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Abstract

For p-valently spirallike and p-valently Robertson functions in the open unit disk U,
reciprocal classes Sy(e, B), and Cy(e, B) are introduced. The object of the present

paper is to discuss some interesting properties for functions f(z) belonging to the

classes Sp(a, B) and Cp(e, B).
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1 Introduction
Let Ay be the class of functions f{z) of the form

f(z)=2"+ Z anz" (1.1)

n=p+1

which are analytic in the open unit disk U ={ze C: |z] < 1}.
For f(z) € Ay, we say that f{z) belongs to the class Sp(a, B) if it satisfies

Re (éaz}(éz))) <B  (zeV) (1.2)
for some real o <|Ol| < Z) and 8 (B > p cos ).

When o = 0, the class S5(0, B) was studied by Polatoglu et al. [1], and the classes
S1(0, B) and C;(0, B) were introduced by Owa and Nishiwaki [2].

Further, let Cp(, B) denote the subclass of A, consisting of functions f(z), which
satisfy

Re {ei"‘ (1 " z]]:((zz)))} <f  (zeU) (1.3)

for some real o <|a| < Z) and 8 (B > p cos ).

We note that f(2) € Cy(a, B) if and only if 7 ;fz) € Sy(a, B), and that, f(2) € Sy(, B)

if and only if p [ f(tt) dt € Cy(a, B)-
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Remark 1 If f(z) € A, satisfies

iozzf/(z) -
Re <e f(2) > 0 (z€ V),

then we say that f(z) is p-valently spirallike in U (cf. [1]). Also, if f(z) € A, satisfies

Re {e“ <1 . fo:;(zz)))} -0 (zel),

then f(z) is said to be p-valently Robertson function in U (cf. [3,4]). Therefore,
Sp(a, B) defined by (1.2) is the reciprocal class of p-valently spirallike functions in U,
and Cp(«, B) defined by (1.3) is the reciprocal class of p-valently Robertson functions
in U.

Let P be the class of functions p(z) of the form

pR)=1+) e’  (zel) (1.4)

n=1

that are analytic in U and satisfy Rep(z) > 0 (z € U). A function p(z) € P is called the
Carathéodory function and satisfies

|Cn| § 2 (n = 112/ 3/ .. -) (1.5)

with the equality for p(z) = ;izz (cf. [5]).

For analytic functions g(z) and /4(z) in U, we say that g(z) is subordinate to /(z) if
there exists an analytic function w(z) in U with w(0) = 0 and |w(z)| < 1(z € U), and
such that g(z) = h(w(z)). We denote this subordination by

g(z) < h(z) (z e V). (1.6)

If h(z) is univalent in U, then this subordination (1.6) is equivalent to g(0) = /(0) and
8(U) C h(U) (ct. [5]).

2 Subordinations for classes
We consider subordination properties of function f(z) in the classes Sy(@, 8) and

Cp (Ol, ﬁ)
Theorem 1 A function flz) belongs to the class Sp(a, B)if and only if
i Zf/(Z) —ior 2(p cosa — 13)
e f() <28 —pe ¥ + 1 —z (ze V) (2.1)
T
for some real o (|a| <, )and B (B > p cos o).
The result is sharp for fiz) given by
2P
f(z) = (2.2)

(1 N z)22*f"(pcoso¢7ﬂ)'

Proof. Let f(z) € Sy(a, B). If we define the function w(z) by

_ e,'azf/(z)
f(@) _ 1+w(z) (2.3)
B —pcosa 1 —w(z) (w(z) #1).

B

+ipsin o



Uyanik et al. Journal of Inequalities and Applications 2011, 2011:61
http://www.journalofinequalitiesandapplications.com/content/2011/1/61

then we know that w(z) is analytic in U, w(0) = 0, and

Re<11i1:v((zz))> >0  (zel). (2.4)
Therefore, we have that |w(z)| < 1(z € U). If follows from (2.3) that

w?f'(2) s 2(pcosa — B)

e o) " 28 —pe ™ + 1 — w(2) (ze L), (2.5)

which is equivalent to the subordination (2.1).

