(x).
It is well known that if the differential matrix Df(x) = [3f / oxjl, i, j =1, 2,.., n, of a
homeomorphism fix) = (£, f,.., /") : Q — R” satisfies (2.30), then, each of the func-

tions



Fang and Ding Journal of Inequalities and Applications 2011, 2011:74 Page 11 of 12
http://www.journalofinequalitiesandapplications.com/content/2011/1/74

u=fi(x), i=1,2,..,n or u-=Ilog|f(x)l, (2.31)
is a generalized solution of the quasilinear elliptic equation

divA(x, Vu) = 0, (2.32)

in Q - £(0), where
n/2

a n
A=mhmpnﬂnﬁuf)=%l§j%uma

ij=1

and 6;; are some functions, which can be expressed in terms of the differential
matrix Df(x) and satisfy

n
CIK)IEP < 0i(x)E& < Cr(K)IEN (2.33)

ij=1
for some constants C;(K), Co(K) >0. Choosing u is defined in (2.31) and applying

Theorems (2.6), (2.8) and (2.9) to u, respectively, we have the following theorems.

Theorem 3.0 Let u = f(x) or u = log |fix)| € D'(Q, AY), i = 1, 2,..., n, be a solution of
the quasilinear elliptic equation (2.32), where f: Q — R”, f = (f,..,, /") be a K-quasicon-
formal mapping of the Sobolev class Wlif(sz, R"), 1 < p <, G be the Green’s operator

and A be the Laplace-Beltrami operator. Assume that s is a fixed exponent associated
with the non-homogeneous A-harmonic equation. Then, there exists a constant C, inde-
pendent of u, such that

1/s 1/s

[ 18600 = (GG 4 ] = [ g (239
Q Q

for any bounded and convex d-John domain Q € R”, where §(x) = 3_; Xq, \x—;Q.\M XQis

the center of Q; with Q = U,Q;. Here o and A are constants with 0 < A < o <n, and the
fixed cube Qo € Q, the constant N >1 and the cubes Q; € Q appeared in Lemma 2.3,
XQiis the center of Q;.

Theorem 3.1 Let u = f(x) or u = log |[fix)| € D'(Q, AY), i = 1, 2,..., n, be a solution of
the quasilinear elliptic equation (2.32), where f: Q — R”, f = (..., /") be a K-quasicon-
formal mapping of the Sobolev class wli'f(sz, R"), 1 <p < oo, G be the Green’s operator

and A be the Laplace-Beltrami operator. Assume that s is a fixed exponent associated
with the non-homogeneous A-harmonic equation. Then, there exists a constant C, inde-

pendent of u, such that
I V(AG(W)) lsew < C Il ullsgw. (2.35)

I AG(u) lwis@)e < C Il tllsQw, (2.36)

for any bounded and convex d-John domain Q0 € R”. Here, the weights are defined by
() = D X |x_;Q,|mnd w2(x) = Y xq, |x_;Q“A, respectively, o and A are constants

with0 <A< o< n.
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Theorem 3.2 Let u = f'(x) or u = log |fix)| € D(Q, AY), i = 1, 2,..., n, be a solution of
the quasilinear elliptic equation (2.32), where f: Q — R”, f = (f,..,, /") be a K-quasicon-
formal mapping of the Sobolev class W-*

loc

(2,R"), 1 < p <o, G be the Green’s operator
and A be the Laplace-Beltrami operator. Assume that s is a fixed exponent associated
with the non-homogeneous A-harmonic equation. Then, there exists a constant C, inde-
pendent of u, such that

I AG(u) — (AG(4))q, lwis(),or < C Il ulls 0.0, (2.37)

for any bounded and convex o-John domain Q0 € R”. Here, the weights are defined by
(%) =D xq, |x,;Qv|mnd (%) = Y xq; |x,;QV|A, o and A are constants with 0 < A < «

< n, and the fixed cube Qy € Q and the constant N >1 appeared in Lemma 2.3.

Our results can be applied to all differential forms or functions satisfying some ver-
sion of the A-harmonic equation, the usual p-harmonic equation or the Laplace equa-
tion [1, 9, 10, for more applications].
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