Conversely, we suppose that the subordination (2.1) holds true. Then, we have that

@) . 2(pcosa — B)
e =28 —pe ™ (z € V), (2.6)
f(2) 1 —w(z)
for some Shwarz function w(z), which is analytic in U, w(0) = 0, and
lw(z)] < 1(z € U). It is easy to see that the equality (2.6) is equivalent to the equality
(2.3). Since
AR
B —e +ipsino
1
Re< " “’(Z)> - Re /(=) >0  (zeU), 2.7)
1 —w(z) B —pcosa
we conclude that
% ’(Z)>
Re <,3 — e >0 (z € V), (2.8)
f(2)

which shows that f(z) € Sy(e, B).
Finally, we consider the function f{z) given by (2.2). Then, fz) satisfies
o @) 2pcosa — p)
e .
f(2) 1-z

This completes the proof of the theorem. D

#f'(2)
p

=28 —pe @+ (2.9)

Noting that f(z) € Cy(e, B) if and only if € Sp(a, B), we also have

Corollary 1 A function fiz) belongs to the class Cy(, B)if and only if

o (12770 2pcosa - )

+ ) 1 —2 (z€e V) (2.10)

) < 2B —pe"'“ +

for some real o (|a| < Z)and B (B > p cos o).
The result is sharp for f(z) given by
pa~!

f'@) = (1= )2 " oeoses)” (2.11)

3 Coefficient inequalities
Applying the properties for Carathéodory functions, we discuss the coefficient inequal-
ities for fz) in the classes Sp(c, 8) and Cp(c, B).

Page 3 of 10



Uyanik et al. Journal of Inequalities and Applications 2011, 2011:61
http://www.journalofinequalitiesandapplications.com/content/2011/1/61

Theorem 2 If fiz) belongs to the class Sp(at, B), then
=
lapul <, [J@B-pcosa)+j)  (k=1,2,3,...). (3.1)
j=0

The result is sharp for

zp
(1-— Z)Z(P—ﬁ)

f(=) = (3.2)
for o = 0.
Proof. In view of Theorem 1, we can consider the function w(z) given by (2.3) for
f(z) € Sp(«, B). Since w(z) is the Schwarz function, the function g(z) defined by

'@
B —e“ +ipsinw
/0 - f(2) (3.3)
B —pcosa
is the Carathéodory function. If we write that
oo
4(=) =1+ cad’, (3.4)

n=1
then we see that

leal €2 (n=1,2,3,...)

1
and the equality holds true for g(z) = ) % and its rotation. It is to be noted that the
-z

equation (3.3) is equivalent to

i Zf ! (Z)
< f@@

This gives us that

=B +ipsina — (B — pcosa)q(z). (3.5)

o
e | p + Z nanz"

" (3.6)
= [pe“" — (B —pcosa) (icnz")] 2+ i anz" |,
n=1 n=p+1
which implies that
e“(n—p)ay = —(B — pcosa)(coy +ascn_o + -+ +ay_1C1). (3.7)
It follows from (3.7) that
jarf < 2P ;f;osa)(l +lagl+las| + - +lapa ), (3.8)

If n = p + 1, then we have that

lapal < 2(8 — peosa). (3.9)
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If n = p + 2, then we also have that

lapia| = (1 +laz)

S(B—pcosa)(l+2(B—pcosa)).

2(B —pcosa)
2 (3.10)

Thus, the coefficient inequality (3.1) is true for » = p + 1 and n = p + 2. Next, we
suppose that (3.1) holds true forn =p + 1, p + 2, p + 3, .., p + k- 1. Then

(1 +laz| +lasl + -+ |apk—1l)

2(B —pcosa)
2

|ap+k| §

< 2(/3—Zcosa) {1+2(,B—pcosoz)+

2(B —pcosa)
+
3

2(B —pcos )
k

(1+2(B—pcosa))

2(B —pcos oz))

(1+2(B—pcose)) <1+ )

=
ok (k= 1)1 H(z(ﬂ — pcos) "'])}
Lo
2(B —pcosa) (3.11)

_2(B—pcosa)
- k 2

(1+2(B—pcose)) {1 +
. <1 . 2(B —pcosoz)) 2(B —pcosa)

2 3
2(B —peosa) =3 ,
N (k- 1)1 H(2(ﬂ—pcosa)+])
j=1
k-1

= kll H(z(ﬁ —pcosa) +j).
bo

This means that the inequality (3.1) holds true for n = p + k. Therefore, by the math-
ematical induction, we prove the coefficient inequality (3.1).
Finally, let us consider the function fz) given by (3.2). Then, f(z) can be written by

f) - (i (207 (_z)j)

(3.12)
=
=2 +2B-p) +- -+ (k! H(2(ﬂ—p) +j)zp+k) o
=0
Thus, this function flz) satisfies the equality in (3.1). O
Corollary 2 If fiz) belongs to the class Cy(at, B), then
k-1
1 .
[apsrl = (= 1)! ]_[(2(/3 —pcosa) +j) (k=1,2,3,...). (3.13)
o
The result is sharp for fz) defined by
. P
fi(z) = (1 220 (3.14)

for o = 0.
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Remark 2 We know that the extremal functions for f(z) € Sy(«, B) is fliz) given by
(2.2) and for f(z) € Cp(a, B) is flz) given by (2.11). But, we see that

k=1
1 Ciw .

gl <, []1267(8 —pcosa) +j| (3.15)

i=0
and
=
al < 2e (B — ' .
lap.,] < (k- 1)1 }:—0“ e (B —pcosa) +j| (3.16)

for such functions.

Therefore, the extremal functions for f(z) € Sp(a, B) and f(z) € Cy(a, B) do not
satisfy the equalities in (3.1) and (3.13), respectively.

Furthermore, if we consider o = 0 in Theorem 2, then we obtain the corresponding
result due to Polatoglu et al. [1].

4 Inequalities for the real parts
(=)
f(=)

We discuss some problems of inequalities for the real parts of

Theorem 3 If f(z) € Sy(, B), then we have

pcosa — (28 —pcosa)r < Re (& zf'(2) < pcosa + (28 — pcosa)r @1
1—r f(2) 1+71
for | z | = r < 1. The equalities hold true for flz) given by (2.2).
Proof. By virtue of Theorem 1, we consider the function g(z) defined by
. 2 —

s(2) =28 —peie + 2 Ci’s O’z A ev) (4.2)

Letting z = re’? (0 £ r < 1), we see that
2(pcosa — B)(1 —rcosb)
R =28 — . 4.3
e8(z) = 2p —pcosa+ 1+12—2rcos6 @3)
Let us define
1—r1t
h(t) = t=cosf). 4.4
® 1+72 =21t (1= cost) (4.9)
Then, we know that /°(¢) 2 0. This implies that
2 — 2 _
28 —pcosa + (pcosa = B) < Reg(z) <28 —pcosa + (pose ﬂ), (4.5)
1—r71 1+71

which is equivalent to

pcosa — (28 —pcosa)r < Reg(z) < pcosa + (28 —pcosoe)r4 (4.6)

1—r1 1+71

zf'(2)
f(@)
prove the inequality (4.1). Since the subordination (2.1) is sharp for f(z) given by (2.2),

Noting that e < g(z) (z € U) by Theorem 1 and g(z) is univalent in U, we

we say that the equalities in (4.1) are attained by the function fz) given by (2.2). O
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Taking o = 0 in Theorem 3, we have
Corollary 3 If f(z) € S,(0, B), then

p—(@2B—p)r #f'(2)\ o p+ (2B —p)r
1—r éRe(f(z))é 1+7 *7)
for | z | = r < 1. The equalities hold true for
20
f(z) = (1 220 (4.8)

Corollary 4 If f(z) € Cp(a, B) then we have

pcosa — (28 — pcosa)r i zf"(z) pcosa + (28 —pcosa)r
1, §Re{e (l+f/(z))}< Lar (4.9)

for | z | = r < 1. The equalities hold true for fiz) defined by (2.11).
Corollary 5 If f(z) € Cp(0, B), then

p— (28 —p)r zf"()\ _ p+ (2B —p)r
- §Re<1+f/(z))< L (4.10)

Jor | z | = r < 1. The equalities hold true for fiz) defined by

p~!

f'(2) = (- Z)Z(pfﬂ)' (4.11)

5 Sufficient conditions
We consider some sufficient conditions for f(z) to be in the classes Sp(0, ) and
Cp(0, B).

To discuss our sufficient conditions, we have to recall here the following lemma by
Miller and Mocanu [6] (also due to Jack [7]).

Lemma 1 Let w(z) be analytic in Uwith w(0) = 0. If there exists a point zg € U such
that

max lw(z)| = |w(zo)l, (5.1)

then we can write
Zow/(ZO) = kW(Zo), (52)

where k is real and k 2 1.
Applying Lemma 1, we derive
Theorem 4 If f(z) € A satisfies

zf'(z) _#f"(2)\ _p+B
Re(f(z)"ﬁ(z))> g BV 53)

for some real (3 >p, then f(z) € Sp(0, B).

Proof. Let us define the function w(z) by

zf'(z) _p+(p—2B)w(z)

1o u (w(z) #1). (5.4)
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Then we see that w(z) is analytic in U and w(0) = 0.
It follows from (5.4) that

Re <zf'(z) B zf”(z)> _Re (1 (- 2B)aw(zx) () )

&) 1@ pr(p-2u) 1 u(E) 65
PR e,
2p
We suppose that there exists a point zg € U such that
max [w(z)| = |w(zo)| = 1.
lzI= 2ol

Then, Lemma 1 gives us that w(zo) = e’ and zow'(zo) = ke”. For such a point z,, we
have that

zf'(20) _zof"z0)\ _ . (+ (p—2B)ke”  ke®
Re( f (o) f'(z0) ) - ke (1 p+(p—2B)? 1-— eie)
(2B —p)k(pcosb +p — 28) k

B +p2+(p—2ﬂ)2+2p(p—2,3)c059+2 (5.6)
<1 CB=p) k
28 2
Bk _pep
26 7 2B

This contradicts our condition (5.3). Therefore, there is no zg € U such that |w (zo) |
= 1. This implies that [w(z)| < 1(z € U), that is, that

F@)
f(2) )

e . 1 (zel). (5.7)
f(2)

Thus, we observe that f(z) € S,(0,8). ©
Further, we derive

Theorem 5 If f(z) € S,(0, B)for some real B > p + ;, then

2’ 1
Re (f(z)) > 2W—2p+1 (z € V). (5.8)

Proof. We consider the function w(z) such that

Z 1+ (1-2y)w(z)

Lo (w(z) #1) (59)
for y = 28 —12P+ . and for f(z) € 5,(0, B).
Then, we know that
FE_ o f, (2@ _ a) |
() e e 1) <# (510

for z € U.
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Since w(z) is analytic in U and w(0) = 0, we suppose that there exists a point zg € U
such that

max |(w(z)| = |w(zo)| = 1.
ENEN

Then, applying Lemma 1, we can write that w(zo) = e’ and zow’(zo) = ke’ (k Z 1).
This gives us that

Re (zof,(z0)> = Re <p o (T=2p)ke? ke )

f(z0) 1+(1—2y)e? 1 —e
_,. _22”)k + ’2"' (5.11)
14
-y
> =

which contradicts the inequality (5.10). Thus, there is no point zg € U such that |w
(z0) | = 1. This means that lw(z)| < 1(z € U), and that,

Re # ! (z e V)
> .
f@) " -1
This completes the proof of the theorem. D

’
Letting zfp(z) instead of fz) in Theorem 5, we have

Corollary 6 If f(z) € Cp(a, B)for some g > p + ;, Then

pzf~1 1
Re (f’(z) ) > 2B—2p+1 (z € V). (5.12)

Finally, we consider the coefficient estimates for functions f{z) to be in the classes
Sp(a, B) and Co(at, B).
Theorem 6 If f(z) € Apsatisfies

o0

> (Ine™ =kl + ne® — (2B —k)|) lan] < [pe™ — (28 — k)| — [pe” — k| (5.13)

n=p+1

for some real Ol<|0l| < Z), B (B >p cos ), and k (0 £ k £ p cos «), then

f(z) € Sy(a, B)
Proof. It is to be noted that if f(z) € A, satisfies
i 2f'(2) _

€y —k

e D — (28— k)

<1 (ze L), (5.14)

Then f(z) € Sp(a, B). It follows that
8~k ezf'(2) — kf(2)
el — (28 — k)f(2)

e — (28— k)
[pe’® — k| + Y |ne™ — k||ay|

n=p+1

Ipeir — (28— k) — > |nei — (28 — k)llay|

n=p+1

<
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Therefore, if f{z) satisfies the coefficient estimate (5.13), then we know that flz) satis-

fies the inequality (5.14). This completes the proof of the theorem. ©

Letting o = 0 and k = p in Theorem 6, we have
Corollary 7 If f(z) € A, satisfies

> (n—B)lanl = (B-0)

n=p+1

for some real B (p <B<p+ ;), then f(z) € S,(0, B).

Further, we have
Theorem 7 If f(z) € Apsatisfies

o0

Y n(lne® —kl+ne* — (28 = k)l) laal < p(1pe” — (28 — k)| — Ipe’™ — kI)

n=p+1

for some real Ot(|0t| < Z) B (B >p cos a) and k (0 £ k £ p cos «), then

f(2) € Cp(a, B)
Corollary 8 If f(z) € Apsatisfies
> n(n—Blanl <p(B—p)
n=p+1

for some real B (p <B<p+ ;) then f(z) € Cp(a, B).
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